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PREFACE 


This book is intended for a one-year undergraduate course in abstract algebra. 
Its design is such that the book can also be used for a one-semester course. 
The book contains more material than normally would be taught in a one-year 
course. This should give the teacher flexibility with respect to the selection of 
the content and the level at which the book is to be used. We give a rigorous 
treatment of the fundamentals of abstract algebra with numerous examples 
to illustrate the concepts. It usually takes students some time to become 
comfortable with the seeming abstractness of modern algebra. Hence we begin 
at a leisurely pace paying great attention to the clarity of our proofs. The only 
real prerequisite for the course is the appropriate mathematical maturity of 
the students. Although the material found in calculus is independent of that 
of abstract algebra, a year of calculus is typically given as a prerequisite. Since 
many of the examples in algebra comes from matrices, we assume that the 
reader has some basic knowledge of matrix theory. The book should prepare 
the student for higher level mathematics courses and computer science courses. 
We have many problems of varying difficulty appearing after each section. We 
occasionally leave as an exercise the verification of a certain point in a proof. 
However, we do not rely on exercises to introduce concepts which will be needed 
later on in the text. 


Topics are introduced that have never appeared in this type of textbook. 
They include Grodbner basis, rings of matrices, and Noetherian and Artinian 
rings. Another distinguishing feature of the book is the Worked-Out Exercises 
which appear after every section. These Worked-Out Exercises provide not 
only techniques of problem solving, but also supply additional information to 
enhance the level of knowledge of the reader. For example, in Chapter 7, we 
illustrate several techniques that are very effective in determining the Sylow 
subgroups of a group, whether the group is simple or not, and in determining 
the structure of a group. In Chapter 9, we give numerous examples and show 
how to determine different Abelian groups of a given order. We also show how 
to find the elementary divisors, the torsion coefficients, and the betti number 
of a finitely generated Abelian group. In Chapter 15, we give an algorithmic 
procedure to find the greatest common divisor and illustrate it in full detail. 


xiv 


We also illustrate how to show whether an element is prime and/or irreducible. 
In Chapter 24, we give numerous examples to show how to determine the Galois 
group and the intermediate fields of a Galois field extension. Of course, each 
section is followed by problems of varying difficulty for the reader to further 
master the subject. The reader should study the Worked-Out Exercises that 
are marked with } along with the chapter. Those not marked with } may be 
skipped during the first reading. Sprinkled throughout the book are comments 
dealing with the historical development of abstract algebra. 

This book has been class-tested at Creighton University and at the Univer- 
sity of Calcutta. During preparation of the manuscript, we used an approach 
which would help students who need a text to pass different types of aptitude 
tests in algebra. 

In Chapter 1, the necessary ideas of sets, relations, functions, and binary 
operations are presented. We recommend that the chapter be gone through 
quickly in order to provide enough time to cover essential topics from abstract 
algebra. The students can refer back to material omitted on the first pass, as 
needed. For example, Zorn’s lemma may be omitted on the first reading. It is 
not needed until Chapter 17. 

Chapters 2 through 6 contain basic results on group theory. Most of the 
material in these chapters should be covered in the first semester. Chapters 10 
through 14 contain basic results on ring theory. Most of the results in these 
chapters should also be covered in the first semester. 

The second semester should cover Chapters 15 through 17. These chapters 
deal with Euclidean domains, unique factorization domains, and prime and 
maximal ideals. Students should now be well prepared to study field theory in 
the remaining part of the semester. Those who have not had a course on linear 
algebra should spend some time on vector spaces in Chapter 20. The students 
should finish the semester with Chapter 21 and as much of Chapter 22 through 
24 as possible. There is plenty of material remaining from which special topics 
may be chosen. 

We have included chapters on coding theory and Grébner bases so that 
the student can gain some appreciation of the applications of abstract algebra. 
The chapter on coding theory contains enough material to allow the student 
to see applications of groups, ideals, and fields. We present a chapter on 
Gr6dbner bases because of its currency. It can be a first step into the area of 
computational algebra. The chapter also provides important applications of 
commutative algebra. 

We would like to thank Professor James K. Deveney of Virginia Common- 
wealth University and his abstract algebra class for their valuable suggestions. 
We express our sincere gratitude to Fr. Michael Proterra, Dean, Creighton Col- 
lege of Arts and Sciences, for making possible Dr. Sen’s visit during 1992-1993. 
We would like to thank Dr. Mark J. Wierman for showing us many important 


features of LaTex which were very helpful in preparing this manuscript in its 
present form and also for drawing all diagrams in the book. In addition, we 
express our sincere thanks to Dr. T.K. Mukherjee, Dr. S. Ganguly, and Dr. 
S.R. Lopéz-Permouth for their critical comments. We are very thankful to our 
families for their constant support and encouragement throughout this project. 
We would like to give special thanks to Shelly Malik, who constantly inquired 
about the manuscript and counted each chapter every time the manuscript 
was printed. Finally we would like to thank Karen Minette of McGraw-Hill for 
making this project a success. 

We welcome any comments concerning the text. The comments may be 
forwarded to the following e-mail addresses: malik@bluejay.creighton.edu or 
mordes@bluejay.creighton.edu 


D. S. Malik 
John N. Mordeson 
M. K. Sen 
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set of all n x n matrices over R 
number of elements in a set X 

order of the group G 

order of an element a 

set of integers modulo n 

center of the group G 

quotient group 

left, right coset of a in H 

aHa-! = {aha-! | he H} 

index of the subgroup H in G 

Klein 4-group 

symmetric group on n symbols 
alternating group on 7 symbols 
dihedral group of degree n 

the subgroup generated by S 

the subgroup generated by a 

direct sum 

Normalizer of H 

centralizer of a 

kernel of f 

isomorphism 

set of all automorphisms of the group G 
set of all inner automorphisms of the group G 
stabilizer of a or isotropy group of a 
conjugacy class of a 

commutator subgroup of the group G 
set of all x € G with nz = 0, G is a group 
nG = {nz |r EG} 

center of the ring R 

real quaternions 

Z[/n| = {a+ b/n|a,b€ Z}, nisa 
fixed positive integer 

Zi] = {a+ bi | a,b € Z} 

Zli/n] = {a+ bin | a,b€ Z}, nisa 
fixed positive integer 

Q[/n] = {a+ b/n | a,b € Q}, nisa 
fixed positive integer 


Qiit] = {a+ bt | a,b € Q} 


xix 


Qlivn] = {a+ bin | a,b € Qh, nisa 
fixed positive integer 

the left ideal generated by a 

the right ideal generated by a 

the ideal generated by a 

quotient ring 

quotient field of the ring R 

polynomial ring in z 

degree of the polynomial f(z) 

polynomial ring in n indeterminates 
radical of an ideal I 

Jacobson radical of a ring R 

field extension 

smallest subfield containing the subfield K 
and the subset C of a field 

degree of the field F over the field K 
Galois field of n elements 

Galois group of the field F’ over the field K 
fixed field of the group G 

nth cyclotomic polynomial 

plane of the field F 

set of all binary n-tuples 

ood... gm 
affine space over the field K 

ideal of the variety V 

total ordering 

lexicographic order 

graded lexicographic order 

graded reverse lexicographic order 
multidegree of the polynomial f 
leading coefficient of the polynomial f 
leading monomial of the polynomial f 
leading term of the polynomial f 

end of proof 


Chapter 1 


Sets, Relations, and Integers 


The purpose of this introductory chapter is mainly to review briefly some famil- 
iar properties of sets, functions, and number theory. Although most of these 
properties are familiar to the reader, there are certain concepts and results 
which are basic to the understanding of the body of the text. 

This chapter is also used to set down the conventions and notations to be 
used throughout the book. Sets will always be denoted by capital letters. For 
example, we use the notation N for the set of positive integers, Z for the set of 
integers, Z* for the set of nonnegative integers, E for the set of even integers, 
Q for the set of rational numbers, Q* for the set of positive rational numbers, 
Q* for the set of nonzero rational numbers, R for the set of real numbers, R* 
for the set of positive real numbers, R* for the set of nonzero real numbers, C 
for the set of complex numbers, and C* for the set of nonzero complex numbers. 


1.1 Sets 


We will not attempt to give an axiomatic treatment of set theory. Rather we 
use an intuitive approach to the subject. Consequently, we think of a set as 
some given collection of objects. A set S with only a finite number of elements 
is called a finite set; otherwise S is called an infinite set. We let |.5| denote 
the number of elements of S. We quite often denote a finite set by a listing of 
its elements within braces. For example, {1,2,3} is the set consisting of the 
objects 1, 2,3. This technique is sometimes used for infinite sets. For instance, 
the set of positive integers N may be denoted by {1, 2,3,...}. 

Given a set S, we use the notation z € S and x ¢ S to mean z is a member 
of S and z is not a member of S, respectively. For the set S = {1,2,3}, we 
havele Sand4¢5S. 

A set A is said to be a subset of a set S if every element of A is an element 
of S. In this case, we write A C S and say that A is contained in S. If AC S, 
but A 4 S, then we write A C S and say that A is properly contained in S or 
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that A is a proper subset of S. As an example, we have {1,2,3} C {1,2,3} 
and {1,2} c {1,2, 3}. 

Let A and B be sets. If every member of A is a member of B and every 
member of B is a member of A, then we say that A and B are the same or 
equal. In this case, we write A = B. It is immediate that A = B if and only 
if AC B and BC A. Thus, we have the following theorem. 


Theorem 1.1.1 Let A and B be sets. Then A= B if and only if AC B and 
BCA.E 


The null set or empty set is the set with no elements. We usually denote 
the empty set by ¢. For any set A, we have ¢ C A. The later inclusion follows 
vacuously. That is, every element of ¢ is an element of A since ¢ has no 
elements. 

We also describe sets in the following manner. Given a set S, the notation 


A= {z|z eS, P(z)} 


or 


A={zreES| P(x)} 


means that A is the set of all elements x of S' such that x satisfies the property 
P. For example, N = {zx | z € Z,z > O}. 
We can combine sets in several ways. 


Definition 1.1.2 The union of two sets A and B, writien AU B, is defined 
to be the set 
AUB={z|xreA orze B}. 


In the above definition, we mean x is a member of A or x is a member of 
B or x is a member of both A and B. 


Definition 1.1.3 The intersection of two sets A and B, written AN B, is 
defined to be the set 


ANB={x|zeéEA andre B}. 


Here z is an element of AM B if and only if z is a member of A and at the 
same time x is a member of B. 

Let A and B be sets. By the definition of the union of sets, every element 
of A is an element of AU B. That is, A C AUB. Similarly, every element of 
B is also an element of AU B and so B C AUB. Also, by the definition of 
the intersection of sets, every element of AM B is an element of A and also an 
element of B. Hence, AM. BC A and ANB C B. We record these results in 
the following theorem. 
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Theorem 1.1.4 Let A and B be sets. Then the following statements hold: 
(i) ACAUB and BCAUB. 
(ti)ANBCAandANBCB.E 


The union and intersection of two sets A and B is described pictorially in 
the following diagrams. The shaded area represents the set in question. 


AUB ANB 
Two sets A and B are said to be disjoint if AN B=. 


Example 1.1.5 Let A be the set {1,2,3,4} and B be the set {3,4,5,6}. Then 
AUB = {1,2,3,4,5,6} 

and AN B = {3,4}. If C is the set {5,6}, then 
AUC = {1,2,3,4,5,6} 

while ANC = @. 


Now that the union and intersection have been defined for two sets, these 
operations can be similarly defined for any finite number of sets. That is, 
suppose that A;, Ae, ..., A, are m sets. The union of A, Ao, ..., An, denoted 
by UR, A; or A; U Ag U--+U An, is the set of all elements xz such that « is 
an element of some A;, where 1 <2 <n. The intersection of Aj, Ag, ...,An, 
denoted by M%_,A; or Ay MA2M---M An, is the set of all elements x such that 
xz € A; for alli, 1<i<n. 

We say that a set J is an index set for a collection of sets A if for any 
a € J, there exists aset Ag € Aand A= {Aq | a € I}. I can be any nonempty 
set, finite or infinite. 

The union of the sets Ay, a € I, is defined to be the set {x | z € Ag for 
at least one a € I} and is denoted by Uges Aq. The intersection of the sets 
Aa, a € I, is defined to be the set {x | x € Ag for all a € I} and is denoted 
by NectAa- 


Definition 1.1.6 Given two sets A and B, the relative complement of B 
in A, denoted by the set difference A\B, is the set 


A\B={xr|reEA, butac ¢ B}. 
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The following diagram describes the set difference of two sets. 


Example 1.1.7 Let A = {1,2,3,4} and B = {3,4,5,6}. Then A\B = {1,2}. 


We now define a concept which is a building block for all of mathematics, 
namely, the concept of an ordered pair. 


Definition 1.1.8 Let A and B be nonempty sets andre A, ye B. 

(i) The ordered pair (z,y) is defined to be the set {{x}, {z, y}}. 

(ii) The Cartesian cross product (Cartesian product) of A and B, 
written A x B, is defined to be the set 


Ax B={(z,y)|ceA,y € Bh. 


Let (x,y), (z,w) € Ax B. We claim that (x,y) = (z,w) if and only if 
xz =zand y = w. First suppose that c = z and y = w. Then {{z}, {z,y}} = 
{{z}, {z, w}} and so (z, y) = (z,w). Now suppose that (x,y) = (z,w). Then 


{{z}, {,u}} = {fz}, {z, wh}. 


Since {xz} € {{x}, {z, y}}, it follows that {x} € {{z}, {z,w}}. This implies that 
{xz} = {z} or {x} = {z,w}. If {x} = {z}, then we must have {x,y} = {z, w}. 
From this, it follows that c = z and y = w. If {x} = {z, w}, then we must have 
{x,y} = {z}. This implies that « = z = w and x = y = z. Thus, in this case, 
xz=y=z=vw. This establishes our claim. 

It now follows that if A has m elements and B has n elements, then A x B 
has mn elements. 


Example 1.1.9 Let A = {1,2,3} and B = {3,4}. Then 
Ax B= {(1,3), (1,4), (2,3), (2, 4), (3, 3), (3, 4)}. 


For the set R of real numbers, the Cartesian product R x R is merely the 
Euclidean plane. 


Definition 1.1.10 For any set X, the power set of X, written P(X), is de- 
fined to be the set {A | A is a subset of X}. 
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Example 1.1.11 Let X = {1,2,3}. Then 


P(X) = {%, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, {1, 2, 3}}- 
Here P(X) has 23 elements. 


Remark 1.1.12 Let P and Q be statements. Throughout the tert we will 
encounter questions in which we will be asked to show that P if and only if 
Q; that is, show that statement P is true if and only if statement Q is true. 
In situations like this, we first assume that statement P is true and show that 
statement Q is true. Then we assume that statement Q is true and show that 
statement P is true. The statement P if and only if Q is also equivalent to 
the statement: if P, then Q, and if Q, then P. For example, see Worked-Out 
Exercise 1, below. 


1.1.1 Worked-Out Exercises 
© Exercise 1 Prove for sets A and B that AC B if and only if AUB=B. 


Solution: First suppose A C B. We now show that AU B= B. Let x be 
any element of AU B. Then either x € A or x € B. This implies that r € B 
since A C B. Thus, we find that every element of AU B is an element of B and 
so AUBCB. Also, BC AUB by Theorem 1.1.4(z). Hence, AU B= B. 

Conversely, suppose AU B = B. Now by Theorem 1.1.4(¢), AC AUB. 
Since AU B = B, it now follows that AC B. 


© Exercise 2 For a subset A of a set S, let A’ denote the subset S\A. A’ is 
called the complement of A in S. Let A and B be subsets of S. Prove 
that (AN B)! = A’U B’, DeMorgan’s law. 


Solution: First we show that (AM B)! C A’ U B’. Then we show that 
A’U B’ C (AN B)’. The result then follows by Theorem 1.1.1. 

Let z be any element of (AN B)’. Now (ANB)! = S\(ANB) andsoxre S 
and z ¢ ANB. Also, x € AM B implies that either GAorr¢ B.lfce S 
and z ¢ A, then z € A’, and if z € S and z ¢ B, then z € B’. Thus, either 
réA’orré Byie,xre A’UB’. Hence, (ANB) CA'UB’. 

Let us now show that A’ U B’ C (AM B)’. Suppose z is any element of 
A’ UB’. Then either z € A’ or x € B’. Suppose x € A’, thenz € S anda ¢ A. 
Since ANB C A and z ¢ A, we must have cx ¢ ANB. This implies that 
x € (AN BY’. Similarly, we can show that if z € B’, then z ¢ ANB, ie., 
z € (AN B)’. Hence, A’ U B’ C (AN B)’. Consequently, (AN B)’ = A’ UB’. 


© Exercise 3 Let A, B, and C be sets. Prove that 
AN(BUC) =(ANB)U(ANC). 
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Solution: As in the previous exercise, we first show that AN (BUC) C 
(AN B)U(ANC) and then (AN B)U(ANC) C AN(BUC). The result then 
follows by Theorem 1.1.1. 

Let z be any element of AN (BUC). Then z € A and x € BUC. Thus, 
xéAandze Borre C.]fze Aandaz € B, then zg € ANB, and if 
x€AandzeéC, then ze ANC. Therefore, r € AN Bor xe ANC. Hence, 
z € (AN B)U(ANC). This shows that AN(BUC) C (AN B)U(ANC). 

Let us now show that (AM B) U(ANC) C AN (BUC). Suppose z is any 
element of (AN B)U(ANC). Then z € ANB or x € ANC. Suppose z € ANB, 
then x € Aand z € B. Since B C BUC, we have x € BUC. Thus, r€ A 
and zx € BUC and soz € AN(BUC). Similarly, if c € A and x € C, then 
zx € AN(BUC). Hence, (ANB) U(ANC) C AN(BUC). Consequently, 
AN(BUC) =(ANB)U(ANC). 


1.1.2 Exercises 


1. Let A = {z,y,z} and B = {y,w}. Determine each of the following sets: 
AUB, ANB, A\B, B\A, Ax B, and P(A). 


2. Prove for sets A and B that A C B if and only if AN B= A. 


3. Prove for sets A, B, and C that 
(i) AUB=BUAand ANB=BNA, 
(ii) (AUB) UC =AU(BUC) and (ANB)NC=AN(BNC), 
(ui) AU(BNC) = (AUB)N (AUC), 
(iv) AU(AN B) =A, 
(v) AN(AUB) =A. 


4. If a set S has 12 elements, how many elements does P(S) have? How 
many of these are properly contained in S? 


5. For subsets A and B of a set S, prove DeMorgan’s law: 
(AUBY =A'NB’. 
6. The symmetric difference of two sets A and B is the set 


AAQB=(AUB)\(ANB). 


(i) If A = {a,b,c} and B = {b,c,d,e}, find AAB. 
(ii) Show that A A B = (A\B) U(B\A). 
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7. Let A and B be finite subsets of a set S. Show that 
(i) if AN B= 4, then |AU B| = |A]+ |B], 
(ii) |[A\B] = |A| -|AN BI, 
(iii) |AU B] = |A| + |B] -|AN BI. 


8. In each of the following exercises, write the proof if the statement is true; 
otherwise give a counterexample. The sets A, B, and C are subsets of a 
set U. 


(i) AN (B\C) = (AN B)\(ANC). 

(ii) A\(BUC) = (A\B) UC. 

(i) (A\BY = (B\AY. 

(iv) Ax (BUC)=(Ax B)U(AxC). 
(v) AAC=BAC implies A= B. 


1.2 Integers 


Throughout abstract algebra, the set of integers provides a source of examples. 
In fact, many algebraic abstractions come from the integers. An axiomatic 
development of the integers is not given in this text. Instead, certain basic 
properties of integers are taken for granted. For example, if n and m are 
integers with n < m, then there exists a positive integer t € Z such that 
m=n-+t. In this section, we review and prove some important properties of 
the integers. 

The proofs of many results of algebra depend on the following basic principle 
of the integers. 


Principle of Well-Ordering: Every nonempty subset of Z* has a smallest 
(least) element, ie., if 6 # S C Z*, then there exists z € S such that 
x<yforallyeS. 


Let S be a subset of Z*. Suppose that S$ has the following properties: 
(i) no € S, i.e., there exists an element no € S. 
(ii) For all n > 170, n € Z*, ifn €S, thenn+1€ 58. 
We show that the set of all integers greater than or equal to ng is a subset 
of S, ie., 
{n © ZF |n>no}CS. 


Let T denote the set {n € Z* | n > no}. We wish to show that T CS. On 
the contrary, suppose TZ S. Then there exists a € T such that a ¢ S. Let 7} 
be the set of all elements of 7 that are not in S, i.e., Tj = T\S. Since a € T 
and a ¢ S, we havea € T,. Thus, 7] is a nonempty subset of Z*. Hence, by the 
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principle of well-ordering, T, has a smallest element m, say. Then m € T and 
m € §. Sincem €T, m > no. If m = no, then m € S, a contradiction. Thus, 
m > ng. This implies that m—1 > np and so m—1€T. Now m—1 ¢ T; since 
m is the smallest element of T;. Since m—1 € T and m—1 ¢ T\, we must have 
m—1¢€S. But then by (ii), m = (m — 1) +1 € S, which is a contradiction. 
Hence, 7 CS. 

Thus, from the principle of well-ordering, we deduce another important 
property of integers. This property is known as the principle of mathematical 
induction. We thus have the following theorem. 


Theorem 1.2.1 (Principle of Mathematical Induction) Let S C Z*. Let 
no € S. Suppose § satisfies either of the following conditions. 
(i) For alln >no,n€ Z*, ifn eS, thenn+1€S. 
(it) For allm<n,n€ Z*, ifme S, thenne€ S. 
Then 
{n€ ZF |n>no} CS. 0 


We proved, above, Theorem 1.2.1, when S satisfies (i). We leave it for the 
reader to prove Theorem 1.2.1 if S satisfies (ii). 

We have seen the following mathematical statement in a college algebra or 
in a calculus course. 

n 1 
L424--tn= Mery n>. 

We now show how this statement can be proved using the principle of 
mathematical induction. Let S(n) denote the above mathematical statement, 
i.€., 

»+1 
S(n): 1424. 4¢n = MOF), n>1. 
This statement will be true if the left-hand side of the statement is equal to 
the right-hand side. Let 


S={ne Z* | $(n) is true}. 


That is, S is the set of all nonnegative integers n for which the statement S(n) 
is true. We will show that S is the set of all positive integers. Now 
1-(1+1) 

2 ? 
ie., S(1) is true. Hence, 1 € S. Let n be an integer such that n > 1 and 
suppose S(n) is true, i.e., n € S. We now show that S(n +1) is true. Now 


ie 


(n+1)(n+ 2) 


S(ntl1): 1424+---+n4+(n+1)= 5 
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Consider the left-hand side. 
1+2+---+n+(n+1) 


nn+1) + (n +1) (since S(n) is true) 
(n+1)(n+2) 


2 


Hence, the left-hand side is equal to the right-hand side and so S(n + 1) is 
true. Thus, 7 +1 € S. Hence, by the principle of mathematical induction, 
S = {n € Z* | n> 1}. This proves our claim, which in turn shows that 


a n(n + 1) 


PO. 
tet tn 9 


is true for all positive integers n. 


Sometimes we use the word induction for the principle of mathematical in- 
duction. 


A proof by the principle of mathematical induction consists of three steps. 

Step 1: Show that no € S, ie., the statement S(ng) is true for some 
no € ZF 

Step 2: Write the induction hypothesis: n is an integer such that n > no 
and n € S, ie., S(n) is true for some integer n such that n > ng (or k is an 
integer such that no < k <n and S(k) is true). 

Step 3: Show that n+1€ S,i.e., S(n +1) is true. 


Example 1.2.2 In this erample, we show that 2n+1 < 2" for all n > 3. 
Let S(n) be the statement: 


S(aja- 2-1 <2" nS 3. 


Since we want to show that S(n) is true for alln > 3, as the first step of our 
induction, we must verify that S(3) is true. Letn = 3. Now 2n+1 = 2-341 =7 
and 2" = 2? = 8. Thus, forn = 3, 2n+1 < 2". This shows that $(3) is true. 
Suppose that 2n +1 < 2” for some n > 3, i.e., S(n) is true for some n > 3. 
Consider S(n +1), 


S(n+1): 2(n+1)+1< 2"). 
Let us evaluate the left-hand side of S(n+1). We have 


An+1)4+1 2n+2+1 

(2n+1)+2 

pie a since S(n) is true 

ya oe (since n > 3, 2 < 2”) 
grt) 


il 


HW IATA Il 


Thus, S(n +1) is true. Hence, by the principle of mathematical induction, 
2n+1< 2” for alln > 3. 
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The principle of mathematical induction is a very useful tool in mathemat- 
ics. We will make use of this result throughout the text. 

We now prove the following important properties of integers with the help 
of the principle of well-ordering. 


Theorem 1.2.3 (Division Algorithm) Let z, y € Z with y £ 0. Then there 
exist unique integers q andr such thatz =qy+r,0<r< ly]. 


Proof. Let us first assume y > 0. Then y > 1. Consider the set 
S={r—uy|ueZ,r—uy > 0}. 


Since y > 1, we have x — (—|z|)y = c+ |z|y > 0 so that z — (—|z|)y € S. 
Thus, S is a nonempty set of nonnegative integers. Hence, by the principle 
of well-ordering, S must have a smallest element, say, r. Since r € S, we have 
r >0O andr =z — gy for some q € Z. Then « = gy+r. We must show that 
r <|y|. Suppose on the contrary that r > |y| = y. Then 


x—(q+ljy=(2-qy) -y=r—-y20 


so that r — y € S, a contradiction since r is the smallest nonnegative integer 
in S and r—y <r. Hence, it must be the case that r < |y|. This proves the 
theorem in case y > 0. 

Suppose now that y < 0. Then |y| > 0. Thus, there exist integers gq’, r such 
that zc =q'|y|+7r,0<r< |y| by the above argument. Since y < 0, |y| = —y. 
Hence, z = —q'y+r. Let gq = —q’. Then z = qyt+7r,0<r < |y|, the desired 
conclusion. 

The uniqueness of g and r remains to be shown. Suppose there are integers 
qd, 7’ such that 


c=qytr=qy+r, 
O<r' <|y|,0<r< |y|. Then 
nr —r=(q—-q)y. 
Thus, 
lr’ —r| = |q—a'| |yI- 


Now —|y| < —r <0 and 0 <r’ < |y|. Therefore, if we add these inequalities, 
we obtain 


—ly\<r—r<|yl, 


or |r’ —r| < |y|. Hence, we have 


0<|¢-¢d|<1. 
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Since g —q’ is an integer, we must have 0 = |g —q’|. It now also follows that 
|r —r’| = 0. Thus, g—q’ = 0 and r—r’ =0org=¢q' andr =7’. Consequently, 
g and r are unique. Mf 


In Theorem 1.2.3, the integer q is called the quotient of x and y on dividing 
x by y and the integer r is called the remainder of z and y on dividing x by 


The following corollary is a special case of Theorem 1.2.3. 


Corollary 1.2.4 For any two integers x and y with y > 0, there exist unique 
integers gq andr such thatz =qy+r, whereO<r<y. 


Proof, By Theorem 1.2.3, there exist unique integers q and r such that 
x=qy+r, where 0 <r < |y|. Since y > 0, |y| = y. Hence, z = gy +7, where 
O<r<y i 


Definition 1.2.5 Let x,y € Z with x £0. Then x is said to divide y or x is 
a divisor (or factor) of y, written z|y, provided there exists q € Z such that 
y = qu. When x does not divide y, we sometimes write x J y. 


Let z, y,z be integers with z 4 0. Suppose x|y and z|z. Then for all integers 
sand t, x|(sy+tz). We ask the reader to prove this fact in Exercise 5(iii) (page 
19). 


Definition 1.2.6 Let x, y € Z. A nonzero integer c is called a common 
divisor of x and y if clx and cly. 


Definition 1.2.7 A nonzero integer d is called a greatest common divisor 
(ged) of the integers x and y if 

(i) d\x and dly, 

(ii) for alle € Z tf cl and cly, then eld. 


Let d and d’ be two greatest common divisors of integers x and y. Then d|d’ 
and d'|d. Hence, there exist integers u and v such that d’ = du and d = d'v. 
Therefore, d = duv, which implies that wv = 1 since d # 0. Thus, either 
u=v=loru=v=-—l. Hence, d = +d. It now follows that two different 
gcd’s of x and y differ in their sign. Of the two gcd’s of x and y, the positive 
one is denoted by gcd(z,y). For example, 2 and —2 are the greatest common 
divisors of 4 and 6. Hence, 2 = gcd(4, 6). 


In the next theorem, we show that the gcd always exists for any two nonzero 
integers. 


Theorem 1.2.8 Let xz, y € Z with either x #0 ory #0. Then x and y have 
a positive greatest common divisor d. Moreover, there exist elements s,t € Z 
such that d= sx + ty. 
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Proof. Let 
S={mzrt+ny|m,n€Z,mz+ny > O}. 


Suppose x # 0. Then 


lal = x ifx>0 
a —Z ifz <0 
lz + Oy if z >0 


(—1)zr + Oy ifx <0. 


Hence, |z| € S and so S # ¢. By the well-ordering principle, S contains a 
smallest positive integer, say, d. We now show that d is the greatest common 
divisor of x and y. 

Since d & S, there exist s, t € Z such that d= sr + ty. First we show that 
d|x and dly. Since d ¥ 0, by the division algorithm (Theorem 1.2.3), there exist 
integers g and r such that 

z=dq+r, 


where 0 <r < |d| = d. Thus, 


r = x-—dgq 
= z—(sr+ty)q (substituting for d) 
= (1—gqs)x + (—at)y. 


Suppose r > 0. Then r € S, which is a contradiction since d is the smallest 
element of S and r < d. Thus, r = 0. This implies that « = dg and so d|z. 
Similarly, dly. Hence, d satisfies (i) of Definition 1.2.7. Suppose c|z and cly for 
some integer c. Then c|(sz + ty) by Exercise 5(iii) (page 19), ie., cld- Thus, d 
satisfies (ii) of Definition 1.2.7. Consequently, d = gcd(z, y). Mf 


Let x and y be nonzero integers. By Theorem 1.2.8, gcd(z,y) exists and 
if d = gcd(z,y), then there exist integers s and ¢ such that d = sx + ty. The 
integers s and t in the representation d = sz +ty are not unique. For example, 
let c = 45 and y = 126. Then gcd(z,y) = 9, and 9 = 3-45 + (-1)-126 = 
129 . 45 + (—46) - 126. 

The proof of Theorem 1.2.8 does not indicate how to find ged(z, y) or the 
integers s, t. In the following, we indicate how these integers can be found. 


Let z, y € Z with y 40. By the division algorithm, there exist q1,rT1 € Z 
such that 
z=qytn, OS <|yl. 


If r; 4 0, then by the division algorithm, there exist go, ro € Z such that 


Y=qgeri+Ta, O<rg<ry. 
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If r2 #0, then again by the division algorithm, there exist g3, r3 € Z such 
that 


ry =q3ro +73, O0<17r3 < ro. 


Since r] > rg > rz > 0, we must in a finite number of steps find integers 
Gn: Gn+1, and r, > 0 such that 


Tn-2 = QnTn-1 ttn» O< Tr <Tn-1 
Tr-1, = QntiTn +0. 


We assert that rp, (the last nonzero remainder) is the greatest common 
divisor of x and y. Now ry|rn—1. Since rn|tn, TnlTn—1, aNd Ta_2 = GnTn-1 + Tn; 
we have r,|rn—2 by Exercise 5(iii) (page 19). Working our way back in this 
fashion, we have r,|r, and rp|r2. Thus, rply since y = gor] + ra. Since raly, 
ry\r1, and z = q,y + 71, we have r,,|z. Hence, 7, is a common divisor of x and 
y. Now if c is any common divisor of x and y, then we see that clr). Since cly 
and c|r;, c|r2. Continuing, we finally obtain c|r,. Thus, rz = gced(z, y). 

We now find s, t € Z such that gcd(z, y) = sx + ty as follows: 


Tn—2 + Tn—1(—4n) 
Tn-2 + [rn—-3 + Tn—2(—Gn—-1)|(—Gn) 
Tn—3(—Gn) af Tr—2(1 + In—19n) (simplifying). 


Tn 


We now substitute rn_4 + 7n-3(—gn—2) for rn_2. We repeat this “back” substi- 
tution process until we reach r, = sz + ty for some integers s and t. 

We illustrate the above procedure for finding the ged and integers s and t 
with the help of the following example. 


Example 1.2.9 Consider the integers 45 and 126. Now 


126 = 2-454 36 
45 = 1:-36+9 
36 4-9+0 


Thus, 9 = gcd(45, 126). Also, 


9 = 45-1-36 
45 —1- [126 ~ 2-45] 
= 3-45+(-1)-126. 


Heres =3 andt=-1. 
We now define prime integers and study their basic properties. 


Definition 1.2.10 (i) An integer p > 1 is called prime if the only divisors of 
p are 1 and +p. 
(ii) Two integers x and y are called relatively prime if gcd(z,y) = 1. 
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The following theorem gives a necessary and sufficient condition for two 
nonzero integers to be relatively prime. 


Theorem 1.2.11 Let x and y be nonzero integers. Then x and y are relatively 
prime if and only if there exist s,t € Z such that 1 = sx + ty. 


Proof. Let z and y be relatively prime. Then gcd(z, y) = 1. By Theorem 
1.2.8, there exist integers s and ¢ such that 1 = sx + ty. 

Conversely, suppose 1 = sx + ty for some pair of integers s, t. Let d = 
gced(x, y). Then dlxz and dly and so d|(sx +ty) (by Exercise 5(iii) (page 19)) or 
d\1. Since d is a positive integer and d|1, d= 1. Thus, ged(z,y) = 1 and so z 
and y are relatively prime. Hi 


Theorem 1.2.12 Let xz, y,z € Z withx £0. If clyz and z, y are relatively 
prime, then x|z. 


Proof. Since x and y are relatively prime, there exist s,t € Z such that 
1 = sxr+ty by Theorem 1.2.11. Thus, z = saz+tyz. Now z|z and by hypothesis 
zlyz. Thus, z|(szz + tyz) by Exercise 5(iii) (page 19) and so z|z. 


Corollary 1.2.13 Let x,y,p € Z with p a prime. If plxy, then either p|x or 
ply. 


Proof. If plz, then we have the desired result. Suppose that p does not 
divide x. Since the only positive divisors of p are 1 and p, we must have that 
p and @ are relatively prime. Thus, ply by Theorem 1.2.12. 

The following corollary is a generalization of Corollary 1.2.13. 


Corollary 1.2.14 Let 21,79,...,2n,p € Z with p a prime. If 


p|z12°++ En, 


then plz; for some i, 1<i<n. 


Proof. The proof follows by Corollary 1.2.13 and induction. i 


Consider the integer 24. We can write 24 = 2°. 3. That is, 24 can be 
written as product of prime powers. Similarly, 49500 = 2? - 3?-5°-11. In the 
next theorem, called the fundamental theorem of arithmetic, we prove that any 
positive integer can be written as product of prime powers. 
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Theorem 1.2.15 (Fundamental Theorem of Arithmetic) Any integern 
> 1 has a unique factorization (up to order) 


R= Py Py’ PSs (1.1) 


where p1,p2,---, Ds are distinct primes and e),e9,..., €s are positive integers. 


Proof. First we show that any integer n > 1 has a factorization like Eq. 
(1.1) and then we show the uniqueness of the factorization. 

We show the existence of the factorization by induction. If n = 2, then 
clearly n has the above factorization as a product of prime powers. Make the 
induction hypothesis that any integer k such that 2 < k < n has a factorization 
like Eq. (1.1). If n is prime, then n already has the above factorization as a 
product of prime powers, namely n itself. If n is not prime, then n = ry for 
integers z,y, with 1 < ¢ < nand1 < y <n. By the induction hypothesis, 


there exist primes qi, q2,.--, Uk, Uj, G---, G and positive integers e1,¢€2,..., 
Ck, 4, €4,-.-, ef, Such that q1,qo,.-., q% are distinct primes, q/, g4,..-, g; are 
distinct primes and 

= q1 43° : is gy 

= gy? gs 


Thus, 


a 
€1_€2 | fe4 


te! tel 
m= qydg? ET Gg? 
i.e., 2 can be factored as a product of prime powers. If q; = q; for some 7 and 


_ tel ite’, 
j, then we replace gf ey by a 7 Tt now follows that n = py ps" -- +p, where 
P1,P2,---+, Ps are distinct primes and e1,€2,..., €s are positive integers. Hence, 
by induction, any integer n > 1 has a factorization like (1.1). 

We now prove the uniqueness property by induction also. If n = 2, then 
clearly n has a unique factorization as a product of prime powers. Suppose the 
uniqueness property holds for all integers & such that 2<k <n. Let 

N= ppg Ps = a1'9a (1.2) 
be two factorizations of n into a product of prime powers. Suppose n is prime. 
Then in Eq. (1.2), we must have s = t = 1 and e; = 1 = ¢ since the only 
positive divisors of n are 1 and n itself. This implies that n = p; = q,; and so 
the factorization is unique. 

Suppose n is not a prime. Now p;|n and 

ei—l_eg 


2 pip pe 
P1 1 2 $ 


is an integer. If s = 1, then n = pj! and since n is not a prime, we have e; > 1. 
e,—l ei1—l 


Hence, a =p >2.Ifs >1, then a = pj’ ps’ --- pss > 2. Thus, in either 
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case, a is an integer > 2. Now pi|n implies that pi|gq{"g5?---q;' and so by 


Corollary 1.2.14, pilgf' for some i. By reordering the q; if necessary, we can 
assume that i = 1. Thus, p:|gy' and so by Corollary 1.2.14, pilqi. Since p; and 
qi are primes, p1 = gq). Thus, 


S = po lpe ... pte = pil lge ... git, (1.3) 
PL 

Now e,—1 = 0 if and only if c;—1 = 0. For suppose e}-1 = Oandc,—1 > 0. 
Then ze = po’ --- ps? implies that p: / p, and oe = p{!—'¢5? --- ft implies that 
Pilsy> which is of course impossible. We can get a similar contradiction if we 
assume €; — 1 > 0 andc; —1=0. 

Now = is an integer and 2 < * <n. Hence, by the induction hypothesis, 
we obtain from Eq. (1.3) that s = t, and pj = q,..., Ps = 9s (without 
worrying about the order), and e; — 1 = c; — 1, eg = c,..., €s = Cs. Hence, 
by induction, we have the desired uniqueness property. 


Corollary 1.2.16 Any integern < —1 has a unique factorization (up to order) 
n= (—l)p py -- ps, 


where pi, P2,-.-,Ps are distinct primes and €1,€2,...,@s are positive integers. 


Proof. Since n < —1, —n > 1. Hence, by Theorem 1.2.15, —n has a unique 
factorization (up to order) 


_ € €2 e 
—1 = py py >> DS°; 


where pi, p2,...,Ps are distinct primes and e1,e2,...,e@s are positive integers. 
Thus, 
€1,¢€ A 
n= (—l)p py ++ DS, 


where pj,...,Ds are distinct primes and e),...,e; are positive integers. 


Theorem 1.2.15 says that any positive integer greater than 1 can be written 
as a product of prime powers. Now we pose the obvious question: How many 
prime numbers are there? This is answered by the following theorem due to 
Euclid. 


Theorem 1.2.17 (Euclid) There are an infinite number of primes. 
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Proof. Let p1,p2,-.-.;Pn be a finite number of distinct primes. Set x = 
p1p2°**Pn +1. Since p; does not divide 1, p; does not divide z, 7 = 1,2,...,n. 
By the fundamental theorem of arithmetic, it follows that there is some prime 
p such that p|z. Thus, p is distinct from p,,po,...,Pn so that we have n+1 
distinct primes. That is, for any finite set of primes we can always find one 
more. Thus, there must be an infinite number of primes. Ml 


We close this section with the following definition. There are a few places 
in the text where we will be making use of it. 


Definition 1.2.18 Letn be a positive integer. Let b(n) denote the number of 
positive integers m such that m <n and ged(m,n) = 1, 7.e., 


o(n) = |{m EN |m<n and gced(m,n) = 1}. 
g(n) is called the Euler ¢-function. 


Clearly $(2) = 1, (3) = 2, (4) = 2. Since 1, 5, 7, 11 are the only positive 
integers less than 12 and relatively prime to 12, 4(12) = 4. 

Let {a1,...,@n} C Z. We use the notation 5°7_, a; to denote the sum of 
Q1,...,Qn, Lé., 


n 
So ay = 0, + +++ + an. 
i=1 


If S is any finite subset of Z, then }’,-ga denotes the sum of all elements of 
S. For example, if S = {2,4,7}, then Sj-ga =24+4+7 =13. 


1.2.1 Worked-Out Exercises 


« Exercise 1 By the principle of mathematical induction, prove that 


g2etl + (—1)"2 = O(mod 5) 


for all positive integers n. (For integers a and b, a = b(mod 5) means 5 
divides a — b.) 


Solution: Let S(n) be the statement 
S(n) : g2n+l 4. (—1)"2 = 0(mod 5), n>1. 


We wish to show that S(n) is true for all positive integers. We first must verify 
that S(1) is true as the first step of our induction. Let n = 1. Then 


gantd 4 (-1)"2 = 374! + (-1)2 = 27 — 2 = 25 = O(mod 5). 
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Thus, 5(1) is true. Now suppose that S(n) is true for some positive integer n, 
ie., 3°7+1 + (—1)"2 = 0(mod 5) for some integer n > 1. We now show that 


S(nt1): 3%"*D41 4 (-1)"t2 = O(mod 5) 


is true. Now 


getnt})+1 4 (_y)mtlg = gent. 32 _ (_1)n9 
a(g2n+l + (-1)"2) — (—1)"18 — (-1)"2 
= 9(32n+1 4 (—1)"2) — (-1)"20. 


I 


Since 327+! 4 (—1)"2 = O(mod 5) and 20 = 0(mod 5), it follows that 32("7+2)+14 
(—1)"*!2 = 0(mod 5). This shows that S(n+1) is true. Hence, by the principle 
of mathematical induction, 32+! + (—1)"2 = 0(mod 5) for all positive integers 
n. 


© Exercise 2 Let a and b be integers such that gcd(a, 4) = 2 and gcd(b, 4) = 
2. Prove that gcd(a + b, 4) = 4. 


Solution: Since ged(a,4) = 2, 2|a, but 4 does not divide a. Therefore, 
a = 2z¢ for some integer x such that gcd(2,z) = 1. Similarly, b = 2y for some 
integer y such that gcd(2,y) = 1. Thus, z and y are both odd integers. This 
implies that z+ y is an even integer and so x+y = 2n for some integer n. Now 
a+b=2(c4+y) =4n. Hence, gcd(a + b,4) = ged(4n, 4) = 4. 


© Exercise 3 Let a,b, and c be integers such that gcd(a,c) = gced(b,c) = 1. 
Prove that gcd(ab,c) = 1. 


Solution: If c = 0, then gcd(a,0) = ged(b, 0) = 1 implies that a = +1 and 
b = +1. Thus, ged(ab,c) = ged(+1,0) = 1. Suppose now c 4 0. By Theorem 
1.2.8, gcd(ab, c) exists. Let d = gcd(ab,c). Also, by Theorem 1.2.8, there exist 
integers 21, 41,22, y2 such that 1 = ax] +cy,, 1 = br2+cy2. Thus, (ar1)(br2) = 
(1—cy,)(1—ey2) = 1—cy, —cyateyicy2. Hence, 1 = (ab)x129+e(y1 +y2—cyiy2)- 
Thus, any common divisor of ab and c is also a divisor of 1. Hence, d|1. Since 


d>0,d=1. 


Exercise 4 Let a,b € Z with either a 4 0 or b 4 0. Prove that for any integer 
Cc, 


gcd(a, b) = ged(a, —b) = gced(a,b + ac). 


Solution: Suppose a # 0. Then gcd(a,b), ged(a, —b) and ged(a, b + ac) 
exist. Let d = gcd(a,b). Then there exist integers z and y such that d = 
ar + by = ax + (—b)(—y). Thus, any common divisor of a and —b is also a 
divisor of d. Hence, ged(a, —b)|d. Similarly, d| ged(a, —b). Since gced(a, b) and 
gcd(a, —b) are positive, gcd(a, b) = ged(a, —b). 
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Let e = gcd(a,b + ac). Then there exist integers p and q such that e = 
ap + (b+ ac)g = ap + bg + acq = a(p + cg) + bg. Since dla and d|b, dle. Also, 
d = az + by = az + (b+ ac)y — acy = a(x — cy) + (b + ac)y. Since ela and 
e|b + ac, eld. Hence, e = d. 


® Exercise 5 Find integers z and y such that 512r + 320y = 64. 


Solution: 
512 = 320-1+192 


320 = 192-14 128 
192 = 128-1464 
128 = 64-240. 


Thus, 64 = 192 — 128 = 192 — (320 — 192) = 192-24 320-(—1) = (512 — 320)- 
2+ 320 - (—1) = 512.2 + 320- (—3). Hence, x = 2 and y = —3. 


1.2.2 Exercises 


1. Determine gcd(90, 252). Find integers s and ¢ such that 


gcd (90, 252) = s-90+¢- 252. 


2. Find integers s and t such that gcd(963, 652) = s - 9634 t- 652. 
3. Find integers s and ¢ such that 657s + 963t = 9. 
4. Use the principle of mathematical induction to prove the following. 
(i) 12422 4.324... +n? = MoENOn) 4 = 1,2,.... 
(ii) 7” — 1 is divisible by 6 for all n € Z*. 
(iii) 6-7" — 2- 3” is divisible by 4 for all n € Z*. 
(iv) 5?” + 3 is divisible by 4 for all n € Z*. 
(v) n < 2” for alln € Z*. 
(Va Sn on Sa ey 
(iD) a STS 178) 3 oss 
5. Let a,b, and c be three integers such that a # 0. Prove the following: 
(i) If a|b, then albc for all c € Z. 
(ii) If b 4 0, alb and jc, then ale. 
(iii) If a|b and alc, then al(br + cy) for all z,y € Z. 
(iv) If a,b are positive integers such that a|b, then a < 6b. 
(v) If b #0, ald, and dja, then a = +b. 


1.2. 


14. 


15. 


16. 
17. 


18. 


19. 


20. 
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. Let a,b, and c be integers. Prove that if ac 4 0 and aclbc, then ald. 


. Let a,b,c, and d be integers such that a 4 0 and b ¥ 0. Prove that if alc 


and b|d, then ab|cd. 


. Let p be a prime integer, m,n integers and r a positive integer. Suppose 


p’|mn and p fm. Show that p’|n. 


. Let a and 6 be integers and gcd(a,b) = d. If a = dm and b = dn, prove 


that gcd(m,n) = 1. 


. Let a,b, and c be positive integers. Prove that gcd(ab, ac) = agcd(b, c). 


. Prove that if gcd(z, y) = gcd(z, z) = 1, then gced(z, yz) = 1 forall z,y,z € 


N. 


. Prove that if ged(z, y) =1,2\z, and y|z, then zy|z for all z,y,z EN. 
. Let a,b € N. Show that gced(a, b) = gcd(a,a + 6). 


Prove that ged(a,b) = 1 for any two positive consecutive integers a and 
b. 


Let z and y be nonzero integers. The least common multiple of z and 
y, written lem(z, y), is defined to be a positive integer m such that 

(i) z|m and y|m and 

(ii) if z|c and y|c, then mlc. 


Prove that lem(z, y) exists and is unique. 
Let z and y be nonzero integers. Prove that lem(z, y) - ged(z, y) = |ry|. 


Let x and y be nonzero integers. Show that lcm(z, y) = |xy| if and only 
if gcd(a,y) = 1. 


Show that there are infinitely many prime integers of the form 6n — 1, 
n>. 


Let S be a set with n elements, n > 1. Show by mathematical induction 


that |P(S)| = 2”. 

Determine whether the following assertions are true or false. If true, then 
prove it, and if false give a counterexample. 

(i) If p is a prime such that pla®, then pla, where a is an integer. 


(ii) If p is a prime such that p|(a? + b?) and pla, then p|b, where a and b 
are integers. 
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(iii) For any integer a, gcd(a,a +3) = 1 or 3. 
(iv) If gcd(a,6) = 3 and ged(b,6) = 3, then gcd(a + b,6) = 6, where a 
and 0 are integers. 


(v) If gcd(6,c) = 1 and ald, then ged(a,c) = 1. 


1.3. Relations 


Some describe or define mathematics as the study of relations. Since a relation 
is a set. of ordered pairs, we get our first glimpse of the fundamental importance 
of the concept of an ordered pair. 


Definition 1.3.1 A binary relation or simply a relation R from a set A 
into a set B is a subset of Ax B. 


Let R be a relation from a set A into a set B. If (x,y) € R, we write rRy 
or R(x) = y. If cRy, then sometimes we say that z is related to y (or y is in 
relation with x) with respect to R or simply z is related to y. If A = B, then 
we speak of a binary relation on A. 


Example 1.3.2 Let A denote the names of ail states in the USA and B = Z. 
With each state a in A associate an integer n which denotes the number of 
people in that state in the year 1996. Then R= {(a,n) |ae€A and n is the 
number of people in state a in 1996} is a subset of Ax Z. Thus, R defines a 
relation from A into Z. 


Example 1.3.3 Consider the set of integers Z. Let R be the set of all ordered 
pairs (m,n) of integers such that m < n, i.e., 


R={(m,n)€ZxZ|m<n}. 
Then R is a binary relation on Z. 


Let R be a relation from a set A into a set B. By looking at the elements 
of R, we can find out which elements of A are related to elements of B with 
respect to R. The elements of A that are related to elements of B form a subset 
of A, called the domain of R, and the elements of B that are in relation with 
elements of A form a subset of B, called the range of R. More formally, we 
have the following definition. 


Definition 1.3.4 Let R be a relation from a set A into a set B. Then the 
domain of R, denoted by D(R), is defined to be the set 


{z | x£€ A and there exists y € B such that (x,y) € R}. 
The range or image of R, denoted by T(R), is defined to be the set 
{y | y € B and there exists x € A such that (x,y) € R}. 
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Example 1.3.5 Let A = {4,5,7,8,9} and B = {16,18, 20,22}. Define RC 
Ax B by 
R = {(4, 16), (4, 20), (5, 20), (8, 16), (9, 18)}. 


Then R is a relation from A into B. Here (a,b) € R if and only if a 
divides b, wherea € A and b € B. Note that for the domain of R, we have 
D(R) = {4,5,8,9} and for the range of R, we have I(R) = {16, 18, 20}. 


Example 1.3.6 Let S = {(z,y) | z,y¢R,2?+y? =1,y>0}. Then S isa 
binary relation on R. S is the set of points in the Euclidean plane constituting 
the semicircle lying above the x-axis with center (0,0) and radius 1. 


Definition 1.3.7 Let R be a binary relation on a set A. Then R is called 
(i) reflexive if for allx € A, xRz, 
(ti) symmetric if for allz,y € A, cRy implies yRe, 
(itt) transitive if for all z,y,z © A, cRy and yRz imply zRz. 


Definition 1.3.8 A binary relation E on a set A is called an equivalence 
relation on A if E is reflezive, symmetric, and transitive. 


The important concept of an equivalence relation is due to Gauss. We will 
use this concept repeatedly throughout the text. 


Example 1.3.9 Let A = {1,2,3,4,5,6} and EF = {(1,1), (2,2), (3,3), (4,4), 
(5, 5), (6,6), (2,3), (3,2)}. Then E is an equivalence relation on A. 


Example 1.3.10 (i) Let L denote the set of all straight lines in the Euclidean 
plane and E be the relation on L defined by for all l,,lo € L, (li, lz) € E if and 
only if ly and lg are parallel. Then E is an equivalence relation on L. 

(ii) Let L be defined as in (i) and P be the relation defined on L by for all 
lilo EL, (hy, le) € P if and only if land ly are perpendicular. Let 1 be a line in 
L. Since l cannot be perpendicular to itself, (1,1) € P. Hence, P is not reflexive 
and so P is not an equivalence relation on L. Also, P is not transitive. 


Example 1.3.11 Letn be a fired positive integer in Z. Define the relation =p« 
on Z by for allz,y € Z, © =, y if and only if n|(x# — y), 1.e, 2 -—y = nk for 
some k € Z. We now show that =, is an equivalence relation on Z. 

(i) For alle € Z,x-—x=0=0n. Hence, for allz € Z, tr =, x. Thus, =n 
is reflexive. 

(ii) Let z,y € Z. Suppose x =p, y. Then there exists q € Z such that 
qn =ax—y. Thus, (—q)n=y—z and so n|(y — 2), #.€., y=n x. Hence, =p is 
symmetric. 

(iii) Let x,y,z € Z. Suppose x =p, y and y =n z. Then there exist q, r € Z 
such that qn =x —y andrn=y-—z. Thus, (qtr)n=2—zandqtreZ. 
This implies that x =, z. Hence, =, is transitive. 

Consequently, =, is an equivalence relation on Z. 
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The equivalence relation, =n, as defined in Example 1.3.11 is called congru- 
ence modulo n. (Another commonly used notation for z =, y is z = y(mod 


n).) 


Definition 1.3.12 Let E be an equivalence relation on a set A. For all x € A, 
let [x] denote the set 
[zt] = {ye A | yEr}. 


The set [z] is called the equivalence class (with respect to F) determined 
by z. 


In the following theorem, we prove some basic properties of equivalence 
classes. 


Theorem 1.3.13 Let EF be an equivalence relation on the set A. Then 

(i) for ali x € A, [2] # ¢, 

(ii) if y € [a], then [x] = [y], where x,y € A, 

(iti) for all z,y € A, either [x] = [y] or [z] N [y] = 4, 

(iv) A= Uzea[z], t-e., A is the union of all equivalence classes with respect 
to B. 


Proof. (i) Let x € A. Since F is reflexive, Ex. Hence, z € [z] and so 
bers 

(ii) Let y € [z]. Then y&z and by the symmetric property of FE, cEy. In 
order to show that [z] = [y], we will show that [z] C [y] and [y] C [x]. The 
result then will follow by Theorem 1.1.1. Let u € [y]. Then uy. Since uy and 
yEz, the transitivity of E implies that u#z. Hence, u € [z]. Thus, [y] C [2]. 
Now let u € [x]. Then wEz. Since uEz and cEy, uEy by transitivity and so 
u & [y]. Hence, [x] C [y]. Consequently, [x] = [y]. 

(iii) Let z,y € A. Suppose [rz] M [y] # ¢. Then there exists u € [z] N [y]. 
Thus, u € [2] and wu € [y], i.e., ube and uEy. Since E is symmetric and uEy, 
we have yHu. Now yu and uEz and so by the transitivity of EF, yEz. This 
“implies that y € [z]. Hence, by (ii), [y] = [z]. 

(iv) Let « € A. Then x € [2] C Uzea[r]. Thus, A C Uzea(z]. Also, 
Uzea[z] € A. Hence, A = Uzea[z]. 


One of the main objectives of this section is to study the relationship be- 
tween an equivalence relation and a partition of a set. We now focus our 
attention to partitions. We begin with the following definition. 


Definition 1.3.14 Let A be a set and P be a collection of nonempty subsets of 
A. Then P is called a partition of A if the following properties are satisfied: 
(1) for all B, CEP, either B= C or BNC=¢. 
(11) A = UpepB. 
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In other words, if P is a partition of A, then (i) B C A for all BE P, ie., 
every element of P is a subset of A, (ii) distinct elements of P are either equal 
or disjoint, and (iii) the union of the members of P is A. 


Example 1.3.15 (i) Let A = {1,2,3,4,5,6}. Let Ay = {1}, Ao = {2,4,6}, 
and A3 = {3,5}. Now A = A, U Ag U Az, AlN Ag = ¢, A1M Ag = ¢, and 
Ag A3 = ¢. Hence, P = {A}, Ag, A3} is a partition of A. 

(ii) Consider Z. Let A be the set of all even integers and B be the set of all 
odd integers. Then AN B=¢ and AUB =Z. Thus, {A,B} is a partition of 
Z. 


The following theorem is immediate from Theorem 1.3.13. 
Theorem 1.3.16 Let EF be an equivalence relation on the set A. Then 
P = {[c] |x A} 
is a partition of A. 


Example 1.3.17 Consider the equivalence relation =, on Z as. defined in Ex- 
ample 1.3.11. Let Z, = {[z] | x € Z}. By Theorem 1.3.16, Zn is a partition of 
Z. Suppose n = 6. We claim that 


Ze = {[0], [1], [2], [3], [4], [5]} 
and 
[7] = {04+ 2,+6+7,412+%,...} = {6g+2 | q€ Z} for alli c Z. 


Let 0 <n <m < 6. Suppose [n| = [m]. Then m € [n] and so 6|(m — n). 
This is a contradiction since 0 <m—n < 6. Hence, the equivalence classes 
[0], [1], [2], [3], [4], [5] are distinct. We now show that these are the only distinct 
equivalence classes. 

Let k be any integer. By the division algorithm, k = 6q+r for some integers 
q andr such thatO <r <6. Thus, k—r = 6q and so 6|(k—r). This implies that 
k =6 r and so [k] = [r]. Since 0 < r < 6 we have [r] € {(0], [1], [2], [3], [4], [5]} 
and so [k] € {[0}, [1], [2], [3], [4], [5]}. This proves our first claim. 

Leti€ Z. Then x € [i] if and only if 6|(x — i) if and only if 6q =x —i for 
some q € Z if and only if x = 6g +i for some q € Z. This proves our second 
claim. It now follows that for alli = 0,1,...,5, {2} = [(6g+%] for all gq € Z. 
Hence, 


fora =0, [0] = [6] = [12] =--- = [-6] = [-12] =--.; 
forse, (2 ie) == Senos 
fori = 2, [2] = [8] = [14] =--- = [-4] = [-10] =---; 
fori =3, [3] = [9] = [15] =---=[-3] =[-9] =--; 
for i= 4, [dl = [0] = [16] =---=[-2] = [8] =---; 
jp abet) her Se ae 
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By Theorem 1.3.16, given an equivalence relation & on a set A, the set of 
all equivalence classes forms a partition of A. We now prove that. corresponding 
to any partition, we can associate an equivalence relation. 


Theorem 1.3.18 Let P be a partition of the set A. Define a relation FE on A 
by for allz,y € A, xEy if there erists B € P such that x, y € B. Then E is an 
equivalence relation on A and the equivalence classes are precisely the elements 


of P. 


Proof. Note that if two elements z and y of A are related, i.e., cE y, then 
x and y must belong to the same member of P. Also, if B € P, then any two 
elements of B are related, i.e., cy for all x,y € B. We now prove the result. 

Since P is a partition of A, A = UgepB. First we show that E is reflexive. 
Let x be any element of A. Then there exists B € P such that x € B. 
Since z,z € B, we have xEz. Hence, E is reflexive. We now show that EF is 
symmetric. Let rE&y. Then z,y € B for some B € P. Thus, y, « € B and 
so yEx. Hence, FE is symmetric. We now establish the transitivity of E. Let 
x,y,z € A. Suppose rEy and yEz. Then x, y € B and y,z € C for some B, 
CeéeP.Sincey € BNC, BNC £ ¢. Also, since P is a partition and BNC £ 4, 
we have B = C so that x, z € B. Hence, rEz. This shows that EF is transitive. 
Consequently, & is an equivalence relation. 

We now show that the equivalence classes determined by £ are precisely 
the elements of P. Let x € A. Consider the equivalence class [rz]. Since A = 
UpepB, there exists B € P such that ¢ € B. We claim that [rz] = B. Let 
u € [x]. Then uEz and so u € B since x € B. Thus, [z] C B. Also, since 
xz € B, we have yEz for all y € B and so y € [2] for all y € B. This implies 
that B C [2]. Hence, [z] = B. Finally, note that if C € P, then C = [u] for all 
u € C. Thus, the equivalence classes are precisely the elements of P. Ml 


The relation E in Theorem 1.3.18 is called the equivalence relation on 
A induced by the partition P. 


New relations can be constructed from existing relations. For example, 
given relations R and S from a set A into a set B, we can form relations RNS, 
RUS, R\S, (Ax B)\R in a natural way. In all these relations, the domain and 
range of the relations under consideration are subsets of A and B, respectively. 
Now given a relation R from a set A into a set B and a relation S from B 
into a set C, there is a relation from A into C' that arises in a natural way as 
follows: Let us denote the new relation by T. Suppose (a, b) € R and (b,c) € S. 
Then we make (a,c) € T. Every element of T is constructed in this way. That 
is, (a,c) € T for some a € A and c € C if and only if there exists 6 € B such 
that (a,b) € R and (b,c) € S. This relation T is called the composition of R 
and S and is denoted by So R. Note that to form the composition of R and S, 
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we must have the domain of S and the range of R to be subsets of the same 
set. More formally we have the following definition. 


Definition 1.3.19 Let R be a relation from a set A into a set B and S be a 
relation from B into a set C. The composition of R and S, denoted by So R, 
is the relation from A into C defined by 


xr(So R)y if there exists z € B such that cRz and zSy 
forallce A,y EC. 


Let R be a relation on a set A. Recursively, we define a relation R",n EN, 
as follows: 
R= oR 
RY = Rok?! ifaw > 1, 


Definition 1.3.20 Let R be a relation from a set A into a set B. The inverse 
of R, denoted by R-', is the relation from B into A defined by 


tR-ly if yRe 
for allre B,yEéA. 


The following theorem gives a necessary and sufficient condition for a binary 
relation to be an equivalence relation. 


Theorem 1.3.21 Let R be a relation on a set A. Then R is an equivalence 
relation on A if and only if 

(i) ACR, where A= {(z,2r) | x € A}, 

(ii) R= Ro, and 

(i) RORC R. 


Proof. Suppose R is an equivalence relation. Let (z,x) € A, where x € A. 
Since R is reflexive, (z,z) € R. Hence, A C R, ie., (i) holds. Let (z,y) € R. 
Since R is symmetric, (y,z) € R. Thus, by the definition of R71, (x,y) € Ro}. 
Hence, R C R7!. On the other hand, let (z,y) € R7!. Then (y,z) € R. 
Therefore, by the symmetric property, (r,y) € R. Hence, R7! C R. Thus, 
R = R*}, i., (ii) holds. We now prove (iii). Let (z,y) € RoR. Then 
there exists z € A such that (z,z) ¢ R and (z,y) € R. Since RP is transitive, 
(x,y) € R. Thus, RoRC R, ie, (iti) holds. 

Conversely, suppose that (i), (ii), and (iii) hold for R. For all x € A, (a,x) € 
ACR. Thus, R is reflexive. Next, we show that R is symmetric. Let (x,y) € 
R. Then by (ii), (z,y) € Ro}. This implies that (y,z) € R. Hence, R is 
symmetric. For the transitivity of R, let (x,z) € R and (z,y) € R. Then 
(x,y) € RoR by the definition of composition of relations. Since Ro RC R, 
(x,y) € R. Hence, Ris transitive. Consequently, R is an equivalence relation. 
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1.3.1 Worked-Out Exercises 


os 


& Exercise 1 In Zio, which of the following equivalence classes are equal: [2 
[—5], [5], [-8], [12], [15], [-3], [7], [22]? 


Solution: We note that [2] = [2+ 10] = [12], [-8] = [-8 +10] = [2], [12] = 
[12+ 10] = [22], [—5) = [—5+10) = [5] = [5+10] = [15] and ([—3] = [-34+ 10 
[7]. Also, [2] # [5], [2] 4 [7] and [5] 4 [7]. Hence, it now follows that [2] = [12] = 
[-8] = [22], (-5] = [5] = (15) and [-3] = (7. 


Exercise 2 Let R be a reflexive and transitive relation on a set S. Prove that 
Rf Ro! is an equivalence relation. 


Solution: Since (z,z) € R for all x € S, (z,z) € R™! for all z € S. 
Thus, (z,2) € RN Ro for all e € S. Hence, RN R™! is reflexive. Let (2, y) € 
ROR. Then (2, y) € Rand (z,y) € R7*. Thus, (y,x) € R71 and (y,z) € BR. 
Therefore, (y,z) € RON R7+. Hence, RN R7! is symmetric. Now suppose that 
(z,y), (y,z) € ROR. Then (x,y), (y,z) € Rand (z,y), (y,z) € Ro}. Since 
R is transitive, (z,z) € R. Now since (z,y),(y,z) € R™, (y,2),(z,y) € R. 
Since R is transitive, (z,z) € R and so (z,z) € R-'. Thus, (z,z)€ RNR}. 
Hence, RMR! is transitive. We have thus proved that RM R™! is reflexive, 
symmetric, and transitive and hence RM R7! is an equivalence relation. 


© Exercise 3 Give an example of an equivalence relation on the set S = {1, 
2, 3, 4,5,6,7,8} such that R has exactly four equivalence classes. 


Solution: R = {(1,1), (2,2), (3,3), (4,4), (5,5), (6,6), (7,7), (8,8), (1,2), 
(2,1), (3,4), (4,3), (5,6), (6,5), (7,8), (8, 7)}. The equivalence classes are [1] = 
[2], [3] = [4], [5] = [6], and [7] = [8]. 


Exercise 4 Let R, and R2 be two symmetric relations on a set S. Prove that 
R, 0° Re is symmetric if and only if R, o Rp = Roo Ry. 


Solution: Suppose R, o R2 is symmetric. Let (z,y) be any element of 
R, 0 Ro. Then (y,z) € Ri o Re since R; o Re is symmetric. Thus, there exists 
z € S such that (y,z) € Re and (z,z) € R, by the definition of composition of 
relations. Since R; and Rz are symmetric, (z,y) € Rp and (z,z) € R,. Hence, 
(x,y) € Roo R,. Thus, R10 Re C Roo Rj. Similarly, Roo Ry C R10 Rg. Hence, 
Rio Ro = Roo Rj. 

Conversely, suppose that R, o Ro = Roo Ry. Let (2,y) € Ry, o Ro. Then 
(z,y) € Roo R;. Thus, there exists z € S such that (x, z) € Ry and (z,y) € Ro. 
Since R, and Rp are symmetric, (z,z) € R; and (y,z) € Ro. Hence, (y, x) € 
Roo Ry = R, 0 Ry. Thus, A, o Ry is symmetric. 
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© Exercise 5 Let A= {1,2,3,4,5} and R = {(1,1), (2,2), (3,3), (4,4), (5,5), 
(1,2), (2,1), (4,5), (5, 4)}. Show that R is an equivalence relation. 


Solution: Let B = {1,2}, C = {3}, and D = {4,5}. Let P = {B,C, D}. 
Then P is a partition of A. Also, note that if z,y € A, then (x,y) € Rif and 
only if z,y € X for some X € ?, i.e.,.the relation R is induced by the partition 
P. Hence, R is an equivalence relation on A by Theorem 1.3.18. 


© Exercise 6 Let X = {1,2,3,4,5,6,7}. Then 


P = {{1,3, 5}, {2, 6}, {4, 7} 


is a partition of X. List the elements of the corresponding equivalence 
relation R on X induced by P. 


Solution: R= {(a,b) © X x X | a and b both belong to the same element 
of P}. Then. R = {(1,1), (2,2),-(3,3), (4,4), (5,5), (6,6), (7,7), (1,3), (3,1), 
(1,5), (5,1), (3,5), (5,3), (2,6), (6,2), (4,7), (7, 4)}- 


Exercise 7 Let R be a relation on a set S. Prove that the following conditions 
are equivalent. 


(i) R is an equivalence relation on S. 
(ii) R is reflexive and for all a,b,c € S, if afb and bRc, then cRa. 


Solution: (i)=(ii): Suppose R is an equivalence relation on S. Then R is 
reflexive. Let a,b,c € S. Suppose aRb and bRc. The transitive property of R 
implies that aRc. Hence, cRa since R is symmetric. 

(ii)=>(i): Since F is given to be reflexive, to show that R is an equivalence 
relation, we only need to check that R is symmetric and transitive. For sym- 
metry, suppose aRb. Since F is reflexive, we have aRa. Now since we have aRa 
and aRb, bRa by hypothesis. This shows that R is symmetric. To show that 
£ is transitive, suppose afd and bRc. Then by the hypothesis, cRa. Since we 
have shown that F is symmetric, cRa implies that aRc. Hence, R is transitive. 
Consequently, A is an equivalence relation on S. 


1.3.2 Exercises 


1. Let R be a relation on the set A = {1,2,3,4,5,6,7} defined by R = 
{(a,b) € Ax A | 4 divides a — 5}. 
(i) List the elements of R. 
(ii) Find the domain of R. 


(iii) Find the range of R. 


1.3. RELATIONS 29 


(iv) Find the elements of R7!. 
(v) Find the domain of R7?. 
(vi) Find the range of R7!. 
2. Let R be arelation on the set A = {1, 2,3, 4,5, 6} defined by R = {(a,b) € 
AxAla+b< 9}. 
(i) List the elements of R. 
(ii) Is A C R, where A = {(z, x) | z € A}? 
(iii) Is R= Rl? 
(iv) Is RoRC R? 
3. Which of the following relations EF are equivalence relations on the set of 
integers Z? 
(i) cEy if and only if x — y is an even integer. 
(ii) cEy if and only if z —y is an odd integer. 
(iii) cEy if and only if z < y. 
(iv) eEy if and only if x divides y. 
(v) Ey if and only if 2? = 7. 
(vi) xEy if and only if |z| =| y|. 
(vii) eE£y if and only if |z — y| < 2. 


4. Let R= {(a, b) | a,b € Q and a—b € Z}. Prove that FR is an equivalence 
relation on Q. 


5. Let A= {1,2,3,4,5,6, 7,8}. Define a relation R on A by 
aRb if and only if 3 divides a — b 


for all a,b € A. Show that R is an equivalence relation on A. Find the 
equivalence classes {1], [2], [3], and [4]. 


6. Let R be an equivalence relation on a set A. Find the domain and range 


of R. 
7. Find all equivalence relations on the set S = {a, },c}. 


8. In Ze, which of the following equivalence classes are equal: [—1], [2], [8], 
[5], (-2], [11], [23]? 

9. Let 2, y € Z be such that x =, y, where n € N. Show that for all z € Z, 
(i) c+z=ny+z, 


(ii) 2z =p yz 


1.3. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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Let z,y,z,w € Z and n be a positive integer. Suppose that z =, y and 
Z =n w. Show that r+ z=, y+w and rz =p yw. 


Let n be a positive integer and [z], [y] € Zn. Show that the following 
conditions are equivalent. 


(i) [2] = [y}. 
(ii) c — y = nr for some integer r. 
(iii) n|(@ — y). 


(Chinese Remainder Theorem) Let m and n be positive integers such 
that gcd(m,n) = 1. Prove that for any integers a and 6, the congruences 
Z =m aand x =, b have a common solution in Z. Furthermore, if u and 
v are two solutions of these congruences, prove that u = nn v. 


Define relations Rj, Ro, Rs such that A, is reflexive and symmetric but 
not transitive, Ro is reflexive and transitive but not symmetric, and Rg 
is symmetric and transitive but not reflexive. 


Prove that the intersection of two equivalence relations on a set S is an 
equivalence relation on S. 


Let R be a relation on a set A. Define T(R) = RUR 'U{(z,z) | x € A}. 
Show that T(R) is reflexive and symmetric. 


Let R be a relation on a set S. Set R° = RUR? UR? U.-.--. Prove the 
following: 

(i) R® is a transitive relation on S. 

(ii) If T is a transitive relation on A such that RCT, then R® CT. 
(R© is called the transitive closure of R.) 


Let Ry and R2 be symmetric relations on a set S such that R, o Ry 
R,o Ry. Prove that Reo R, is symmetric and Rio Ry = R20 Ry. 


IN 


Let Ry and R, be equivalence relations on a set S such that R, o R2 
Ryo R,. Prove that R; o Re is an equivalence relation. 


Let R, and Ry be relations on a set 5. Determine whether each statement 
is true or false. If the statement is false, give a counterexample. 

(i) If Ry and Ro are reflexive, then R10 Re is reflexive. 

(ii) If R, and Rp are transitive, then R,o Rg is transitive. 

(iii) If Ry and Re are symmetric, then R jo Ro is symmetric. 

(iv) If R is transitive, then Ry’ is transitive. 


(v) If Ry, is reflexive and transitive, then R) o R, is transitive. 
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1.4 Partially Ordered Sets 


In the previous section, we defined binary relations and studied their basic 
properties. More specifically, we looked at equivalence relations and showed 
that equivalence relations and partitions are closely related. In this section, we 
will consider binary relations which are reflexive, are transitive, and satisfy a 
new property, called antisymmetric. We begin with the following definition. 


Definition 1.4.1 A relation R on a set S is called a partial order on S if it 
satisfies the following conditions: 

(i) (a,a) ER for allac S (i.e., R is reflerive). 

(ii) For all a,b € S if (a,b) € R and (b,a) € R, thena = b (i.e, R is 
antisymmetric). 

(iti) For all a,b,c € S, if (a,b) € R and (b,c) € R, then (a,c) EC R (i.e, R 


is transitive). 


In other words, a reflexive, antisymmetric, and transitive relation on a set 
S is called a partial order on S. 


Example 1.4.2 Let R be the relation on Z defined by R = {(a,b) € Zx Z | 
a—b<0O}. We show that R is a partial order on Z. 

First note thata -a=0<0 for alla € Z. Thus, (a,a) € R for alla ce Z 
and so R is reflexive. For antisymmetry, let (a,b), (b,a) € R. Thena—b< 0, 
ze.,a<bandb—a <0, 12.6, 6 <a. This implies thata = b. Thus, R is 
antisymmetric. Finally, we show that R is transitive. Let (a,b),(b,c) € R. 
Thena—b<0 andb—c<0. Thus,a<bandb<c. This implies thata <c 
and soa—c<0. Hence, (a,c) € R. Thus, R is transitive. Consequently, R is 
a partial order on Z. 


Example 1.4.3 Let R be the relation on N defined by R= {(a,b) EN xN | 
a divides b in N}. Then R is a partial order on N. 

As in the previous example, we show that R is reflexive, antisymmetric, 
and transitive. 

Reflerive: Leta € N. Since a = 1a, we have ala and so (a,a) € R. Thus, 
R is reflexive. 

Antisymmetric: Let (a,b),(b,a) € R. Then alb and bla. Thus, b = ad and 
a = be for some positive integers c and d. Therefore, a = bc = ade and so 

= cd. Since c and d are positive integers and cd = 1, it follows thatc = d= 1. 
Hence,a =b. Thus, R is antisymmetric. 

Transitive: Let (a,b), (b,c) € R. Then alb and ble in N. Thus, b = an and 
c= bm for some positive integers m and n. This implies that c = bm = anm 
and since m and n are positive integers, nm is a positive integer. Thus, ale in 
N and so (a,c) € R. Hence, R is transitive. 

Consequently, R is a partial order on N. 


1.4. PARTIALLY ORDERED SETS 32 


Example 1.4.4 Consider the relation R = {(a,b) € Zx Z | a divides b in 
Z} on Z. As in the previous example, we can show that R is reflerive and 
transitive. Since 6 = (—1)(—6) and —6 = (-1)6, (6, -6) € R and (-6,6) € R, 
but 6 #4 —6. Thus, R is not antisymmetric, proving that R is not a partial order 
on Z. 


Example 1.4.5 Let S be a set and P(S) the power set of S. Let R be a relation 
on P(S) given by R= {(A,B) € P(S)xP(S) | A C B}. We show that R is a 
partial order on P(S). Since A C A for all A € P(S), we find that (A, A) € 
R for all A € P(S). This shows that R is reflezive. For antisymmetry, let 
(A, B),(B,A) € R. Then by the definition of R, AC B and BC A and so A= 
B. Thus, R is antisymmetric. To show that R is transitive, let (A, B),(B,C) € 
R. Then AC Band BCC and so ACC. Thus, (A,C) € R. Hence, R is 
transitive. Consequently, R is a partial order on P(S). 


A partial order on a set S is usually denoted by < . Instead of writing 
(a,b) € <, from now on we shall write a < b. 


Definition 1.4.6 A set S together with a partial order is called a partially 
ordered set (poset). 


If S is a partially ordered set with partial order <, then we write (S, <). 

In Example 1.4.2, R is a partial order. This relation is the usual. “less 
than or equal to” relation on Z. In Example 1.4.3, R is a partial order. We 
call this relation the divisibility relation on N. Hence, N together with the 
divisibility relation is a poset. From Example 1.4.4, we find that Z together 
with the divisibility relation is not a poset. The partial order in Example 1.4.5 
is known as set inclusion relation. P(S) together with set inclusion relation 
is a poset. 

Let S be a poset and a,b € S. If either a < 6b or b < a, then we say that a 
and b are comparable. 


Definition 1.4.7 A partially ordered set (S,<) is called a linearly ordered 
set or a chain if for allz,y € S eitherz <y ory <z. 


Thus, a linearly ordered set or a chain is a poset in which any two elements 
are comparable. 


Example 1.4.8 (i) Z together with the usual “less than or equal to” (Example 
1.4.2) relation is a chain. 

(ii) N with the divisibility relation (Example 1.4.3) is not a chain because 
neither 3 divides 5 nor 5 divides 3, 1.e., 3 and 5 are not comparable. 

(iii) Let S be a set with more than one element. Then P(S) together with 
the set inclusion relation (Example 1.4.5) is not a chain since if a and b are 
distinct elements of S, then neither {a} is a subset of {b} nor {b} is a subset 
of {a}, i.e., {a} and {b} are not comparable. 
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Definition 1.4.9 Let (S,<) be a poset and {a,b} be a subset of S. An element 
c€S is called an upper bound of {a,b} ifa<candb<ce. 

An element d€ S is called a least upper bound (lub) of {a,b} if 

(i) d is an upper bound of {a,b} and 

(ii) ifc € S is an upper bound of {a,b}, thend <c. 


Example 1.4.10 (i) Consider the set N together with the divisibility relation 
(Example 1.4.3). For alla,b EN, a < b af and only if a divides b. Now for the 
subset {4,6}, 12,24, 36 are all upper bounds of {4,6}. However, 12 1s the least 
upper bound of {4,6}. 

(it) Consider the set Z together with the usual “less than or equal to” 
relation (Example 1.4.2). For the subset {4,6}, 6,7,8, ... are all upper bounds 
of {4,6}. However, 6 is the least upper bound of {4,6}. 

(iii) Let S = {1,2,3,4}. Let < denote the set inclusion relation (Example 
1.4.5). Then (P(S),<) is a poset. Let A = {1,2} and B = {1,4}. Then 
AUB = {1,2,4} is the least upper bound of {A, B}. 


Remark 1.4.11 (i) In a poset (S,<), a subset {a,b} of S may not have an 
upper bound. 

(it) In a poset (S,<), a subset {a,b} of S may have more than one upper 
bound. 

(iii) In a poset (S,<), @ subset {a,b} of S may not have a lub. 

(iv) In a poset (S,<), if a subset {a,b} of S has a lub, then this lub is 
unique. 


We leave the verification of (i), (ii), and (iii) as an exercise and verify (iv). 
Let c,d € S be two lubs of {a,b}. Then c and d are upper bounds of {a,b}. 
Since c is a lub of {a,6} and d is an upper bound of {a,b}, c < d. Similarly, 
d<c. Hence, c = d. 


Notation: The lub of {a,b} in (S, <), if it exists, is denoted by a V b. 


Definition 1.4.12 Let (S,<) be a poset and {a,b} be a subset of S. An element 
c€ S is called a lower bound of {a,b} ifc<a andc<b. Anelementdée S 
is called a greatest lower bound (glb) of {a,b} if 

(i) d is a lower bound of {a,b} and 

(ii) if cE S is a lower bound of {a,b}, then c < d. 


Remark 1.4.13 (i) In a poset (S,<), a subset {a,b} of S may not have a 
lower bound. 

(ii) In a poset (S,<), a subset {a,b} of S may have more than one lower 
bound. 

(iit) In a poset (S,<), a subset {a,b} of S may not have a glb. 

(iv) In a poset (S,<), if a subset {a,b} of S has a glb, then this glb is 


unique. 
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Notation: The glb of {a,b} in (S,<), if it exists, is denoted by aA b. 


A useful device in the study of posets is the poset diagram. Let (.S,<) be 
a poset and z,y € S. We say that y covers z, denoted by y > a, ifz < y, 
xz #y, and there are no elements z € S such that r<z<y,242z,z fy. We 
represent the elements of S by the elements themselves in the plane such that 
if x < y, then y occurs above z, and we connect x with y by a line segment 
if and only if y covers x. The resulting diagram is called the poset diagram of 


(S, S). 
Example 1.4.14 Let S = {1,2,3}. Then 


P(S)= {, {1}, {2}, {3}, {1, 2}, {2, 3}, {1,3}, S}. 


Now (P(S), <) is @ poset, where < denotes the set inclusion relation. The 
poset diagram of (P(S),<) is given below. 


{1,2} {1,3} {2, 3} 


Definition 1.4.15 Let (S,<) be a poset. An element u € S is called a maz- 
imal (minimal) element of S if there is no element v € S such that u < v 
(v<u) anduFv. 


Example 1.4.16 Let S = {1,2,3} and T be the set of all proper nonempty 
subsets of S. Now (T, <) is a poset, where < is the set inclusion relation. In 
this poset {1}, {2}, and {3} are minimal elements and {1,2}, {1,3}, {2,3} are 
mazimal elements. 


Next, we state the following fundamental axiom of set theory. There are 
several places in this text, where we will use it very effectively. a 


Zorn’s Lemma: If every chain in a poset (S,<) has an upper bound in S, 
then S contains a maximal element. 


We have seen several examples of posets in which lub (glb) need not exist. 
Next, we study those posets for which lub (glb) exists. 
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Definition 1.4.17 A poset (£,<) is called a lattice ifa Ab andaV b exist in 
L for alla,be L. 


Example 1.4.18 Let L = [0,1] ={c# Ee R|0<2< 1}. Then(L,<) is a poset, 
where < denotes the usual “less than or equal to” relation. Let a,b € [0,1]. Now 
max{a,b} € L and min{a, b} € L. It is easy to see that max{a, b} is the lub of 
{a,b} and min{a, b} is the glb of {a,b}. For example, max{.2,.3} = .3= .2V.3 
and min{.2,.3} = .2 = .2A.3. Hence, (L,<) is a lattice. 


Example 1.4.19 Let S be a set. Then (P(S),<) is a poset, where < is the 
set inclusion relation. For A,B € P(S), we can show that AVB = AUB and 
ANB=ANB. Hence, (P(S), <) is a lattice. 


In the following theorem, we collect several useful properties of a lattice. 


Theorem 1.4.20 Let (L,<) be a lattice and a,b,c € L. Then 
(L1)aVb=bVa,aAb=bAa (commutative laws), 
(L2) av (bVc) =(aVb)Vc, aA (bAc) =(aNb) Ac (associative laws), 
(L3)aVa=a,aA\a=a (idempotent laws), 
(L4) aV (aAb) =a, aA (av b) =a (absorption laws). 


Proof. (L1) aVb= lub of {a,b} = lub of {b, a} = bVa. Note that the proof 
follows from the fact that the set {a,b} is the same as the set {b, a}. 

We leave the remainder of the proof to the exercises except for L4. 

(L4) Now a < aandaAb < a. Hence, a is an upper bound of {a, aAb}. Thus, 
by the definition of least upper bound, a V (aA b) < a. Since a V (aA B) is the 
lub of {a, aAb}, a < aV(aAb). Hence, a = aV(aAb) since < is antisymmetric. Ml 


The proof of the following result is left as an exercise. 


Theorem 1.4.21 Let (S,<) be a poset and a,b € S. Then the following con- 
ditions are equivalent. 


(ija<b. 
(ii)aVb=b. 
(iti) aNb=a. 


Definition 1.4.22 A lattice (L, <) is called a modular lattice if for alla,b,c € 
LL, a <c implies 
aV(bAc)=(avbj)Ac. 


The lattices defined in Examples 1.4.18 and 1.4.19 are modular lattices. 
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Example 1.4.23 Consider the lattice given by the following diagram 


Herea<c, butaV(bAc) =aVO0=a4c=(avb)Ac. Hence, this lattice 
is not modular. 


Definition 1.4.24 A lattice (L, <) is called distributive if it satisfies 

(D1) aA(bVc)=(aAb)V (adc) 

for all a,b,c € L. 

The lattices defined in Examples 1.4.18 and 1.4.19 are distributive lattices. 
Theorem 1.4.25 A lattice (L,<) is distributive if and only if 


(D2) aVv(bAc) =(aVb)A(aVo) 
for alla,b,c € L. 


Proof. Suppose (ZL, <) is distributive. Let a,b,c € LD. Then 


\\ 


(aV b)A(aVe) ((aV b)Aa)V((aVb) Ac) by D1 


= (aA(avb))V((aVb)Ac) by Ll 


= aV((aVb)Ac) by L4 
= aVi(cA(avd)) by Ll 
= aV((eAa) V (cAb)) by D1 
= (aV(cAa)) V(cAb) by L2 
= (aV(cAa))V(bAc) by Ll 
= aV(bAc) by L4. 


Hence, a V (bAc) = (a Vb) A (a Vc). Similarly, D2>D1. 


Theorem 1.4.26 Every distributive lattice is a modular lattice. 


Proof. Let (£,<) be a distributive lattice and a,b,c € L be such that a <c. 
Then aV(bAc) = (aVb)A(aVc) = (aVb) Ac. Hence, (£, <) is a modular lattice. 


Theorem 1.4.26 says that every distributive lattice is a modular lattice. 
However, the converse of this result is not true, as shown by the following 
example. 
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Example 1.4.27 Consider the lattice given by the following poset 


se 
a 
0 

This is a modular lattice, but not a distributive lattice since aV (bAc) = 
aVO0=aA41=(aVb)A(aVe). 


Theorem 1.4.28 In a distributive lattice (L, <), 
aNb=adAcandaVb=aVc imply thatb=c 


for all a,b,c € L. 


Proof. Now b= bA(aVb) =bA(aVc) = (bAa)V(bAc) = (aAc)V(bAc) = 
(cAa) V(cAb) =cA(aVvb) =cA(aVc)=c. 0 


1.4.1 Worked-Out Exercises 


© Exercise 1 Suppose that in a poset (P,<), aAb, bAc, and aA (b/c) exist, 
where a,b,c € P. Show that (aA b) Ac exists and aA (bAc) = (aAb) Ac. 


Solution: Now aA (bAc) <a,aA(bAc) < bc, bAc < b, and bAc 
<c. Hence, a A (b Ac) is a lower bound of a, b. Since a A b exists, we find that 
aN(bAc) <aJNb. Also, aA (bAc) <c. Hence, aA (bAc) is a lower bound of 
{a Ab, c}. Let d be a lower bound of {aA}, c}. Then d < aAband d< c. Thus, 
d<a,d<b,andd<e. Since b/c exists, d< bAc. Also, aA (BA c) exists. 
Hence, d < aA (bAc). Thus, a A (bc) is the glb of {a A 6, c}. Consequently, 
(a Ab) Ac exists and aA (bAc) = (aAb) Ac. 


Exercise 2 Show that every chain is a distributive lattice. 


Solution: Let (Z,<) be a chain and a,b,c € L. Since L is a chain, either 
a<borb<a.Ifa <b, thenaVb=bandaAb=a.Ifb<a,thenaVb=a 
and aA b= b. Hence, for any two elements a,b € L,aAb and aV bd exist in L. 
Suppose a < b. 

Case 1: b<e. 

Now aA (bVc) =aAc=a and (aAb)V (aAc) =aVa =a. Hence, we 
have a A (bVc) = (aAb) V (ac). 

Case 2: c< b. 

Subcase 2a: a <c. 
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In this case, we have a < c < b. Now aA( bVc) = aAb = a and 
(a Ab) V (aAc) =aVa=a. Hence, aA(bVc)=(aAb)V (adc). 

Subcase 2b: c <a. 

In this case, we have c < a < b. NowaA(bVc) =aAb =a and 
(ab) V(aAc) =aVc=a. Hence, aA( bVc) = (a Ab) V (adc). 

Similarly, if b<a, then aA ( bVc) = (a@Ab) V (anc). 


Exercise 3 In a lattice (L, <), prove that (ab) V(aAc) <aA(bV (adAc)) 
for all a,b,c € L. 


Solution: aA\b <a,aAc<a. Hence, (@Ab)V(aAc) <a. AgainaNb <b 
implies (a A 6) V (aAc) < 0V (ac). Thus, we find that (aA b) V (aAc) isa 
lower bound of {a,bV (aAc)}. But aA (bV (aAc)) is the glb of {a,bV (aAc)}. 
Hence, (ab) V (aAc) <aA(bV (aAc)). 


Exercise 4 Prove that a lattice (LZ, <) is modular if and only if (@Ab)V(aAc) = 
af (bV (aAc)) for all a,b,c € L. 


Solution: Suppose (I, <) is modular. Then 


(aAb)V(aAc) = (aAc)V(aAb) 
(aAc)V (bAa) 
((aNc)Vb)Aa_ (by modularity since a Ac < a) 
aN (bV (adAc)). 


Conversely, suppose that (aA 6) V(aAc) =aA(bV(aAc)) for all a,b,c € L. Let 
a,b,c € L be such that a < c. Then aAc = a. Now (cAb)V(cAa) = cA(bV(aAc)). 
Hence, (cA b) Va=cA (bVa), ie, aV(bAc) =(avb)Ac. 


1.4.2 Exercises 


1. Draw the poset diagram for each of the following posets. 


(i) ({a@ | @ is a positive divisor of 20}, <), where < denotes the divisibility 
relation. 


(ii) (N, <), where < denotes the natural order relation. 

(iii) (PCS), <), S = {1, 2,3, 4}, where < denotes the set inclusion relation. 
(iv) (P(S)\{o}, <), S = {1, 2,3}, where < denotes the set inclusion re- 
lation. : 


2. Give an example of a relation R which is antisymmetric, but not reflexive. 


3. Give an example of a poset (P, <) such that P has two elements a and b 


for which a A } does not exist. 


1.4. 


10. 
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. Show that (R, <) is not a poset, where a < b means that b = ad for some 
deéR. 
. Let <1 and <2 be two partial orders on a set S. Is <1 M <2 a partial 


order on S$? 


. Let (A, <1) and (B, <2) be two posets. Prove that (A x B, <) is a poset, 


where (a,b) < (c,d) if and only if a <; c¢ and b <e d. 


. Let (P,<) be a poset and a,b,c € P. 


(i) IfaVb, bVc, andaV(bVec) exist, show that (aV b) Vc exists and 
aV (bVc) = (av b) Ve. 


(ii) If a V 6 exists, prove that a V (a Vb) exists anda Vb=aV (aV 8). 


. Which of the following posets are lattices? 


a, 
a c b 
\ 74 | ¢ ~%\ 
b c | g 
| | f ve 
d d \ 
! 


. Let D(40) denote the set of all positive divisors of 40. Consider the lattice 


(D(40), <), 


where < denotes the divisibility relation. Find 4A (8V 10) and (2V (2A 
8)) Vv 20. 

In a lattice (LZ, <), prove the following. 

(i) aV (bAc) <(aVb)A(aVeo), 

(ti) (@Ab)V (adc) <aA(bVo), 

(iit) (@Ab) V (bAc) V (cAa) < (aV b) A(bVc) A (cVa), 

(iv) ifa <c, then aV (bAc) < (a Vb) Ac, 

for all a,b,c € L. 


1.5. FUNCTIONS 40 


11. Ina modular lattice (LZ, <), prove that for all a, b,c € L,a < c,aAb = cA, 
andaVb=cV bd imply that a =c. 


12. Prove that a lattice (L, <) is distributive if and only if for all a,b,c € L, 


(aAb) V (bAc) V (eAa) = (aVvb)A(bVc) A(cVa). 


13. Determine whether the following assertions are true or false. If true prove 
the result; and if false give a counterexample. 


(i) The relation R = {(a,b) € Z x Z | ja — b| < 1} is a partial order on 
Z. 


(ii) The relation R = {(a,b) € Z x Z | |a| < {b|} is a partial order on Z. 


(iii) The relation R = {(a,b) € SxS | a divides b in N} is a partial order 
on 5 = {1,2,3,4,6, 12}. 


1.5 Functions 


Like sets, functions play a central role in mathematics. Readers may already 
be familiar with the notion of a function either through a college algebra or a 
calculus course. In these courses, functions were usually real valued. Throug- 
hout the text we will encounter functions which do not have to be real valued. 
Functions help us study the relationship between various algebraic structures. 
In this section, we review some of their basic properties. Roughly speaking, a 
function is a special type of correspondence between elements of one set and 
those of another set. More precisely, a function is a particular set of ordered 
pairs. 


Definition 1.5.1 Let A and B be nonempty sets. A relation f from A into B 
is called a function (or mapping) from A into B if 

(i) Df) = A and 

(ii) for all (x,y), (2',y') € f, c= 2! implies y = y’. 

When, (ii) is satisfied by a relation f, we say that f is well defined or 
single-valued. 


We use the notation f : A — B to denote a function f from a set A into a 
set B. For (z, y) € f, we usually write f(x) = y and say that y is the image 
of x under f and z is a preimage of y under f. 

Leibniz seems to be the first to have used the word “function” to stand for 
any quantity related to a curve. Clairant (1734) originated the notation f(z) 
and Euler made extensive use of it. Dirichlet is responsible for the current 
definition of a function. 
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Let us now explain the above definition. Suppose f : A — B. Then f is 
a subset of A x B such that for all xz € A, there exists a unique y € B such 
that (x,y) € f. Hence, we like to think of a function as a rule which associates 
to each element z of A exactly one element y of B. In order to show that a 
relation f from A into B is a function, we first show that the domain of f is A 
and next we show that f well defined or single-valued, i.e., if = y in A, then 
f(z) = f(y) in B for all z,y € A. 

We now consider some examples of relations, some of which are functions 
and some of which are not. 


Example 1.5.2 Let f be the subset of Z x Z defined by 
f ={(n,2n+4 3) | n € Z}. 


Then D(f) = {n | n € Z}=Z. We now show that f is well defined. Let 
n,m € Z. Supposen =m. Then 2n+3 = 2m+3, t.e., f(n) = f(m). Therefore, 
f ts well defined. Hence, f satisfies (i) and (i) of Definition 1.5.1 and so f is 


a function. 


Example 1.5.3 Let A = {1,2,3,4} and B = {a,b,c}. Let f be the subset of 


Ax B defined by 

f = {(1,4), (2,6), (3, €), (4, 5) }- 
First note that D(f) = {1,2,3,4} = A and so f satisfies (i) of Definition 
1.5.1. From the definition of f, it is immediate that for all x € A, there erists 
a unique y € B such that (x,y) € f. Therefore, f is well defined and so f 
satisfies (ii) of Definition 1.5.1. Hence, f is a function. 


Example 1.5.4 Let f be the subset of Q x Z defined by 
f= (C7) |p,qeEZ, q FO}. 


First we note that D(f) = te |p,qe Z,q #0} =Q. Thus, f satisfies (i) of 
Definition 1.5.1. Now (2,2) € f, (4,4) € f and 2 = 4. But f(3) =244= 
f()- Thus, f is not well defined. Hence, f is not a function from Q into Z. 


Example 1.5.5 Let f be the subset of Z x Z defined by 
f= {(mn,m+n) | mn € Zh. 


First we show that f satisfies (1) of Definition 1.5.1. Let x be any element of 
Z. Then we can writer = z-1. Hence, (x,x +1) = (x 1,4 +1) € f. This 
implies thatz € D(f). Thus, ZC D(f). However, D(f) C Z and so D(f) = Z. 
Thus, f satisfies (i) of Definition 1.5.1. Now4¢€Z and4=4.1=2-2. Thus, 
(4-1,4+1) € f and (2.2,24+2) € f. Hence, we find that 4-1 = 2-2 and 
f(4-1)=544= f(2-2). This implies that f is not well defined, t.e., f does 
not satisfy (ti) of Definition 1.5.1. Hence, f is not a function from Z into Z. 
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We now explore the meaning of equality of two functions. 

Let f: A— Bandg: A— B be two functions. Then f and g are subsets of 
Ax B. Suppose f = g. Let x be any element of A. Then (z, f(x)) € f = g. Also, 
(z,g(z)) € g. Since g is a function and (z, f(zx)), (z,g(x)) € g, we must have 
g(x) = f(x). Conversely, assume that g(x) = f(x) for all z € A. Let (x,y) € f. 
Then y = f(z) = g(z). Thus, (x, y) € g. This implies that f C g. Similarly, we 
can show that g C f. It now follows that f = g. Thus, two functions f: A— B 
and g: A — B are equal if and only if f(x) = g(z) foralla cA. 


Example 1.5.6 Let f :Z— Z% andg:Z— Z* be defined by f = {(n,n?) | 
n€ Z and g = {(n,|n|*) | n € Z}. Now for all n € Z, 


f(n) =n? = |ni? = g(n). 
Hence, f =g. 


Definition 1.5.7 Let f be a function from a set A into a set B. Then 
(i) f ts called one-one if for all z,x' € A, f(x) = f(z’) implies x = 2’. 
(ii) f is called onto B (or f maps A onto B) if T(f) = B. 


We note that if f : A — B, then Z(f) = B if and only if for all y € B, 
there exists z € A such that f(x) = y. In other words, Z(f) = B if and only if 
every element of B has a preimage. We also note that f is one-one if and only 
if every element of B has at most one preimage. 

Let A be a nonempty set. The function 14 : A — A defined by ig(x) = x 
for all x € A is a one-one function of A onto A. i, is called the identity map 
on A. 


Example 1.5.8 Consider the relation f from Z into Z defined by 
f(r) =n? 


for alin € Z. Now D(f) = Z. Also, if n =n’, then n? = (n’)*, i.e, f(n) = 
f(n’). Hence, f is well defined. Thus, f is a function. Now f(1) =1= f(-1) 
and 1 # —1. This implies that f is not one-one. Now for alln € Z, f(n) 
is a nonnegative integer. This shows that a negative integer has no preimage. 
Hence, f is not onto Z. Note that f is onto {0,1,4,9,...}. 


Example 1.5.9 Consider the relation f from Z into Z defined by for alln € Z, 
f(n) = 2n. As in the previous examples, we can show that f is a function. Let 
n,n’ € Z and suppose that f(n) = f(n’). Then 2n = 2n’, i.e., n= n'. Hence, 
f is a one-one function. Since for alln € Z, f(n) is an even integer, we see 
that an odd integer has no preimage. Thus, f is not onto Z. However, we note 
that f is onto E. 
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Definition 1.5.10 Let A, B, and C be nonempty sets and f : A — B and 
g:B—C. The composition o of f and g, written go f, is the relation from 
A into C defined as follows: 


gof = {(a,z)|xeA,z€C, there exists yc B 
such that f(x) = y and g(y) = z}. 


Let f: A— Bandg: B > C and (2,z) Egof, ie, (gof)(x) = z. 
Then by the definition of composition of functions, there exists y € B such 
that f(x) = y and g(y) = z. Now 


Z= g(y) = g(f(z)). 
Hence, (go f)(x) = g(f(z)). 


In the following, we describe some properties of composition of functions. 


Theorem 1.5.11 Suppose that f: A— B andg: B—C. Then 
(i)gof: AC, te, gof is a function from A into C. 
(ii) If f and g are one-one, then go f is one-one. 
(iit) If f is onto B and g is onto C, then go f is onto C. 


Proof. (i) Let x € A. Since f is a function and z € A, there exists y € B 
such that f(x) = y. Now since g is a function and y € B, there exists z € C 
such that g(y) = z. Thus, (go f)(z) = g(f(z)) = gly) =z, ie., (2,z) Egof. 
Hence, z € D(go f). This shows that A C D(go f). But D(go f) C A and so 
D(go f) = A. Next, we show that go f is well defined. 

Suppose that (2, z) € gof, (%1,21) € gof and x = 2, where z,z, € A and 
z,z, € C. By the definition of composition of functions, there exist y,y; € B 
such that f(r) = y, g(y) = z, f(z1) = yi and g(y1) = 21. Since f is a function 
and z = 21, we have y = yj. Similarly, since g is a function and y = y1, we 
have z = z,. Thus, go f is well defined. Hence, go f is a function from A into 
C. 

(ii) Let z, 2’ € A. Suppose (go f)(x) = (go f)(2’). Then g(f(x)) = g(f(z’)). 
Since g is one-one, f(x) = f(z’). Since f is one-one, x = x’. Thus, go f is one- 
one. 

(iii) Let z € C. Then there exists y € B such that g(y) = z since g is 
onto C. Since f is onto B, there exists z € A such that f(x) = y. Thus, 


(9 0 f)(«) = 9(f(#)) = 9(y) = z. Hence, go f is onto C. i 


Example 1.5.12 Consider the function f : Z— Z andg : Z — E, where 
f(n) =n? and g(n) = 2n for alln € Z. Thengof:Z—E and (go f)(n) = 
g(F(n)) = g(n?) = 2n?. 
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Theorem 1.5.13 Let f: A> B,g:B—-C, andh:C—- D. Then 


ho(gof) =(hog)of. 


That is, composition of functions is associative. 


Proof. First note that ho(go f): A— Dand (hog)of:A-— D. Let 
x € A. Then 


[ho (go f)l(x) = h((g° f)(z)) = A(g(F(@))) = (he g)(F(@)) = [(hog) 0 f(z). 


Thus, by the equality of two functions, ho (go f) =(hog)of. ™ 
Let A be a set and f: A— A. Recursively, we define 


f(z) = f(z) 
fri(z) = (fo f\(a) 


for allr EC A,n EN. 

Let A and B be sets. A and B are said to be equipollent, written A ~ B, 
if there exists a one-one function from A onto B, i.e., the elements of A and B 
are in one-one correspondence. 

From Theorem 1.5.11, it follows that ~ is an equivalence relation. If A ~ B, 
then sometimes we write |A| = |B]. It is immediate that if A and B are finite 
sets, then |A| = |B| if and only if A and B have the same number of elements. 

The following lemma, which follows from Theorem 1.5.11 (ii), is of indepen- 
dent interest. We give a direct proof of this result. . 


Lemma 1.5.14 Let A be a set and f : A — A be a one-one function. Then 
f”:A—A is a one-one function for all integers n > 1. 


Proof. Suppose there exists n > 1 such that f” is not one-one. Let m > 1 
be the smallest positive integer such that f” is not one-one. Then there ex- 
ist z, y € A such that zc # y and f™(z) = f™(y). But then f(f™-1(z)) = 
f(f™-1(y)) and hence f”-}(z) = f™—1(y) since f is one-one. Now since m 
is the smallest positive integer such that f™ is not one-one, f”~! is one-one. 
Hence, z = y, which is a contradiction. Thus, f” is one-one for alln > 1. 


That one-one functions on a finite set are onto is proved next. 


Theorem 1.5.15 Let A be a finite set. If f : A — A is one-one, then f is 
onto A. eb 
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Proof. Let y€ A. Now f”(y) € A for all n > 1. Hence, 


{y, f(y), fy), } CA. 


Since A is finite, all elements of the set {y, f(y), f?(y),...} cannot be distinct. 
Thus, there exist positive integers s and t such that s > t and fS(y) = f*(y). 
Then f‘(f*‘*(y)) = f*(y). Hence, f(y) = y since by Lemma 1.5.14, f* is 
one-one. Let x = f°-'"1(y) € A. Then f(z) = y. Hence, f is onto A. Ml 


Definition 1.5.16 Let A and B be sets and f: AB. 
(i) f is called left invertible if there erists g: B— A such that 


g°f =a. 
(ii) f is called right invertible if there exists h: B — A such that 
f oh= iB. 


A function f : A — B is called invertible if f is both left and right 
invertible. 


Example 1.5.17 Let f:Z—-Z andg:Z—Z be as defined below. 
f(n) =3n 


Oe 3 ifn is a multiple of 8 
0 ef n is not a multiple of 3 


for alln € Z. Now 
(f 0 9)(n) 


f(g(n)) 
n ifn is a multiple of 3 
0 ifn is not a multiple of 3. 


Hence, fog # iz. But (go f)(n) = g9(f(n)) = g(8n) =n for alln € Z. Thus, 
gof =iz. Hence, g is a left inverse of f. 


Often we are required to find a left (right) inverse of a function. However, 
not every function has a left (right) inverse. Thus, before we attempt to find 
a left (right) inverse of a function, it would be helpful to know if a given 
function has a left (right) inverse or not. The following theorem is very useful 
in determining whether a function is left (right) invertible or invertible. 


Theorem 1.5.18 Let A and B be sets and f : A — B. Then the following 
assertions hold. . 

(i) f is one-one if and only if f is left invertible. 

(ii) f is onto B if and only if f is right invertible. 

(iit) f is one-one and onto B if and only if f is invertible,. 
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Proof. (i) Suppose f is left invertible. Then there exists g : B — A such 
that gof =7i,4. Let z, y € A be such that f(x) = f(y). Then g(f(x)) = g(f(y)) 
or (go f)(x) = (gof)(y). Hence, i4(x) = ta(y), ie. x = y. Thus, f is one-one. 

Conversely, suppose jf is one-one. Then for y € B, either y has no preimage 
or there exists a unique z, € A such that f(zy) = y. Fix z € A. Define 
g:B—Aby 


Gi xz if y has no preimage under f 
ae zy if y has a preimage under f and f(zy) =y 


for all y € B. By the definition of g, D(g) = B. To show g is well defined, 
suppose y,y’ € B and y = y’. Then either both y and y’ have no preimages or 
there exist unique zy,z, € A such that f(z,) = y and f(zy) = y’. Suppose 
both y and y’ have no preimages. Then g(y) = z = g(y’). Now suppose there 
exist unique ry,2, € A such that f(z,) = y and f(zy) = y’. Thus, g(y) = zy 
and g(y') = z,. Since y = y’, we have f(xy) = f(xy). Since f is one-one, 
Ly = Ly and so g(y) = g(y’). We have thus shown that g is well defined and so 
g is a function. We now show that go f =i,4. Let u € A and suppose f(u) =v 
for some v € B. Then by the definition of g, g(v) = u. Thus, 
(9° f)(u) = 9(f(u)) = 9) =u = tatu). 

Hence, go f =i,. 

(ii) Suppose f is right invertible. Then there exists g : B — A such that 
fog=ig. Letty e€ B. Let x = gy) € A. Now y = ip(y) = (fog)(y) = 
f(g(y)) = f(z). Hence, f is onto B. 

Conversely, suppose f is onto B. Let y € B. Since f is onto, there exists 
x € Asuch that f(r) =y. Let Ay = {x € A| f(z) =y}. Then A, # ¢. Choose 
Ly € Ay for all y € B. Define h: B — A such that h(y) = zy for all y € B. 
Then A is a function. Let y € B. Then (f oh)(y) = f(h(y)) = f(ty) =y = 
ip(y). Hence, foh =%g and so f is right invertible. 

(iii) The result here follows from (i) and (ii). @ 


Let f : A— B be invertible. Let g be a left inverse of f and h be a right 
inverse of f. Then go f =i, and foh=ip. Nowg=goigp=go(foh)= 
(gof)oh=igoh=h. Thus, if f is invertible, then left and right inverses of 
f are the same. This also proves that the inverse of a function, if it exists, is 
unique. 

If f is an invertible function, then the inverse of f is denoted by f7!. 

Let f: A— B and A’ C A. Then f induces a function from A’ into B ina 
natural way as defined next. 


Definition 1.5.19 Let f: A — B and A’ be a nonempty subset of A. The 
restriction of f to A’, written f\,4:, is defined to be 


fla = {(a', F(e’)) | a! € A}. 
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We see that f|,4’ is really the function f except that we are considering f 
on a smaller domain. 


Definition 1.5.20 Let f : A’ > B and A be a set containing A’. A function 
g:A-—B is called an extension of f to A if gla =f. 


Example 1.5.21 Consider the function f : E - Z and g : Z — Z, where 
f(2n) = 2n+1 and g(n) =n+1 for alln € Z. Then g is an extension of f to 
Z and f is the restriction of g to E. Let the function h: Z — Z be defined by 
for allm € Z, h(m) =m+4+1 ifm e€E and h(m) =m ifm ¢ E. Then h is 
an extension of f to Z. However, h 4 g. Thus, a function may have more than 
one extension. 


In Section 1.1, we defined the Cartesian cross product, A x B, of two sets A 
and B. We now extend this notion to a family of sets {Ag | a € I}, where J is an 
index set. First let us make the following observation: Suppose J = {1,2}. Let 
S be the set of all functions f : J > AUB such that f(1) € A and f(2) € B. 
Then every function f € S defines an ordered pair (f(1), f(2)) € Ax B. 
Conversely, given x € A and y € B, define f € S by f(1) = x and f(2) = y. 
Then the ordered pair (2, y) defines a function f € S. Hence, there is a one- 
one correspondence between the elements of S and A x B. We now define the 
Cartesian product of {Ag | a € J}. 

Let {Aq | a € I} be a family of sets. The Cartesian (cross) product 
of {Aa | a € I}, denoted by [],¢; Aa, is defined to be the set 


{f | f: I UserAg and f(a) € Ag for all a € I}. 


Let f € [Inger Aa. Then f(a) € Ag for all a € J. Let us write f(a) = rq for 
all a € I. We usually write (tq)aer for f, ie., a typical member of [],¢7 Aa is 
denoted by (ra)aer, where tq € Ag for all a € I. 
Suppose J = {1,2,...,n} is a finite set. Then the Cartesian product 
Ilicr Ac, is denoted by A; x Az x --- X An. A typical member of A; x Az x 
- x An is denoted by (21,22,...,%n), vi € A; for alle = 1,2,...,n. The 
elements of A, x Ag x --- x Ap are called ordered n-tuples. For two ele- 
ments (21, Z2,---,£n), (Yi, Y2)--+) Yn) € Ai X Ag X +++ X An, (£1, 22,.--,; En) = 
(yi, Y2.---)Yn) if and only if a; = y; for all z. 


1.5.1 Worked-Out Exercises 


& Exercise 1 Determine which of the following mappings f : R — R are 
one-one and which are onto R: 


G) fie) =a+4 
(ii) F(z) = 2? 
for all r E R. 


1.5. FUNCTIONS 48 


Solution: (i) Let z,y € R. Suppose f(z) = f(y). Then 2 +4=y+4or 
x = y. Hence, f is one-one. Now f is onto R if and only if for all y € R there 
exists z € R such that f(z) = y. Let y € R. If f(x) = y, then zr +4=y or 
xz =y-—4. Also, y—4€R. Thus, we can take x to be y — 4. Now f(y — 4) = 
y—4+4=y. Hence, f is onto R. 

(ii) We note that f(x) is a nonnegative real number for all « € R. This 
means that negative real numbers have no preimages. In particular, for all 
z eR, f(x) = 2? 4 ~1. Hence, f is not onto R. Also, f(-1) =1= f(1) and 
—1 1. Thus, f is not one-one. Thus, f is neither one-one nor onto R. 


® Exercise 2 (i) Let f : Z— Z be a mapping defined by 


z if x is even 
fe) =| 2x2 +1 if x is odd 


for all x € Z. Find a left inverse of f if one exists. 


(ii) Let f : Z— Z be the mapping defined by f(z) = |z|+ 2 for all x € Z. 
Find a right inverse of f if one exists. 


Solution: (i) By Theorem 1.5.18, f has a left inverse if and only if f is 
one-one. Before we attempt to find a left inverse of f, let us first check whether 
f is one-one or not. Let z,y € Rand f(z) = f(y). By the definition of f, f(z) 
is even if z is even and f(z) is odd if x is odd. Thus, since f(x) = f(y), we have 
both zx and y are either even or odd. If z and y are both even then f(z) = z 
and f(y) = y and so z = y. Suppose z and y are odd. Then f(x) = 2z+1 and 
f(y) = 2y+1. Then 2x+1 = 2y+1 or x = y. Hence, f is one-one and so f has 
a left inverse. Thus, there exists a function g: Z — Z such that go f = iz. Let 
x € Z. Suppose z is even. Now x = iz(z) = (go f)(x) = g(f(z)) = g(z). This 
means g(x) = x when z is even. Now suppose z is odd. Then z = iz(z) = 
(g° f)(x) = g(f(x)) = g(2e +1). Put t = 2x +1. Then x = 45}. This shows 
that g(x) = zi if x is odd. Thus, our choice of g is 


Rone ir if x is even 


a if x is odd. 


(ii) Note that f(x) = |xz|+ a > 0 for all z € Z. This shows that negative 
integers do not belong to Z(f). In particular, f(z) # —1 for all x € Z. Thus, 
f is not onto Z and so f does not have a right inverse. 


© Exercise 3 Let X and Y be nonempty sets and f: X — Y. If T C X, then 
f(L) denotes the set { f(x) | c € T}. f(L) is called the image of T under 
f. Prove that f is one-one if and only if 


f(AN B) = f(A) N f(B) 
for all nonempty subsets A and B of X. 
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Solution: Suppose that f is one-one. Let A and B be nonempty subsets of 
X. Let y € f(ANB). Then y = f(x) for some xz € ANB. Hence, y € f(A)Nf(B). 
Thus, f(AN B) C f(A) f(B). Now let y € f(A) M f(B). Then y € f(A) and 
y € f(B). Thus, y = f(a) for some a € A and y = f(b) for some 6 € B. Since 
f is one-one and f(a) = f (0), we find that a = b. Thus, y € f(AN B). Hence, 
f(A) f(B) C f(ANB). Consequently, f(AN B) = f(A) N f(B). 

Conversely, suppose that f(ANB) = f(A)Nf(B) for all subsets A and B of 
X. Suppose f is not one-one. Then there exist z,y € X such that f(z) = f(y) 
and x # y. Let A= {x} and B = {y}. Since ANB = ¢, f(ANB) = ¢. However, 
f(A) f(B) = {f(z)} 4 od. Thus, f(AN B) ¥ f(A) /N f(B), a contradiction. 


Hence, f is one-one. 


® Exercise 4 Let A be a nonempty set and E£ be an equivalence relation on 
A. Let B = {[z] | z € A}, i-e., B is the set of all equivalence classes with 
respect to H. Prove that there exists a function f from A onto B. The 
set B is usually denoted by A/F and is called the quotient set of A 
determined by E. 


Solution: Define f : A— B by f(x) = [z] for all z € A. By the definition 
of f, D(f) = A. Let z, y € A. Suppose x = y. Then [z] = [y] and so f(x) = f(y). 
Thus, f is well defined. Let [a] € B. Then a € A and f(a) = [a]. Hence, f is 
onto B. 


Exercise 5 Let S= {re R|-1<2< 1}. Show that R~ S. 
Solution: Define f:R— S by 
Ze 


Fe) = Tg 


for all c € R. Let zg € R. Then —|z| < x < |z|, -1—- |x| < —|z|, and 
|z| < 1+ |2|. Hence, -1 — |z| < e < 1+ |e]. Thus, -1 < 7) < 1 and so 
—1< f(x) <1. This shows that f(x) € S. Let x,y © R and f(z) = f(y). Then 
rar = at Thus, ab = it. This implies that |x] + |z| |y| = ly] + |z| ly| 
and so |r| = |y|. Now 


Tl = Tal implies that x > 0 if and only if y > 0. 
Therefore, since |x| = |y|, x = y. Thus, f is one-one. 
Now let z€ Rand -1<z<1.1f0<2z<1, then 
& im Ts ia = = 
= Sy z 


If -1 < z< 0, then 


=>. => 2; 


Hence, f is onto R. Consequently, R ~ S. 


1.5. FUNCTIONS 50 


1.5.2 Exercises 


1. Determine which of the following mappings f : R — R are one-one and 
which are onto R: 


(i) f(z) =2 +), 
(ii) f@) =2°, 
(iii) f(z) = |2l| +2 
for allz ER. 


2. Consider the function f = {(x, xr?) | z € S} of S = {-3, -2,-1, 0, 1, 2, 
3} into Z. Is f one-one? Is f onto Z? 


3. Let f: Rt > Rt and g: R*+ — R® be functions defined by f(z) = /z 
and g(z) = 3z +1 for all x € R*, where R™ is the set of all positive real 
numbers. Find fog and gof.Is fog=gof? 


4, Let f: Qt > Rand g: R — R be defined by f(z) = 1+ } for all 
xz € Qt and g(x) = x +1 for all x € R, where Q? is the set of all 
positive rational numbers. Find go f. 


5. For each of the mappings f : Z — Z given below, find a left inverse of f 
whenever one exists. 


() fc) =2+2, 
(i) f(@) = 22, 

i) Hed={ Fit oa 
for all z € Z. 


6. For each of the mappings f : Z — Z given below, find a right inverse of 
f whenever one exists. 
G) f(x) =2-3, 
(ii) f(@) = 2z, 


x if z is even 


(iii) fa) = | x+1if a is odd 


for all z & Z. 
7. Let A = {1,2,3}. List all one-one functions from A onto A. 


8. Let A = {1,2,...,n}. Show that the number of one-one functions of A 
onto A is n! 


1.5. 


10. 


11. 


12. 


13. 
14. 


15. 


16. 
17. 


18. 
19. 
20. 
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. Let f : A— B bea function. Define a relation R on A by for all a,b € A, 


ab if and only if f(a) = f(b). Show that R is an equivalence relation. 


Given f : X — Y and A,B C X, prove that 
(i) f(AUB) = f(A)U f(B), 

(ii) FLAN B) C f(A) N f(B), 

(ii) f(A\B) C fF(A)\f(B) if f is one-one. 


Given f : X + Y. Let S CY. Define f-!(S) = {x € X | f(z) € S}. Let 
A, B CY. Prove that 


(i) f- (AUB) = f(A) UF“ (B), 
(ii) f-"(ANB) = f“(A)N f*(B), 
(iii) f-'(A\B) = f-*(A)\F-7(B). 


Let f: A — B. Let f* be the inverse relation, ie., 
Pf ={y,2)€BxA| f(z) =y}. 


(i) Show by an example that f* need not be a function. 
(ii) Show that f* is a function from Z(f) into A if and only if f is one-one. 


(iii) Show that f* is a function from B into A if and only if f is one-one 
and onto B. 


(iv) Show that if f* is a function from B into A, then f~! = f*. 
Show that Z ~ E, where E is the set of all even integers. 


Let A= {rE R|0<2r<1l}andB={xeER|5 <a < 8}. Show that 
f:A— B defined by f(x) = 5 + (8 — 5)z is a one-one function from A 
onto B. 


(i) Show that Z and 3Z are equipollent. 
(ii) Show that 5Z and 7Z are equipollent. 


Let S={xE€R|0<2 <1}. Show that Rb ~ S. 


(Schréder-Bernstein) Let A and B be sets. If A ~ Y for some subset 
Y of B and B ~ X for some subset X of A, prove that A~ B. 


Find a one-one mapping from R onto Rt. 
Is Z~ Q? 


Let A={reEeR|O0<2<l}andB={xeER|0<2 < 1}. Is it true 
that A~ B? 
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21. For each of the following statements, write the proof if the statement is 
true, otherwise give a counterexample. 


(i) A function f : A — B is one-one if and only if go f =hof for all 
functions g,h: B- A. 


(ii) A function f : A — B is one-one if and only if for all subsets C of A, 
f(A\C) 2 B\F(C). 


1.6 Binary Operations 


The concept of a binary operation is very important in abstract algebra. Thro- 
ughout the text we will be concerned with sets together with one or more 
binary operations. In this section, we define binary operations and examine 
their basic properties. 


Definition 1.6.1 Let S be a nonempty set. A binary operation on S is a 
function from S x S into S. 


For any ordered pair (x,y) of elements z,y € S, a binary operation assigns 
a third member of S. For example, + is a binary operation on Z which assigns 
3 to the pair (2,1). 

If * is a binary operation on S, we write z+ y for *(x,y), where z,y € S. 
Since the image of * is a subset of S, we say S is closed under +. 

Z is closed under + since if we add two integers we obtain an integer. Since 
2,5 € N and 2—5 = -3 € N, we see that. — (subtraction) is not a binary 
operation of N and we say that N is not closed under —. 


Definition 1.6.2 A mathematical system is an ordered (n + 1)-tuple (S, 
#1,-++,*n), where S is a nonempty set and *; is a binary operation on S, 
4=1,2,...,n. S is called the underlying set of the system. 


Definition 1.6.3 Let (S,*) be a mathematical system. Then 
(i) * is called associative if for all z,y,z € S,x* (y*z) = (x *y) *z. 
(it) * is called commutative if for all z,y € S,c*xy =y*z. 


- 


Example 1.6.4 Consider the mathematical system (Z,+). Since addition of 
integers is both associative and commutative, + is both associative and com- 
mutative. 


Example 1.6.5 Let A be a nonempty set. Let S be the set of all functions on 
A, te, 
S={f|f:A— A}. 


Since composition of functions is a function (Theorem 1.5.11), (S,0) is a math- 
ematical system. By Theorem 1.5.13, 0 is associative. 
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Example 1.6.6 Let Mo(R) be the set of all 2 x 2 matrices over R, i.e., 


matR) = {| ° ; | [abedeR}. 


Let + denote the usual addition of matrices and - denote the usual multiplica- 
tion of matrices. Since addition (multiplication) of 2 x 2 matrices over R is a 
2x 2 matrix over R, it follows that + (- ) is a binary operation on Mo(R). 
Hence, (M2(R),+,-) 1s a mathematical system. Note that + is both associative 
and commutative and - is associative, but not commutative. 


The following is an example of a mathematical system for which the binary 
operation is neither associative nor commutative. 


Example 1.6.7 Consider the mathematical system (Z,—), where — denotes 
the binary operation of subtraction on Z. Then 3—(2—1) =2 40 = (3-2)-—1 
and so — is not associative. Also, since 3 —2~2—3, — is not commutative. 


A convenient way to define a binary operation on a finite set S is by means 
of an operation or multiplication table. For example, let S = {a,b,c}. Define 
* on S by the following operation table. 


To determine the element of S' assigned to ab, we look at the intersection 
of the row labeled by a and the column headed by 0. We see that a * b = b. 
Note that bxa =a. 


Definition 1.6.8 Let (S,*) be a mathematical system. An element e € S is 
called an identity of (S,*) if for all x € S, 


e*F=T=—T*KE. 


Example 1.6.9 Let S = {e,a,b}. Define * on S by the following multiplication 
table 


We note thatexa=a=axe,exb=b=bxe andexe=e=ere. Thus, e 
is an identity of (S,*). 
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Example 1.6.10 (2) In Example 1.6.5, i, is an identity element of (S,o). 


(ii) In Example 1.6.6, : : | is an identity element for the mathematical 


system (Mo(R), +) and ; is an identity element for the mathematical 


0 
1 
system, (M2(R),-). 


Theorem 1.6.11 An identity element (if it exists) of a mathematical system 
(S,*) is unique. 


Proof. Let e, f be identities of (S,*). Since e is identity, e xa = e for all 
a€ S. Substituting f for a, we get 


ex f =e. (1.4) 
Now f is identity and so ax f = f for all a € S. Substituting e for a we get 
exf=f. (1.5) 


From Eqs. (1.4) and (1.5), we get e = f. Hence, an identity element (if it 
exists) is unique. ll 


1.6.1 Worked-Out Exercises 


® Exercise 1 Which of the following are associative binary operations? 
(i) (Z, *), where zx y = (a + y) — (a -y) for all z,y € Z. 
(ii) (R,*), where x * y = max(z, y) for allz,y ER. 
(iii) (R, *), where rx y =|z+y| for all z,y ER. 


Solution: (i) (c*y)*z = ((c+y)—-(c-y))*z=(e@+y)-(c-y) +2 
—((a+y)- (@-y))-z=at+ytz-a-y-—a4-z-y-z+e-y-z. Similarly, 
xx(y*z) =2+yt2z-2-y—2-z—-y-2+ 2-y-z. Thus, (cxy)*z=2¥(y*z). 
Hence, * is associative. 

(ii) (a * y) *z = max(z, y) *z = max(max(z, y), z) = max(z, y, z) = max(z, 
max(y, z)) = z*max(y,z) =x*(y*z). Thus, x is associative. 

(iii) (2 * (—3)) *6 = |2 4+ (—3)| «#6 = 1*6 = |1+ 6] =7 and 2 * ((—3) *«6) = 
2 « (|(—3) + 6|) = 2*3 = [2+ 3] = 5. Hence, (2 * (—3)) *6 # 2 * ((—3) * 6) and 


so * is not associative. 


1.6. BINARY OPERATIONS 


1.6.2 Exercises 
1. Which of the following are associative binary operations? 

(i) (N, *), where x * y = z¥ for all z,y EN. 

(ii) (Z, *), where rxy=a2+y+1 forall z,y € Z. 

(iii) (N, *), where c * y = gcd(z, y) for all z,y EN. 

(iv) (N, *), where c * y = Iem(z, y) for all z,y EN. 

(v) (R,*), where z * y = min(z, y) for all z,y € R. 

(vi) (R,*), where 2 + y = |z| + |y| for all z,y ER. 


2. In Exercise 1, which of the operations are commutative? 


3. In Exercise 1, which mathematical systems have an identity? 
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Car] Friedrich Gauss (1777-1855) 
was born on April 30, 1777, in Brunswick, 
Germany. Gauss is considered to be one of 
the last mathematicians to know everything 
in his subject. 

Gauss’s genius was revealed at a very 
early age. He was able to do long calcula- 
tions in his head. He rediscovered the law 
of quadratic reciprocity, related the arithm- 
etic-geometric mean to infinite series expan- 
sion, and conjectured the prime number the- 
orem. Before the age of twenty, he showed 
that a regular polygon of seventeen sides was 
constructible with ruler and compass—an un- 
solved problem since Greek times. At the 
age of twenty, he published the first proof of the fundamental theorem of algebra. He 
completed his Ph.D. at the University of Helmstedt, under the supervision of Pfaff, 
when he was twenty-two . 

In 1801, Gauss published his monumental book on number theory, Disquisitiones 
Arithmeticae. In his Disquisitiones, Gauss summarized previous work in a systematic 
way and solved some of the most difficult outstanding questions. He introduced the 
notion of congruence of integers modulo an integer (a = b mod(c)) and extensively 
studied Z,, and obtained many of its important properties. He is credited for coining 
the term complex number and the notation i for /—1. He showed that Z[i] is a 
unique factorization domain. In his honor, Z[i] is called the ring of Gaussian integers. 
Disquisitiones laid the foundations of algebraic number theory. Leopold Kronecker 
said, “It is really astonishing to think a single man of such young years was able to 
bring to light such a wealth of results, and above all, to present such a profound and 
well-organized treatment of an entirely new discipline.” 

Besides being a mathematician he was also a physicist and an astronomer. In 
January 1801, a new planet was briefly observed, which the astronomers were unable 
to locate later. Gauss calculated the position of the planet by using a more accurate 
orbit theory than the usual circular approximation. Gauss used a theory based on the 
ellipse. At the end of the year the planet was discovered at the precise location he 
predicted. The methods he developed are still in use. They include the theory of least 
squares. n 

He was appointed director of the observatory at. G6ttingen and remained there for 
forty years. Gauss disliked teaching and preferred his job at the observatory. He usu- 
ally rejected students who sought his guidance. However, he did accept students such 
as Dedekind, Dirichlet, Eisenstein, Riemann, and Kummer, who themselves became 
famous mathematicians. Gauss died on February 23, 1855. As E.T. Bell has said, “He 
lives everywhere in mathematics.” 


Chapter 2 


Introduction to Groups 


There are four major sources from which group theory evolved, namely, classical 
algebra, number theory, geometry, and analysis. Classical algebra originated in 
1770 with J.L. Lagrange’s work on polynomial equations. His work appeared 
in a memoir entitled, “Réflexions sur la résolution algébrique des équations.” 
C.F. Gauss is considered the originator of number theory with his work, “Dis- 
quistiones Arithmeticae,” which was published in 1801. F. Klein’s lecture in 
1872, “A Comparative Review of Recent Researches in Geometry,” dealt with 
the classification of geometry as the study of invariants under groups of trans- 
formations. The impact of his lecture was so strong as to allow Klein to be 
considered as the originator of this source of group theory. The originators of 
the analysis source are S. Lie (1874) and H. Poincaré and F. Klein (1876). 


2.1 Elementary Properties of Groups 


In this chapter, and in fact in the remainder of the text, we will be concerned 
with mathematical systems. These systems are composed of a nonempty set 
together with binary operations defined on this set so that certain properties 
hold. From these properties, results concerning these systems are derived. This 
axiomatic approach to abstract algebra unifies diverse examples and also strips 
away nonessential ideas. 

Although noted for his geometry, Euclid inspired the use of the axiomatic 
method, which has proved so indispensable in mathematics. His axiomatic 
approach also affected philosophy, where in the 17th century Baruch Spinoza 
laid down (in The Ethics) an axiomatic system from which he was able to 
prove the existence of God. His proof, of course, depended on his axioms. His 
proof lost its conviction with the emergence of noneuclidean geometries whose 
axioms were as logical and practical as Euclid’s. 

We will be primarily concerned with mathematical systems called groups 
in this chapter. The theory of groups is one of the oldest branches of abstract 
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algebra. The first effective use of groups was in the early nineteenth century 
by A. Cauchy and E. Galois. They used groups to describe the effect of permu- 
tations of roots of a polynomial equation. Their use of groups was not based 
on an axiomatic approach. In 1854, A. Cayley gave the first postulates for a 
group. However, his definition was lost sight of. Kronecker again set down the 
axioms for an Abelian group in 1870. H. Weber gave the definition for finite 
groups (in 1882) and the definition for infinite groups in 1883. 

As previously mentioned, the notion of a group arose from the study of 
one-one functions on the set of roots of a polynomial equation. We have seen 
that the set S of all one-one functions from a set X onto itself satisfies the 
following properties: 

(i) Composition of functions, 9, is a binary operation on S. 

(ii) For all f,g,h eS, fo(goh) =(fog)oh. 

(iii) There exists i € S such that foi= f=iof forall fess. 

(iv) For all f € S there exists an element f~! € S such that fo f-!=i= 
frolof. 


These properties lead us to the definition of an abstract group. 


Definition 2.1.1 A group is an ordered pair (G,*), where G is a nonempty 
set and * is a binary operation on G such that the following properties hold: 

(G1) For all a,b,c € G, ax (b*c) = (a*b)*c (associative law). 

(G2) There exists e € G such that for alla € G, axe = a = exa (existence 
of an identity). 

(G3) For alla € G, there exists b € G such thataxb = e = bxa (existence 
of an inverse). 


Thus, a group is a mathematical system (G, *) satisfying axioms G1 to G3. 
In what follows, we will see several examples of groups. However, let us 
first observe the following important properties of groups. 


Theorem 2.1.2 Let (G,*) be a group. 
(1) There exists a unique element e € G such thatexa =a =a*e for all 


aéG. 
(ii) For alla € G, there exists a unique b € G such thataxb=e=bxa. 


Proof. (i) By G2, there exists e € G such that ea =a = a*e for all 
a € G. Since (G, *) is a mathematical system, e is unique by Theorem 1.6.11. 
(ii) Let a € G. By G3, there exists b € G such that axb = e = b¥a. Suppose 
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there exists c € G such that a*c =e = ca. We show that b=c. Now 


b = be 
= bx (a*c) (substituting e = a *c) 
= (b¥*a)*c (using the associativity of ») 
= exc (since b * a = e) 
a 


Thus, 6 is unique. Mf 


The unique element e € G that satisfies G2 is called the identity element 
of the group (G, *). Let a € G. Then the unique element b € G that satisfies 
G3 is called the inverse of a and is denoted by a~!. 

If a group (G,*) has the property that a * 6 = b*a for all a,b € G, then 
(G, *) is called a commutative or Abelian group. A group (G,*) is called 
noncommutative if it is not commutative. 


Example 2.1.3 Consider Z, the set of integers, together with the binary op- 
eration +, where + is the usual addition. We know that + ts associative. Now 
0€Z and for alla € Z,a+0=a=O0+4a and so 0 is the identity. Also, for 
alla € Z, -a € Z anda+ (-a) = 0 = (—a) +a. That is, —a is the inverse 
of a. Hence, it now follows that (Z,+) is a group. Sincea+b=b+a for ail 
a,be€Z, + is commutative. Thus, (Z,+) is a commutative group. 

Similarly, we can show that (Q,+), (R, +), (C,+), (Q\{0},-), (R\{0},-), 
(C\{0},-) are all examples of commutative groups, where + is the usual ad- 
dition and - is the usual multiplication. Note that for each of the groups 
(Q\{0},-), (R\{0},-), (C\{0}, -) the identity element is 1. 


Example 2.1.4 Leta be any fized integer. Let G = {na|n € Z}. Then (G,+) 
is a commutative group, where + is the usual addition of integers. Note that 
0 =0-a and —(na) = (—n)a are members of G. 


Gauss’s work yielded many new directions of research in Abelian groups. 
The next two examples are due to Gauss. 


Example 2.1.5 Consider Z, (Examples 1.3.11 and 1.3.17). Define +, on Zp 
by 
[a] +n [b] = [a +] 


for all [a], [b] € Z,. We show that (Zn,+n) is a commutative group. 

We first prove that +, is a binary operation. Let [a], [6], [c], [d] € Zn. Sup- 
pose [a] = [c] and [b| = [d]. Then n|(a—c) and n|(b—d), i.e., there exist integers 
s andt such that ns =a—c and nt = b—d. Hence, n(s+t) = ((a+b) —(c+d)) 
and so n|((a + b) — (c + d)). This implies thata +b =, c+d. Therefore, 
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[a+b] = [c+d]. As a result +, is well defined and so +, is a binary operation. 
For all {a], [5], [c] € Zn, (a] +n [b]) +n [ce] = [a + 5) +n [el = [(a +b) +e] = 
[a+ (b+c)] = [al +n [b+e] = [a] +n ([b] +n [e]). Hence, +, is associative. Now 
[0] € Z, and for all [a] € Zn, 


[a] +n [0] = [a +0] = [a] = [0 + a] = [0] +n [a]. 
This shows that [0] is the identity element. Also, for all [a] € Zn, [—a] € Zn 
and 
[a] +n [a] = [a — a] = [0] = [-2 + a] = [a] +, [a]. 
Thus, {—a] is the inverse of [a]. Finally, for all [a], [b] € Z, 
[a] +n [b] = [a + b] = [6 + a] = [0] +, [a] 
and so +, is commutative. Hence, (Zn; +n) is a commutative group. 


Example 2.1.6 Consider Z, (Examples 1.3.11 and 1.3.17). Define -, on Zn 
by 

[2] -n [6] = [ab] 
for all [a], [b] € Zp. With the help of a little calculation as in Example 2.1.5, 
we can show that -, is a binary operation on Z, and -, is associative. Now 


[1] € Z, and for all {a] € Z,, 
[a] -n [1] = [a - 1] = [a] = [1 - a] = [1] -p [a]. 


This implies that [1] is the identity element. We now show that if [a] € Zn, and 
[a] 4 [0], then [a] has an inverse if and only if gcd(a,n) = 1. 

Let [a] € Z,, and [a] # [0]. Suppose gcd(a,n) = 1. Then there exist br € Z 
such that ab+nr = 1 by Theorem 1.2.11, i.e., ab -—1 = nr. This implies that 
[ab] = [1] or [a] -n [b] = [1]. Since ab = ba, we also have [b] -n [a] = [ba] = [ab] = 
[1]. Thus, there exists [b| € Zn such that [a][b] = {1] = [b][a] and so [a] has an 
inverse. Conversely, suppose [a] € Zn, [a] 4 [0] and [a] has an inverse. Then 
there exists [b] € Zn such that [a][b] = [1]. This implies that n|(ab — 1) (by 
Exercise 11, page 30) and soab—1=nr for somer € Z. Thus, ab+nr=1 
and hence by Theorem 1.2.11, gcd(a,n) =1. This proves our claim. 

Thus, we see that in general, not every element of Z,\{[{0|} has an inverse. 
For example if n = 6, then the only elements of Ze that have inverses are [1], 
[3] and [5]. Hence, in general (Z,\{[0|},-n) is not a group. 

Let U,, be the set of all elements of Z,\{|0|} that have an inverse in 


(Zn\{[0]}, ‘n), 4€., 
Un = {[a] € Zn\{{0]}| ged(a,n) = 1}. 


We ask the reader to verify in Ezercise 10 (page 78) that (Un,-n) 18 a group. 
Note that for n = 8, Ug = {[1], [3], [5], [7]} and for n = 7, 


Ur = {(1J, (2), [3], [4], (5), [6)} = 27\{[0}}. 
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Example 2.1.7 Let 
Q[V2] = {a + bV2 | a,b € Q}. 


Then (Q({V2], +) and (Q{V2]\{0},-) are commutative groups, where + is the 
usual addition and - is the usual multiplication. The identity of (Q{V2|,+) 
is 0+ 0V2 and the inverse of a + b/2 is —a + (—b)V2. The identity of 
(Q[V2]\{0},-) is 1 = 1402 and the inverse of a + b/2 # 0 is rape 
arog V2. 


Example 2.1.8 Let P(X) be the power set of a set X. Consider the operation 
A (symmetric difference, Exercise 6, page 6) on P(X). Then for all A, B 
€ P(X), 

AAB = (A\B) U(B\A). 


(P(X), A) is a commutative group. The empty set o is the identity of (P(X), A) 
and every element of P(X) is its own inverse. We warn the reader that veri- 
fication of the associative law is tedious. 


Example 2.1.9 Let X be a set and Sx the set of all one-one functions of X 
onto X. Since ix, the identity function on X, 1s one-one and onto X,tx € Sx. 
Thus, Sx # @. Let f,g € Sx. Then fog is a one-one function of X onto X by 
Theorem 1.5.11. Hence, fog € Sx. By Theorem 1.5.13, 0 is associative. Also, 
for all f € Sx, f-1 € Sx and fo f~! =ix = f-'o f. Consequently, (Sx, 0) 
is a group. However, (Sx,0) ts not necessarily commutative. For example, 
let X = {a,b,c}. Let f,g € Sx be defined by f(a) = b, f(b) =a, f(c) =c, 
g(a) = b, g(b) = ¢, gle) = a. Then (fo g)(b) = f(g9(b)) = fle) = ¢ and 
(9 0 f)(b) = g(f(b)) = g(a) = b. Hence, fog # go f. Thus, (Sx,0) is not 


commutative. 


Example 2.1.10 Let GL(2,R) = {| : si |a,b,c,dER, od-texo}. 


Define a binary operation * on GL(2,R) by 


fe a]+[s 3]- 


au+bw avu+obs 
cu+dw cu+ds 


for all b : S (pemeicee ee GL(2,R). This binary operation is the usual 
matriz multiplication. Since matrix multiplication is associative, we have * is 


associative. The element : : | € GL(2,R) and is the identity element of 
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a b 


GL(2,R). Let | icy 


| € GL(2,R). Then ad — be # 0. Consider the matrix 


d 
d—b d—b : 
Genae (ears | pasoamee 
ad—bc ad—bc 


d a —b -—c 1 


ES i ee 

ad—bce ad—be ad—bce ad—be ea : 
we have 

d —b 
| ape ad be | E€ GL(2,R). 
ad—bec ad—bc 
Now — ‘ 
fee tees ela 
ce d ad—be ad—bc Ol 

and 


d —b 
=e eye elo) 
ad—bc ad—be ce d 0 1 


d =b 
Thus, adhe. -ad—be is the inverse of | eb | . Hence, (GL(2,R), *) is a 
ad—bc ad—bc c d 
group. Now 
11 1 0 
[22] [} 9] eon 
and 


10) ft o] ea Pl ei a ee eas ee 
0 1 De) Oe be oll ee ak 0 1d 
Hence, (GL(2,R), *) is a noncommutative group. 


The group in Example 2.1.10 is known as the general linear group of 
degree 2. 

We now prove some elementary properties of a group in the following the- 
orem. 


Theorem 2.1.11 Let (G,*) be a group. 

(i) (a-1)- =a for alla eG. 

(ii) (a*b)-1=b-! «a7! for all a,bEG. 

(iit) (Cancellation Law) For all a,b,c € G, if eithera*c = b*c or 
c*a=c*b, thena=ob. 

(iv) For all a,b € G, the equations ax x = b and yxa = b have unique 
solutions in G for x and y. 
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Proof. (i) Leta € G. Then a~! *a =e =a xa and so a is an inverse of 
a~'. Since the inverse of an element is unique in a group (Theorem 2.1.2) and 
since (a~!)~! denotes the inverse of a~!, it follows that a = (a~!)7!. 


(ii) Let a,b € G. Then 


(a * b) * (B71 x a7?) ((a*b) *b7!) a7! 


(a*(b*b-!))*a7} 


= (axe)*a! 
= eka 
= 2. 


Similarly, (b~! *a~1) * (a+b) =e. Hence, b7! + a7? is an inverse of a * b. Since 
the inverse of an element is unique in a group and since (a * b)~! denotes the 
inverse of a +b, it follows that (a *6)~! =o-1* a7}. 

(iii) Let a,b,c € G. Suppose a*c = b*c. Now (a*c)*c7! = (b* ec) * C7 
implies that a * (c*c~') = b* (c*c7!). Hence, axe = b¥e or a= b. Similarly, - 
ifc*a=cxb, thena=b. 

(iv) Let a,b € G. First we consider the equation a*z = b. Nowa! *beEG. 
Substituting a7! * 6 for x in the equation a * z = b, we obtain 


1 


ax (a-}*b)=(a*xa!)*b=e%xb=b, 


Thus, a~! * 6 is a solution of the equation a +x = b. We now establish the 
uniqueness of the solution. Suppose c is any solution of a * z = b. Then 
a*c=b. Hence, 


Go eee 
= (atxa)*c  (sincea7!}*a=e) 
= a !x(ax*c) (since * is associative) 
= a l!x«b (since a *c = 5). 


This yields the uniqueness of the solution. Similar arguments hold for the 
equation y*a =). 


Corollary 2.1.12 Let (G,*) be a group andaéG. Ifata=a, thena=e. 


Proof. Since a=axa, we have axa =a*e. By the cancellation law, a =e. 


Corollary 2.1.13 In a multiplication table for a group (G,*), each element 
appears exactly once in each row and exactly once in each column. 
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Proof. Let b € G be such that 6 occurs twice in the row marked by a € G. 
Then there exists u,v € G with u # v such that axu = b andaxv = b. 
Thus, the equation a xz = b has two distinct solutions, u and v. This is a 
contradiction to Theorem 2.1.11(iv) since the equation a * z = b has a unique 
solution for x. A similar argument for columns can be used. Ml 


Let (G, *) be a group and a, b,c € G. Then by the associative law, ax(bxc) = 
(a*b)*c. Hence, we can define a*b*c = ax(b*c) = (ab) *c. Let a,b,c,d EG. 
Then (a*b*c)*d = (ax (b*c))*d =a ((b*c)*d)) =a (b*(c*d)) = 
(a * b) x (cx d) = ((a xb) xc) xd. Thus, there is more than one way of inserting 
parentheses in the expression a * b* c* d to produce a “meaningful product” 
of a,b,c,d (in this order). We now extend this notion to any finite number of 
elements. 


Definition 2.1.14 Let (G,*) be a group and aj,a2,...,an € G be n elements 
of G (not necessarily distinct). The meaningful product of a,,a2,...,Qn (in 
this order) is defined as follows: Ifn =1, then the meaningful product is ay. If 
n> 1, then the meaningful product of a1,a9,...,Qn 1s any product of the form 


(a, * +++ * Om) * (Qm4y * +++ An), 


where 1 <m <n and (a\* --- * amp) and (Qm4ik* --: * Gn) are meaningful 


products of m andn—m elements, respectively. 


Definition 2.1.15 Let (G,*) be a group and ai,a@2,...,€n € G,n > 1. The 
standard product of a1,@2,...,Q@n, denoted by a,* ag* --- * a, is defined re- 
cursively as 


Qa, => ay, 
Qy*OQ*++-*O_ = (a, * OQ *---*An-1) * Oy ifn > 1. 


In the next theorem, we establish the equality between any meaningful 
product and standard product. 


Theorem 2.1.16 Let (G,*) be a group and aj,a2,...,€dn € G,n > 1. Then 
all possible meaningful products of a1,a2,...,@n (in this order) are equal to the 
standard product of a1, a2, ...,4n (in this order). 


Proof. We prove the result by induction. If n = 1, then a, is the only mean- 
ingful product of a1, which is equal to the standard product a, of a;. Thus, the 
result is true ifn = 1. Suppose that the theorem is true for all integers m such 
that 1 < m <n. Let aj, a9, ...,an € G. Let (ay* +++ * a4) * (a¢41* «++ * Gn) bea 
meaningful product of aj, a2, ...,@p (in this order). Nowt < nandn—t <n. If 
t = n—1, then (a; *aq*---*a¢) *Q¢41 = @y *aQ*---*a,*A¢4)]. Suppose t << n—1. 
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Then (a) *+-- at) * (G41 ++ * Gn) = (a1* +--+ Kap) & (Geer * ++ *An—1) * Gn) = 
((ay* --- * at) * (Gtq1* °° * Ap-1)) K An = (G1 * AQ * +++ kK Gp_}) ¥ Gn = A1* 
+++ Gp since by the induction hypothesis (a1* --- * az) * (@¢41* «+ * @n-1) = 
a, * a2 *-++* G,_,. Hence, the result is true for n. The result now follows by 
induction. Ml 


We have seen several examples of groups. In order to show that a given 
set with a given binary operation is a group, we need to verify Gl to G3 of 
Definition 2.1.1. However, it would be helpful if we had some criteria that 
could be used to show whether a given set with a binary operation is a group 
or not instead of verifying all the properties G1-G3 explicitly. Partly for this 
reason we define what a semigroup is. Following the examples, we develop some 
results that can be used to test whether a given set with a binary operation is 
a group or not. 


Definition 2.1.17 A semigroup is an ordered pair (S,*), where S is a nonem- 
pty set and * is an associative binary operation on S. 


Thus, a semigroup is a mathematical system with one binary operation 
such that the binary operation is associative. We note that every group (G, *) 
is a semigroup. 


A semigroup (S, *) is commutative if * is commutative, i.e, axb=b*a 
for all a,b € S. A semigroup (S,*) which is not commutative is called non- 
commutative. 


Let (S, *) be a semigroup. We say that (S,*) is with identity if the mathe- 
matical system (S, *) has an identity. An element a € S is called idempotent 
ifaxa=a. 


Example 2.1.18 Consider N, the set of positive integers. We know that ad- 
dition of positive integers is again a positive integer. Thus, + is a binary 
operation on N. We also know that + is associative and commutative. Thus, 
(N, +) is @ commutative semigroup. 


Example 2.1.19 Let X be a nonempty set and S the set of all functions f : 
X — X. Ifo denotes the composition of functions, then (S,o) is a semigroup 
with identity. The associativity of o follows from Theorem 1.5.13. When X has 
two or more elements, the semigroup (S,°) is noncommutative. For example, 
let X = {a,b}. Let g,h € S be defined by g(a) = b, g(b) = b, h(a) = b, h(b) =a. 
Then (goh)(a) =b 4a = (hog)(a). Therefore, goh # hog. Let f € S be defined 
by f(a) =a and f(b) =a. Now (fo9)(z) = f(g(2)) =a = f(h(2)) = (foh)(z) 
for allx € G. Hence, fog=foh. Butg#h. This shows that the cancellation 
laws do not hold in S. Thus, (S,0) is not a group. 
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Example 2.1.20 Let X be a set with two or more elements and S" the set of all 
functions f : X — X which are not one-one. Then (S’,o) is a noncommutative 
semigroup without identity. 


Example 2.1.21 Let X be aset and P(X) the power set of X. Then (P(X),U) 
and (P(X),M) are commutative semigroups with identity. The identity of 
(P(X),U) is @ and the identity of (P(X),M) is X. 


The following three theorems give necessary and sufficient conditions for a 
semigroup to be a group. 


Theorem 2.1.22 A semigroup (S,*) is a group if and only if 
(i) there exists e € S such thate*a =a for alla€ S and 
(ii) for alla € S there exists b € S such that bea =e. 


Proof. Suppose (5, *) is a semigroup that satisfies (i) and (ii). Let a be any 
element of S. Then there exists b € S such that b «a = e by (ii). For 6 € S, 
there exists c € S such that c* b =e by (ii). Now 


a=exa=(cxb)x*a=cx(b*a) =cxe 


and 
axb=(c*e)*b=cx(exb)=cxb=e. 


Hence, axb =e = bxa. Also, 
a*xe=a* (bea) =(axb)*a=exa=a. 


Thus, a *e = a = ex a. This shows that e is the identity element of S. Now 
since a*b = e = b xa, we have b = a!. Therefore, (S,*) is a group. The 
converse follows from the definition of a group. 


Theorem 2.1.23 A semigroup (S,*) is a group if and only if for alla,be S 
the equations ax z = b and yxa =b have solutions in S for x and y. 


Proof. Suppose the given equations have solutions in S. Let a € S. Consider 
the equation y *a = a. By our assumption, y *a = a has a solution u € S, say. 
Then u *a =a. Let 5 be any element of S. Consider the equation a «2 = b. 
Again by our assumption, a*z = } has a solution in S. Let c € § be a solution 
of a*xz=b6. Thena*c= 0b. Now 


uxb = ux*(axc) (since b = a xc) 
= (uxa)*c (since * is asociative) 
= akc (since uxa=a) 


b. 
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Since 6 was an arbitrary element of S, we find that u* 6 = b for all b € S. 

Thus, (S,*) satisfies (i) of Theorem 2.1.22. Consider the equation y xa = u. 

Let d € S be a solution of y* a = u. Then d« a = u. This shows that (S, +) 

satisfies (ii) of Theorem 2.1.22. Hence, (5, *) is a group by Theorem 2.1.22. 
The converse follows by Theorem 2.1.11(iv). 


Theorem 2.1.24 A finite semigroup (S,*) is a group if and only if (S,*) 
satisfies the cancellation laws (i.e.,a*c=b*c impliesa=b andc*a=cxb 
implies a = b for all a,b,c € S). 


Proof. Let (S,*) be a finite semigroup Satisfying the cancellation laws. Let 
a,b € S. Consider the equation a * x = b. We show that this equation has a 
solution in S. Let us write S = {a1, a2, ..., an}, where the a,’s are all distinct 
elements of S. Since S is a semigroup, a* a, € S$ for alli = 1,2,...,n. Thus, 
{a*a),a*a2,...,a*an} C S. Suppose a*a; = axa; for somez # 7. Then by the 
cancellation law we have a; = a;, which is a contradiction since a; # a;. Hence, 
all elements in {a*a1,a@*a2,...,@*@,} are distinct. Thus, S = {a*a1,a*az, 
...,@*ay}. Let b € S. Then b = axa, for some ay € S. Therefore, the equation 
axx = b has a solution in S. Similarly, we can show that the equation yxa = b 
has a solution in S. Hence, by Theorem 2.1.23, (S,*) is a group. The converse 
follows by Theorem 2.1.11 (iii). Ml 


Let (G,*) be a group, a € G, and n € Z. We now define the integral 
power a” of a as follows: 


a = e 
a” = axa™lifn>0 
a” = (a) 0: 


Note that a” = (a~")~1 if n < 0. In the exercises at the end of this section, 
we ask the reader to verify certain basic properties of integral powers. It should 
be pointed out that when we use additive notation for the binary operation *, 
we speak of multiples of an element a of the group (G,+), which are defined 
as follows: 


Oa = O, where the 0 on the right-hand side denotes the identity of the 
group (G,+) and the 0 on the left-hand side denotes the integer 0. 
a+(n-l)a ifn>0 

(—n)(-a) ifn<0. 


na 
na 


ll 


For example, in (Zg,+6), 2(3] = [3] +6 [3] = [6] = [0]. By the notation na, 
we do not mean n and a multiplied together since no multiplicative operation 
between elements of Z and G has been defined. 
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Definition 2.1.25 A group (G,*) is called a finite group if G has only a 
finite number of elements. The order, written |G|, of a group (G,*) is the 
number of elements of G. 


Example 2.1.5 shows that for every positive integer n, there is a commuta- 
tive group of order n. 

The groups in Examples 2.1.5 and 2.1.6 are finite groups. 

A group with an infinite number of elements is referred to as an infinite 
group. Klein and Lie’s use of groups in geometry influenced the turn from 
finite groups to infinite groups. 

The groups in Examples 2.1.3, 2.1.4, and 2.1.7 are infinite groups. 

Let G be a finite group and a € G. Now a? = a¥a € G and by induction, 
we can show that a™ € G for all m > 1. Thus, {a,a’,...,a™,...} C G. Since 
G is finite, all elements of the set {a,a?,...,a,...} cannot be distinct. Hence, 
a* = a! for some positive integers k,l, k > l. This implies that a*—' = e. Let 
us write n = k —l. Therefore, a” = e for some positive integer n. Also, if G is 
an infinite group and a € G, then it may still be possible that a” = e for some 
positive integer n. This leads us to the following definition. 


Definition 2.1.26 Let (G,*) be a group anda € G. If there exists a positive 
integer n such that a” =e, then the smallest such positive integer is called the 
order of a. If no such positive integer n exists, then we say that a is of infinite 
order. 


We denote the order of an element a of a group (G, *) by o(a). 

The concept of the order of an element is very important in group theory. 
We shall see in later chapters how effectively information about the order of 
an element of a group reveals the nature of the group and in several instances 
leads us to determine the structure of the group itself: 


Example 2.1.27 Consider the group (Zg,+6). Ze has order 6. The elements 
(0), [1], [2], (3), [4], [5] have orders 1, 6, 3, 2, 3, 6, respectively. For example 
2[3] = [3] +6 [3] = [6] = [0] and 2 is the smallest positive integer n such that 
n[3} = (0. 


Let G be a group and a € G. If o(a) is infinite, then by the definition of 
the order of an element it follows that o(a*) is also infinite for all k > 1, ie., 
the order of every positive power of a is also infinite. If o(a) is finite, then the 
next theorem tells us how to compute the order of various powers of a. 


Theorem 2.1.28 Let (G,*) be a group and a be an element of G such that 
ofa) =n. 
(1) If a” =e for some positive integer m, then n divides m. 
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(12) For every positive integer t, 


n 


0) = Sed(esn) 


‘Proof. (i) By the division algorithm, there exist p,qg € Zsuch that m = ng+ 
r, where 0 <r <n. Nowa” =a™-"4 =a™xa7"4 =a™ x(a") 4 = ex(e) 49 =e. 
Since n is the smallest positive integer such that a” = e and a” = e, it follows 
that r = 0. Thus, m = ng. This implies that n divides m. 

(ii) Let o(a*) = k. Then a* = e. By (i), n divides kt. Thus, there exists 
r € Z such that kt = nr. Let gcd(t,n) = d. Then there exist integers u and 
v such that t = du and n = dv and gcd(u,v) = 1 by Exercise 9 (page 20). 
Now kt = nr implies that kdu = dur. Hence, ku = rv. Thus, v divides ku. 
Since ged(u, v) = 1, v divides k. Thus, 3 divides k. Now (at) ¢ = at =a'8 = 
a™ = (a)" = e@ =e. Since o(a’) = k, k divides 4. Since k and % are positive 
integers, k = 4. Hence, o(a’) =k = 3 = xan # 

A group (G,*) is called a torsion group if every element of G is of finite 
order. If every nonidentity element of G is of infinite order, then G is called a 
torsion-free group. 

The group of Example 2.1.27 is a torsion group. The groups (R, +), (R™,:), 
(Qt, -) are torsion-free groups. The group (R\{0}, -) is neither a torsion group 
nor a torsion-free group, since —1 is of order 2 and all other nonidentity ele- 
ments are of infinite order. 

We close this chapter with the following example. The ideas set forth in 
this example are due to Klein. 


Example 2.1.29 Imagine a square having its sides parallel to the azes of a 
coordinate system and its center at the origin. 
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We label the vertices as in the figure and we allow the following rigid mo- 
tions of the square: clockwise rotations of the square about the center and 
through angles of 90°, 180°, 270°, 360°, say, roo, Tigo, 7270, 7360, Tespectively; 
reflections h and v about the horizontal and vertical ares; reflections d,, do 
about the diagonals. The following figures should prove helpful. 


A multiplication * on two rigid motions can be defined by performing two 
such motions in succession. For example, rgg*h is determined by first perform- 
ing motion h and then the motion ro9. We see that r99*h = d,. The complete 
multiplication table for the operation * follows. 


(2.1) 


We leave it for the reader to verify that the set of rigid motions is a group 
under the operation x. This group is known as the group of symmetries of 
the square. Let us denote this group by Sym. Then 


Sym = {r360, 790, 7180, 7270, , v, di, do}. 
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Since h* ro79 = dy # do = T2709 * h, we see that the Sym is noncommutative. 
We also note that r3gq is the identity element. 

Let us now determine the order of the elements. Consider r99, Now rig = 
roo * T90 = 1180, 720 = reo * T99 = To70, and ro = reo * T99 = T360- Lhus, 
o(r99) = 4. Similarly, o(rigo) = o(rdy) = wate (by Theorem 2.1.28) = 4 = 2, 
o(r270) =4, o(h) = 2, o(v) = 2, o(d;) = 2, and o(d) = 2. 

Let us write a = r99 and B = do. Then a* = rigo, a? = ror, at = 1360, 
Bxa =v, B*xa* = di, and B+a8 =h. Also, note that Bxa =a7!*B = a> xf. 
Thus, we see that 


Sym = {e,a,0°, a3, 8,8 * a, 8 xa”, Ba}. 


Finally, we make the following observations. Consider roy. We can think of 
rg99 as a one-one function of {1,2,3,4} onto {1,2,3,4} by defining rgo(1) = 2, 
rgo(2) = 3, rg0(3) = 4, rgo(4) = 1. In a similar manner, we can consider other 
rigid motions of the square as one-one functions of {1,2,3,4} onto {1, 2,3, 4}. 


A fundamental phenomenon of nature is that of symmetry. A figure or an 
object is said to have a symmetry if a rotation, a translation, an inversion, 
a minor reflection, or a combination of these operations leaves the figure or 
object indistinguishable from its original position. The 1890s saw the first 
application of group theory to the natural and physical sciences. An important 
application of group theory was to crystallography. Groups were used to give 
a theoretical classification of the different kinds of symmetry arrangements 
possible within crystalline matter 20 years before experimental means were 
available for analyzing the crystals themselves. 

Group theory is used in quantum mechanics. It is used to study the atom’s 
internal structure. In the 1950s, a new generation of particle accelerators pro- 
duced a variety of subatomic particles. Group theory was used to predict the 
existence of a tenth nucleon in a tenfold symmetry scheme of nucleons of which 
nine particles had already been detected. In 1964, the tracks of Omega-Minus, 
the tenth nucleon, were identified. 


2.1.1 Worked-Out Exercises 


© Exercise 1 Let G= {a € R | -1 <a < 1}. Define a binary operation * on 


G by 
a+b 


~ T+ab 
for all a,b € G. Show that (G,*) is a group. 


a*b 


Solution: Note that —1 < x < 1 if and only if 2? < 1 for all z € R. 
Let a,b € G. First we show that a * 6 € G. Now a? < 1 and b? < 1. Thus, 
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(1 — a?)(1 — 6?) > 0. This implies that 1 — a? — b? +. a?b? > 0. Now (1 + ab)? — 
(a + b)? = 1+ 7b? + 2ab — a? — b? — 2ab = 1 — a? — b? +. 2b? > 0 and so 
(22%)? < 1. Therefore, a * b € G. Hence, G is closed under *. We now show 
that * is well defined. Let a,b,c,d € G and (a,b) = (c,d). Then a = c and 


b=d. Thus, 


SRR CE... 
~ 1l+ab- 1l+cd 
and so * is well defined. To show that * is associative, let a,b,c € G. Now 


axb 


cxd 


+b 
ee tieet OE pak ete 2, Oe ae 
l+ab 1+ (ft )e 1+ab+ac+ be 


Similarly, ; ‘ 
ax(b«c)= cl clk Aaa 


~ 1+ab+ac+t be 
Therefore, (a xb) *c = a*(b*c) and so * is associative. Hence, we have shown 
that (G,*) is a semigroup. Now 0 € G and 


Qxa 


= = =a forallaéG. 
1+ 0a 

This shows that (G, *) satisfies (1) of Theorem 2.1.22. Let a € G. Then -a€G 

and 

ne Cane 

~— 1+(-aj)a 

Thus, (G, *) satisfies (ii) of Theorem 2.1.22. Consequently, by Theorem 2.1.22, 

(G, *) is a group. 


(—a) *a 


© Exercise 2 Let G = {(a,b) | a, € R, a A 0} = R\{0} xR. Define a 


binary operation * on G by 
(a, b) * (c,d) = (ac, b+ d) 

for all (a,b), (c,d) € G. Show that 

(i) (G,*) is a group, 

(ii) G has exactly one element of order 2, 

(iii) G has no elements of order 3. 

Solution: (i) As in Worked-Out Exercise 1, we show that (G, *) satisfies 

the conditions of Theorem 2.1.22. Let (a,b), (c,d) € G. Then a £0 andc 40 
and so ac # 0. Thus, (a,b) * (c,d) = (ac,b +d) € G. Hence, G is closed under 


*. [t is a direct computation to verify that * is well defined and associative, so 
we ask the reader to do the verification. Now (1,0) € G and 


(1,0) * (a, 6) = (la,0+b) = (a,b) forall (a,b)EG 
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and so (G, *) satisfies (i) of Theorem 2.1.22. Let (a,b) € G. Then a # 0 and so 
4 € Rand 1 £0. Thus, (4,—6) € G and 


(=, eg B= (<a,—b+ b) = (1,0). 


Therefore, (G, *) satisfies (ii) of Theorem 2.1.22. Hence, (G,*) is a group by 
Theorem 2.1.22. 

(ii) First note that (—1,0) € G and (—1, 0) * (—1,0) = (1,0). Thus, (—1,0) 
is of order 2. We now show that this is the only element of order 2 by showing 
that if (a,b) is any other element of G of order 2, then (a,b) = (—1,0). 

Let (a,b) € G be an element of order 2. Then (a,b) * (a,b) = (1,0) implies 
that (a?,b+ 5) = (1,0). Therefore, a? = 1 and b = 0. Now a? = 1 implies that 
a = +1. If a = 1, then (a,b) = (1,0), which is a contradiction since (1,0) is 
of order 1. Hence, a = —1 and so (a,b) = (—1,0). Thus, (—1,0) is the only 
element of order 2. 

(iii) Suppose that (a, b) is an element of order 3. Then (a,b) *(a, 6) * (a,b) = 
(1,0). This implies that (a3, 3b) = (1,0). Thus, a? = 1 and b= 0. Nowa? =1 
implies that a = 1. Hence, (a,b) = (1,0). But (1, 0) is of order 1. Consequently, 
G has no element of order 3. 


© Exercise 3 Let G be the set of all rational numbers except —1. Show that 
(G, *) is a group where 


axb=a+b+ab 
for all a,b EG. 


Solution: As in Worked-Out Exercise 1, we show that (G,*) satisfies 
the conditions of Theorem 2.1.22. Our first step is to show that * is well 
defined. Let a,b,c,d € G and (a,b) = (c,d). Then a = c and b = d. Thus, 
a*b=a+b+ab=c+d+cd=c*d and so * is well defined. Let a,b € G. 
Then a # —1 and 6 ¥ —1. We now show that a * b € G by showing that 


a*xb # —1and a*b isa rational number. Suppose axb = a+b+ab = —1. Then 
(a+1)(b+1) =0. Hence, either (2+ 1) = 0 or (b+1) = 0 and so either a = —1 
or b = —1, which is a contradiction. Therefore, a + b # —1. Since addition and 


multiplication of rational numbers is a rational number, it follows that a » b is 
a rational number. Hence, a*b € G. Thus, * is a binary operation on G. Let 


a,b,c € G. Then 


(axb)xc = (at+b+ab)x*c 
= a+b+ab+c+t+ac+be+abe 
= a+(b+c+bc)+a(b+c+ bc) 
at+b*xc+a(b*c) 
ax*(bx«c). 


2.1. ELEMENTARY PROPERTIES OF GROUPS 74 


This shows that * is associative. Thus, (G,*) is a semigroup. Now 0 € G and 
Oxa = 0+-a+0-a = a for alla € G. Hence, (G, *) satisfies (i) of Theorem 2.1.22. 
Now for alla € G,a+1#0. Note that —>{, # —1. Therefore, ->45 € G and 


a a a -—ata+a’?—a? 


Pr a ag aes ale a+l1 


This implies that (G,*) satisfies (ii) of Theorem 2.1.22. Hence, by Theorem 
2.1.22, (G, *) is a group. 


& Exercise 4 Let G be a group and z € G. Suppose o(x) = mn, where m 
and n are relatively prime. Show that there exist y, z € G such that 
c=y*z=z*y and o(y) =m and o(z) =n. 


Solution: Since gcd(m, n) = 1 there exist s,t € Z such that 1 = ms + nt. 
Now c= 2™t"t — oxo Let y=a™ andz=2™. Thenz = yee = zy. 
Now y™ = (2™)™ = 7™! = e. Hence, o(y) divides m. Similarly, o(z) divides n. 
Suppose o(y) = m) and o(z) = nj. It is an easy exercise to verify that (y*z)! = 
y' « z! for all positive integers |. Thus, 27 = (y* z)™™ = y™™ 774M = 
exe =e. Hence, mn|mjn 1. But since m,|m and ni|n, we must have m = m, 
and n= 7}. 


© Exercise 5 Let (G,*) be a group of even order. Show that there exists 
a € G such that a #e, a’ =e. 


Solution: Let A= {g¢€G|g#g 1} CG. Thene ¢ A. If g € A, then 
g 1 € A, ie., elements of A occurs in pairs. Therefore, the number of elements 
in A is even. This implies that the number of elements in {e} UA is odd. Since 
the number of elements in G is even and {e} UA C G, there exists a € G such 
that a ¢ {e} UA. But then a 4 e and a ¢ A. Hence, there exists a € G such 
that a #e anda=a™! ora’ =e. 


} Exercise 6 Let (G,*) be a group and a,b € G. Suppose that axb = b*a7! 
and b*a=a¥*b~!. Show that at = b4 =e. 


Solution: Since axb = b*a7!, a = bxa7! *b7}, Similarly, b = a*b7!+*a7!. 
Thus, bxa = a*b~! = (bea! «b71) «b-! = bxa7! «b-*. Multiply both sides of 
the equation b+a = b*a~!*b-? by b-! to get a = a~!*b-?. This implies that 
a? = b~*. Hence, a4 = a? *a? = a? #b-* = a* (aed!) xb! = ax (bea) eb = 
(a*b)«axb-! = (bxa7!) xa%b-! = be (a7! «a) «db! = bx ed! =e. Also, 
besa 4 =e. 


Exercise 7 Let (G,*) be a group and a,b € G. Suppose that a*b” = Ob"! xa 
and b+ a” = a™*t! *b for some n € N. Show that a= b=e. 


2.1. ELEMENTARY PROPERTIES OF GROUPS 75 


Solution: Multiply both sides of the equation a * b” = b"*! xa by 67” 
to get a = 61% a*b-". Thus, a? = axa = at b™1xa%b-™ = (ax 
B) xbxaxb™ = (61% a) xe bx ax b™ = bt x (a * b) xa eb. Now 
a =axa* =a (b"t! * (ax db) *a¥b-) = (ax bd") «db (aed) kab ™ = 
(b"+1 4a) ¥b+ (a *b) *a*b-” = b+! « (ax db)? *a*b-”. Hence, we see that we 
could use induction to obtain 


a" = bt « (axb)™ 1 xaxb™ (2.2) 
for alln EN. Also, 
bea” = a™tl xb 
= axar«db 


= ax (bt) x (axed)?! xaxdb-) «b 

= cae De ae babel 

= (a*b")*b* (ab) 1 xaxbi™ 

= (b"*1%a)*b« (ab)?! *axb 

= O"tl« (axb)?*xaxb-™, 
which implies that 

a” = bx (a xb)" *a%b”, (2.3) 
From Eqs. (2.2) and (2.3), 
Pt} s (a xb)” xa eb” = b" # (axb)”*axbr™, 
which implies that 
b*(a¥b)" 1 *a = (axb)* *a*b = (axd)™*!, 

Thus, 


(a*b)"t! = bx (axd)” 1 ka 
= op (ED ee ae 9) a 


'  n—1 times 
= (b*a)*---*(b*a) (2.4) 
—<—— $< 
n times 
= (b*a)”. 
Interchange the role of a and 6 to get 
(b+ a)"t! = (ab). (2.5) 


Hence, (a *b)” = (b+ a)"+! = (b* a)” * (bx a) = (a * b)"*! x (bx a) and so 
e = (a * b) x (b* a), which implies that 


a’ = b-?, (2.6) 
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Now 
bea” =bea* xa” 2% =bxb-* xa"? =O xa"? (2.7) 


and 
amt eb =a) x02 *b =a" eb? eb =a eb}. (2.8) 


Thus, from Eqs. (2.7) and (2.8) it follows that b-1 *a"~* = a”"! «67! and so 
a® 1 = bl xa”? xb = (bea ed), (2.9) 


n+1 


Now b* a” =a" * b implies that 


a” = (bl ea eb)", (2.10) 


Hence, a” = (b7!xa«b)+1 = (b-1 +a %b)?~2*(b-} xa %b)3 = a1 x (b-1 xa xb), 
which implies that a = (b7! *a«b)3 = b-!*a3%b. Thus, a3*b = b«a. Therefore, 
bea =a? *b=ax a? *b=axb-**b=a*b! by Eq. (2.6). That is, we have 


bea=axb}, (2.11) 


Similarly, 
axb=bxal. (2.12) 


Now axb=bxa! implies that axb*a=b. Thus, b=axb*a=ax*axb! 
[by Eq. (2.11)]. Hence, 
a? = b*. 


Suppose n is even. Then a* = b* implies that a” = b”. Hence, a* b” = b"+1 xa 
implies that a®+! = a” *b*a and so b =e. Similarly, a = e. Suppose n is odd. 
Let n = 2k+1. Then a** = b7*. Now ax b” = b"+t! xa > a x bt] = bPkt2 x 
=>axa* xb = a2*+? xa. Thus, b = a? = b*. Hence, b =e. Similarly, a =e. 


Exercise 8 (Hays) Let (S,*) be a semigroup. Show that S$ is a group if and 
only if for all a € S there exists a unique b € S such that axb*xa =a. 


Solution: Suppose for all a € S, there exists a unique b € S such that 
a*xb*xa=a. Let a € S. Then there exists b € S such that axb*a=a. Thus, 
axb*a*b=axband so (axb)? =axb. Hence, S has an idempotent element. 
If (S,*) is to be a group, then it can have only one idempotent (Corollary 
2.1.12), namely, the identity element. Therefore, first we show that S$ has only 
one idempotent. 

Suppose e and f are two idempotents in S. Since e * f € S, there exists a 
unique g such that (e « f) *g* (ex f) =e f. Now (e* f) *(gxe)*(exf) = 
(ex f)*g*(exe)* f= (ex f)egzeer«x f= (ex f)*g*(e*f) =ex f. Since 
g is unique such that (e * f) *g * (ex f) = (e* f), it follows that gxe = g. 
Similarly, since (e * f) * (f *g) *(e* f) = (e* f)*g* (ex f) = ex f, the 
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uniqueness of g implies that f * g = g. Also, (e* f) *(g* (ex f)*g)*(exf) = 
((e* f) *g* (ex f))*gx (ex f) = (ex f)*xg* (ex f). Again, the uniqueness 
of g implies that g x (e « f) *g = g. Hence, g? = g*g = (g¥e) *(f*g) = 
gx(exf)*g = g. Thus, g is an idempotent. Now g = gxg*g and g+(exf)*g = g. 
Hence, by the uniqueness of the middle element g = e* f. Therefore, e* f is an 
idempotent. Now (ex f) « f *(e* f) = (ex (f*f))*(exf) = (ex f)*(exf) = 
ex f and similarly (ex f) *e*(e*« f) =e f. By the uniqueness of the middle 
element, it follows that e = f. Hence, S has a unique idempotent element. 

Let e be the idempotent element of S. Let a € S. Then there exists b € S 
such that a * b * a = a, which implies that (a « b)? =a+*b. Hence, atb =e. 
Also, a*b*a =a implies that bxa*b*a = b*a. Thus, b*a is an idempotent. 
Hence, )*a = e. Also, axb*a =a together with a*b = e = b*a implies that 
exa=a=a*e. Therefore, e is the identity element. Sincea*b =e = ba, b 
is an inverse of a. Consequently, (5, *) is a group. 

Conversely, suppose (.5,*) is a group. Let a € S. Note that axa’ *a =a. 
This shows the existence of an element b € S such that axb*a = a, namely, b = 
a+. To show the uniqueness, suppose there exist b,c € S such that axb*a =a 
and axc*a=a. Thena*b*a=a*c*a and by the cancellation laws, b= c. 
Thus, 6 is unique such that a*b*a=a. 


1 


2.1.2 Exercises 


1. Which of the following mathematical systems are semigroups? Which are 
groups? 


(i) (N,*), where a*b=a for alla,bDEN. 

(ii) (Z,*), where axb =a — 6b for all a,b € Z. 

(iii) (R, *), where a * b = |alb for all a,beE R. 

(iv) (R,*), wherea*b=a+b6+1 foralla,beR. 
(v) (R,*), where axb=a+b6-—ab for alla,beER. 
(vi) (Q,*), where a * b = ab for all a,b € Q. 

(vii) (G, *), where 


cof. 2] [42] [8 8] tase 


and * is the usual matrix multiplication. 
(viii) (G, *), where G is the set of all matrices of the following form over 
Z 


1 b 
0 c 
0 1 


Ors 


2.1. 


13. 


14. 


15. 


16. 


17. 
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and « is the usual matrix multiplication. 


. Let G = {(a,6) | a,b © R, b FO}. Define a binary operation * on G by 


(a,b) x (c,d) = (a + bc, bd) for all (a,b), (c,d) € G. Show that (G, x) is a 


noncommutative group. 


Le G= | : : la,b,c,d € R, ad— bc = 1>. Show that G is a group 


under usual matrix multiplication. (This group is usually denoted by 
SL(2,R) and is called the special linear group of degree 2.) 


. LetG= a | |neé x . Show that (G, *) is a commutative group, 


0 1 
where * denotes the usual matrix multiplication. Also, show that (G, *) 
is torsion-free. 


. In Za, find the smallest positive integer n such that n[6] = [0]. 

. Find an element [6] € Zg such that [8] -9 [6] = [1]. Does [b] € Uy? 

. In Uaa, find the smallest positive integer n such that [7]” = [1]. 

. Describe Ug, Vo, Ui2, Urq of Example 2.1.6. 

. Let p be a prime. Show that U, = Z,\{(0}}. 

. Let Un = {[a] € Zn\{[0]}| ged(a,n) = 1}. Show that (Un, -n) is a group, 


where -,, is multiplication modulo n. 


. Show that U, = {[a] € Z,\{[0]} | additive order of [a] =n }. 


. Let (G, +) be a group and a,b € G. Suppose that a? = e and axb4+a = b’. 


Show that 55 = e. 


Let (G,*) be a group and a,b € G. Suppose that a~! * b? xa =(63 and 
b-! x a2 *b = a®, Show that a=b=e. 


Let (G,*) be a group. If a,b € G are such that at = e and a? *b = bxa, 
show that a =e. 


Let (G, *) be a group and z,a,b € G. Let c= x*axx7! andd = x*b«a7!. 
Show that a* b = 6*a if and only ifc*d=d*c. 


Let (G,*) be a group such that a? = e for all a € G. Show that G is 
commutative. , 


Prove that a group (G, *) is commutative if and only if (a«b)~! = a7! *b7! 


for all a,b EG. 


2.1. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
27. 


28. 


29. 


30. 
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Let (G, *) be a group. Prove that if (a+b)? = a? «b? for all a,b € G, then 
(G, *) is commutative. 


Prove that a group (G,*) is commutative if and only if for all a,b € G, 
(a xb)” = a™ x b” for any three consecutive integers n. 


Let (G,*) be a group. If G has only two elements, prove that G is 
commutative. 


Let (G,*) be a group and a,b,c € G. Find an element x € G such that 
axxz*b=c. Is x unique? 


Let (G, *) be a group and a,b € G. Show that (a*b*a71)” =a%b"*a7} 
for all integers n. 


Let (G,*) be a finite group and a € G. Show that there exists n € N 
such that a” =e. 


If (G, *) is a group and aj, ..., an € G, prove that (a, *--»*a,)71 = 


-1 ~1 
a, ¥ +++ * a). 


Let (G, *) and (H,-) be groups. Define the operation « on Gx H = {(a, b) 
|a EG, b € H} by (a,b) x (c,d) = (a*c,b- d). Prove that (G x H,x) is 
a group. If (G,*) and (H,-) are commutative, prove that (G x H,x) is 
commutative. The group (G x H,x) is called the direct product of G 
and H. 


Let (G, *) be a finite group and a € G. Show that o(a) < |G]. 


Let (G, *) be a group and a,b € G. 

(i) Show that a and a7! have the same order. 

(ii) Show that a and b+ a «67! have the same order. 

(iii) Show that a * b and b* a have the same order. 

Let (G,*) be a group and a,b € G. 

(i) Suppose that a+b = b° +a. Show that o(b+a7!) = 0(b? xa) = 0(b? xa). 
(ii) Generalize (i) to arbitrary powers of a and b. 


Let (G, *) be a group, a € G and o(a) =n. Let 1 < p< be such that p 
and n are relatively prime. Show that o(a?) =n. 

Let (G, *) be a group, a € G, and o(a) = p, where p is a prime. 

(i) Show that o(a") =p for alll <k <p. 

(ii) Show that for all m EN, either a” =e or o(a”) =p. 


2.1. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Al. 
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Let (G,*) be a group and a € G. Suppose that o(a) = n and n = mk for 
some m,k € Z. What is o(a*)? 


(i) Let (G, *) be a group, a,b € G, o(a) = n, 0(b) = m, ged(m,n) = 1, 
and a*b = bx a. Show that o(a * b) = mn. 


(ii) Let (G,*) be a group, a; € G, o(a;) = m, 1 < i < m. Suppose 
gcd(ni,n;) = 1 and aja; = aja; for all i and j. Let x = a * ag +++ * Gm. 
Show that o(z) = njn2°--mm. 


Let (G,*) be a group and xz € G. Suppose o(z) = n = njng--- Ng, 
where for all 2 # 7, n; and n; are relatively prime. Show that there exists 
x; © G such that o(z;) = n; for alli =1,2,...,k, r= 27) *2Q*--+-+* Uy 
and 2; * 2; = 2; * 2; for alli and j. 


Let G = {(a,b) | a,b € R, a 4 O}. Then G is a group under the binary 
operation (a, b) * (c,d) = (ac, be +d) for all (a, 6), (c,d) € G. Show that G 
has infinitely many elements of order 2, but G has no element of order 3. 


Let a,b € Sym. As remarked in Example 2.1.29, every rigid motion of 
the square can be considered a one-one function of {1, 2, 3,4} onto itself. 
Consider a*b as a function. Show that a*b = aob, where * represents the 
binary operation of rigid motions of the square and o is the composition 
of functions. 


Let (S,*) be a finite semigroup. Prove that there exists a € S such that 


a* =a. 


Let (G, *) be a finite semigroup with identity. Prove that (G, *) is a group 
if and only if G has only one element a such that a? = a. 


Prove that a semigroup (S,*) is a group if and only ifa*S = S and 
Sxa= S for alla € S, wherea* S = {a*s|s¢S}andS*a={sxa | 
sé Ss}. 

Prove that a semigroup (S,*) is a group if and only if 

(i) there exists e € S such that axe =a for all a € S, and 

(ii) for all a € S there exists b € S such that ax b=e. 


Rewrite. the statements and proofs of the theorems in this chapter using 
additive notation. 


Let (G,*) be a group, a,b € G and m,n € Z. Prove that 
(i) aea™ = qrtm 


(ii) (a")™ = an™, 


=a™x*a", 
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42. 


(iii) a-™ = (a")-}, 

(iv) e” =e, 

(v) (a * 6)” =a” *b”, if (G, *) is commutative. 

Write the proof if the following statements are true; otherwise, give a 
counterexample. 


(i) Let T(S) be the set of all functions on S = {1, 2,3}. T(S) is a group 
under composition of functions. 


ii) MjZ(R) = a2 a,b,c,d € R> is a group under usual matrix 
c d 


multiplication. 

(iii) Every group of four elements is commutative. 
(iv) A group has only one idempotent element. 

(v) A semigroup with only one idempotent is a group. 


(vi) If a semigroup S satisfies the cancellation laws, then S is a group. 
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Niels Henrik Abel (1802-1829) was 
born on August 5, 1802, in Finndy, Nor- 
way. He was the second of six children. Abel 
and his brothers received their first educa- 
tion from their father. 

At the age of 13, Abel along with his 
older brother, was sent to the Cathedral sch- 
ool in Christiania (Oslo). In 1817, his math- 
ematics teacher was Bernt Michael Holmbé, 
who was seven years older that Abel. Holmbé 
recognized Abel’s talent and started giving 
him special problems and recommended spe- 
cial books outside the curriculum. Abel and 
Holmbé read the calculus text of Euler and 
the work of Lagrange and Laplace. Soon 
Abel became familiar with most of the im- 


portant mathematical literature. 

Abel’s father died when he was 18 years old and the responsibility of supporting 
the family fell on his shoulders. He gave private lessons and did odd jobs. However, 
he continued to carry out his mathematical research. 

Abel, in his last year of school, attacked the problem of the solvability of the quintic 
equation, a problem that had been unsettled since the sixteenth century. Abel thought 
that he had solved the problem and submitted his work for publication. Unable to 
find an error and understand his arguments, he was asked by the editor to illustrate 
his method. In 1824, during the process of illustration he discovered an error. This 
discovery led Abel to a proof that no such solution exists. He also worked on elliptic 
functions and in essence revolutionized the theory of elliptic functions. 

He traveled to Paris and Berlin in order to find a teaching position. Then poverty 
took its toll, and Abel died from tuberculosis on April 6, 1829. Two days later a 
letter from Crelle reached his address, conveying the news of his appointment to the 
professorship of mathematics at the University of Berlin. 

Abel is honored by such terms as Abelian group and Abelian function. 


Chapter 3 


Permutation Groups 


Permutation groups is one of the specialized theories of groups which arose 
from the source, classical algebra, in the evolution of group theory. 


3.1 Permutation Groups 


As stated earlier, there are four major sources from which abstract group the- 
ory evolved. Mathematicians’ interest in finding formulas to solve polynomial 
equations by means of radicals led some mathematicians to the study of permu- 
tations of the roots of rational functions. Lagrange, Rufini, and Cauchy were 
among the earlier mathematicians to work with permutation groups. However, 
it was Cauchy whose systematic study of permutation groups (between 1815 
and 1845) is believed, by some, to be the origin of abstract group theory. Many 
of the concepts and major results in this chapter are due to Cauchy. 

We begin our study of permutation groups by defining what a permutation 
is. 


Definition 3.1.1 Let X be a nonempty set. A permutation 1 of X is a 
one-one function from X onto X. 


Definition 3.1.2 A group (G,*) is called a permutation group on a nonem- 
pty set X if the elements of G are permutations of X and the operation * is 
the composition of two functions. 


Example 3.1.3 Let X be any nonempty set and Sx be the set of all one-one 
functions from X onto X, as defined in Example 2.1.9. Then (Sx, 0) is a group 
as we have shown in Example 2.1.9, where o is the composition of functions. 
Hence, (Sx,°) is a permutation group. 


In this chapter, and in fact in this text, our study of permutation groups 
will focus on permutation groups on finite sets, i.e., X is a finite set. 
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Before we consider more examples of permutation groups, let us fix some 
notation which will be useful when working with permutations. 
Let I, = {1,2,...,n}, n > 1. Let 7 be a permutation on J,. Then 


m = {(1,m(1)), (2, (2))y-+-5 (r(n))}. 


(Recall that a function f : A — A is a subset of A x A.) It is sometimes 
convenient to describe a permutation by means of the following notational 
device: 


Gc ie eis 8 n 
~ \ (1) (2) (8) + a(n) f° 


This notation is due to Cauchy and is called the two-row notation. In the 
upper row, we list all the elements of J, and in the lower row under each 
element 7 € I,, we write the image of the element, i-e., (2). 


Example 3.1.4 Letn =4 and be the permutation on I, defined by (1) = 2, 
(2) = 4, 7(3) = 3, and 7(4) = 1. Then using the two-row notation we can 


write 
nee 1234 
“~\2 43 17° 


As we shall see, the two-row notation of permutations is quite convenient 
while doing computations such as determining the composition of permuta- 
tions. 

Let n = 7 and 7 and o be two permutations on I7 defined by 


pf £28 Ae 6.7 
Fe AG ee ONS 


es 123 45 6 7 
Debs dF be Aeg 
Let us compute 7 o a. Now by definition, (7 o¢)(2) = a(o(2)) for all i € Fy. 
Thus, 


and 


(7 0@)(1) = r(o(1)) = x(2) = 3, 
(7 00)(2) = a(o(2)) =2(5) =7 


and so on. From this, it is clear that when determining, say, (7 o a)(1), we 
start with o and finish with 7 and read as follows: 1 goes to 2 (under a) and 
2 goes to 3 (under 7) and so 1 goes to 3 (under 7 0c). We can exhibit this in 
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the following form: 


DnNM or LRN ® 


Thus, 
mgs 123 4 5 6 
7 Be IE cae Ae BD 


Example 3.1.5 Letn =6 and a and 


a 


B be permutations on Ig defined by 
pea 123 45 6 
SN BY LA Ge 2D 


3.4 5 6 
5 4 2 6]° 


Let us first determine ao 8. Now 1 4 1 > 3, 2.¢€., 1 = 3. Similarly, 2 a 4, 
3 OF 5 42h 6, 5 1 oho Thus, 


and 


Similarly, for Boa; 153 Ea 5, ze, 1 gata 5 and so on. In this case, we start 
with a and finish with B. Note that 


Boa=(123 45 6 
NE. ae Be 2. 
We note that aoB# Boa. 


Let 5, denote the set of all permutations on I,, n > 1. 


Example 3.1.6 In this example, we describe S3, i.e., the set of all permuta- 
tions on I3 = {1,2,3}. From Exercise 8 (page 50), we know that the number 
of one-one functions of Iz onto Iz is 3! = 6. Thus, |S3| = 6. Let e denote the 
‘ : 1 2 3 ; ; 

identity permutation on Iz, 7.€., e€ = ( es . Let a, be a nonidentity 
permutation on I3. Let us see some of the choices for a1. Suppose a,(1) = 1. 
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If 04 (2) = 2, then we must have a1(3) = 3 since a, is a permutation. In this 
case, we see that a, = e, a contradiction. Thus, we must have a,(2) = 3 and 


ai(3) = 2, 4¢, a = ( : ; ; . In a similar manner, we can show that 
: 12 3 1 2 3 
the other four permutations on I3 are ag = ( 213 , 03 = ( 32 | ) , 


1 2 3 12 3 
a= (3 3 1) and as = ( § 1 3) tas 


53 = {e, a1, a2, a3, a4, a5}. 


Let us denote a2 by a and a, by 3. We ask the reader to check that 6? = as, 
ao B =a, andao GB? =a3. Hence, we can write 


S3 = {e, B, B?,a,00 8, a0 B*}. 


Since ($3,°) is also a group, we ask the reader to show that o(a) = 2 and 
o(f) = 3 by showing that a? =e and 8? #e, but J =e. 


In the previous example, the permutation group (3,0) consisted of all 
permutations on the set J3. Next, we give an example of a permutation group 
that does not contain all permutations on a given set. 


Example 3.1.7 Let n = 4 and consider Ig = {1,2,3,4}. Recall that in Ex- 
ample 2.1.29, we remarked that rigid motions of the square can be viewed as 
permutations on I4. Let S be the set of all permutations that corresponds to 
the rigid motions of the square. We will use the same notation for the per- 
i123 4 
23 4 1 
permutation, etc. By Exercise 35 (page 80), it follows that the multiplication 
table of (S,0) is the same as the multiplication table of the group (Sym, *). Now 
composition of functions is associative and from the multiplication table, it fol- 
lows that S is closed under 0, 7360 ts the identity of (S,0), and every element 
of S has an inverse. Thus, (8, 0) is a group. Hence, the group of symmetries 
of a square can be thought of as a permutation group on I4. 


mutations, 1.€., T99 1s. the permutation , 7360 1s the identity 


The following theorem describes some basic properties of S,. 


Theorem 3.1.8 (i) (S,,0) is a group for any positive integer n > 1. 
(ii) If n > 3, then (S,,0) is noncommutative. 


(iti) |S,| =n! 
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Proof. (i) We have already noted that the set of all one-one functions of 
any nonempty set onto itself forms a group under composition of functions in 
Example 2.1.9. Thus, (5,0) is a group for any positive integer n > 1. 
(ii) Let n > 3. Let a, G € S, be defined by 
3.4 n 
1 4 nj 


Now 


and 
12 3 4 n 
poa-(4 124 ar 
Thus, (@0 B)(1) = 2 4 3 = (Bo a)(1). Hence, ao 8 # Boa and so Sy, is 


noncommutative. 
(iii) This follows from Exercise 8 (page 50). 


Definition 3.1.9 The group (Sn,°) is called the symmetric group on I,. 


: , 1 2 n ‘ : 
t — ‘5 = 
Consider the permutation 7 ( mil) GO) aaa) Lar) 4, 
then we drop the column : For example, a = Bere is denoted 
en we drop Oe Plepa=| 5 4 3 9 | isden 


2 4 
wr (4 a 


Definition 3.1.10 Let m be an element of S,. Then m is called a k-cycle, 
written (4, tg +--+ tz), if 


ie., Wty) = ty41, 9 = 1,2,...,4—1, mix) = tn, and m(a) = a for any other 
element of In. 


Note that if 7 = (ij29---t,), then 


TT 


(tig ++ 2%) 
= (igig-+-tei7) 


(ajtj41 es tl RS Ura) 
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A k-cycle is called a transposition when k = 2. 
We know that in Example 3.1.7, the permutation rgo is a 4-cycle and dz is 
a 2-cycle. We write 
rog = (1 2 3 4) 
and 
dy = (1 3). 
The identity of S,, is sometimes denoted by (1) or e. 


Example 3.1.11 Using the cycle notation, we can write 
S3 = {e, (1 2), (1 3), (2 3), (1 2 3), (1 3 2)}- 


We now note some of the properties of the group (3,0). 

(2) ($3,°) is a noncommutative group of order 6 by Theorem 3.1.8. 

(12) S3 contains two elements of order 3; for (1 2 3)0(123)=(1 3 2) #e 
and (1 2 3)0(1 2 3)o0(1 2 3) =e. Hence, the order of (1 2 3) is 3. Similarly, 
the order of (1 3 2) ts 3. The order of (1 2), (1 3), and (2 3) is 2 since (1 2) 0(1 
2) =e, (1 3) o(1 3) =e, and (2 3) 0 (2 3) =e. 

(iit) In S3, the product of distinct elements of order 2 is an element of order 
3. (1 2)0(2 3) = (1 2 3), (1 3)0(1 2) = (1 2.3), (1 2)0(1 3) = (13 2), (2 
3) 0 (1 2) = (1 3 2), (1 3) 0 (2 3) = (1 8 2), and (2 3) 0 (1 3) = (1 2 8). 


Definition 3.1.12 Leta, €S,. Then a and G are called conjugate if there 
exists y € Sy, such that 
yoaoy! = 8. 
The following theorem shows how to compute the conjugate of a cycle. 


Theorem 3.1.13 Let 7 = (iit2---%) € S, be a cycle. Then for all a € Sp, 


aonmoa! = (a(iz) afig) «+» a(%)). 


Proof. Since a € S,, a is a one-one mapping of [,, onto I,,. Thus, the ele- 
ments a(1),..., a(n) € I, are all distinct and so I, = {a(1), a(2),...,a(n)}. 
Let r be any integer such that 1 <r < 1. Then 


a(m(a-(a(ér)))) 
a(n(ér)) 


Airy). 

Also, (womoa!)(a(i,)) = a(t(a7!(a(i;)))) = a(r(i,)) = a(21). Now let a € I, 
be such that a 4 a(i,) for all r, 1 <r <l. Then a '(a) € In and a '(a) Fi, 
for all r, 1 <r <1, and so r(a71(a)) = a1 (a). Thus, 


a(m(a~*(a))) 
= a(a~(a)) 


a. 


(aomoa)(alir)) = 


(a0noa-)(a) 
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It now follows that aomoa7! = (a(i;) a(ig) --- a(i))). 


Definition 3.1.14 Let 71,72,...,7% € Sp. Then 7m 1,72,...,7% are called dis- 
joint if for alli, 1 <i<k and for alla € I,, m;(a) 4a implies 7;(a) =a for 
dlp Ai, <7 Sk 


In other words, 71,72,...,7 € Sp, are disjoint if for all 1 <i < k and 
for all a € I,, if x; moves a, then all other permutations 7; must fix a, i.e., 
m;(a) =a for all 7 A1, 1 <7 <k. ae 


Let 7 and A be disjoint permutations on J,. Let a € S be such that r(a) 4a." > 
Then A(a) = a. Let m(a) = 6. Then (7 0 A)(a) = m(A(a)) = (a) = 6. Also, 
(Ao m)(a) = A(m(a)) = A(b). If 7(b) = 6, then w(b) = b = w(a) and so a = b. 
Thus, 7(a) = 6 = a, a contradiction. Hence, 7(b) 4 6 and so A(b) = b. Thus, 
(Ao m)(a) = A(m(a)) = A(b) = b. Hence, (mo A)(a) = (Ac z)(a). Suppose 
m(a) =a. If \(a) =a, then (70 A)(a) = a = (Ao z)(a). Suppose A(a) # a. By 
a similar argument as before, (7 0 A)(a) = (Ao x)(a). Therefore, oA = XOT. 
Consequently, if a and X are disjoint permutations, then they commute. 

Consider 7 = ee ea € S,. Then t = (125 3)0(4 

DS. AG. Bo a me 


8) o (6 7) can be written as a product of disjoint cycles. This leads us to the 
following theorem. 


Theorem 3.1.15 Any nonidentity permutation 7 of S,, (n > 2) can be uniquely 
expressed (up to the order of the factors) as a product of disjoint cycles, where 
each cycle is of length at least 2. 


Proof. We prove the result by induction on n. Suppose n = 2. Now |S_| = 2 
1 2 
2 1 
cycle. Thus, the theorem is true for n = 2. Suppose n > 2 and the theorem is 
true for all S; such that 2<k <n. Let 7 be a nonidentity element of S,. Now 
n*(1) € Ip for all integers 7, i > 1. Therefore, {7(1), ?(1), ..., (1), ...} C Jn. 
Since I, is a finite set, we must have 7!(1) = 7™(1) for some integers | and m 
such that | > m > 1. This implies that +/-™(1) = 1. Let us write 7 =1—m. 
Then j > 0 and 7/(1) = 1. Let i be the smallest positive integer such that 
m(1) = 1. Let 


and the nonidentity element of S2 is a = ( . Now a= (1 2), 1e., aisa 


A= {1,x(1),77(1),..., 2° 7 ()}. 
Then all elements of the set A are distinct. Let r € S, be the permutation 
defined by 

el al art) S01), 
ie., Tis acycle. Let B = [,,\A. If B = ¢, then a is a cycle. Suppose B F ¢. 
Let o = n|g. If o is the identity, then 7 is a cycle. Suppose that o is not the 
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identity. Now by the induction hypothesis, o is a product of disjoint cycles on 
B, say, 0 =010020-:--00,. Now for 1 <i <1, define a; by 


_ | ofajifaeB 
n(e) =| aifag B. 


Then 7,72, .--, #, and 7 are disjoint cycles in S,. It is easy to see that 7 = 
710%, 0---on,O T. Thus, 7 is a product of disjoint cycles. 

To prove the uniqueness, let 7 = 71072 0---Om, = M1 O p12 0---Ops, a 
product of r disjoint cycles and also a product of s disjoint cycles, respectively. 
We show that every 7; is equal to some yj; and every py, is equal to some 7. 
Consider 7;, 1 <i <r. Suppose 7; = (i172...%,). Then (71) 4 7. This implies 
that i; is moved by some j;. By the disjointness of the cycles, there exists 
unique p;, 1 < 7 < s, such that 7; appears as an element in y;. By reordering, 
if necessary, we may write u; = (21 C2 ... Cm). Now 


ig = mh) = mh) = wl) = 
ig = miligz) = ig) = mez) = pile2z) = 6 
qy = Mit-1) = mi) = mai) = wai) = «1, 


If 1 < m, then 4; = a(t) = w(t) = (cr) = pj (cr) = C241, a contradiction. 
Thus, | = m. Hence, 7; = p; for some j, 1 <j < s. Similarly, every 4, = ™ 
for some t, 1<t<r. 


Corollary 3.1.16 Letn > 2. Any permutation 7 of S, can be expressed as a 
product of transpositions. 


Proof. In view of the preceding theorem, it suffices to show that every k- 
cycle can be expressed as a product of transpositions. This fact is immediate 
from the following equations: 


é=(1) = (1-2) 6( 1:2) 
and for k > 2 
(iy ig +++ in) = (41 ig) © (ir tR_1) 0+++ 0 (iy i), 
where {i1, i) ..., in} C In. 


Let 7 € S,. Since S,, is a finite group, we know that o(r) is finite. Thus, in 


order to find the order of 7, we need to compute 7, 77, 7°,..., until we find the 
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first positive integer k such that 7* = e. Finding such a positive integer could 
be a tedious task. However, we can effectively make use of the decomposition 
of 7 as a product of disjoint cycles, compute the order of each cycle, which is 
nothing but the length of the cycle (Exercise 17, page 97) and from the order 
of the cycles deduce the order of 7. We ask the reader to consider this problem 
in Exercise 18 (page 97). 

Theorem 3.1.15 tells us that any permutation a € S,;,n > 2, can be written 
as a product of disjoint cycles. However, the theorem does not tell us how to 
find the disjoint cycles in the decomposition of a. Next, we illustrate how to 
find these cycles. 

Let a be a permutation on [,, n > 2. In order to express 7 as a product 
of disjoint cycles, first consider 1, 7(1), 7?(1), (1), ... and find the smallest 
positive integer r such that 77(1) = 1. Let 


oy = (1 a(1) #1) --- a7 74(1)). 


Then oj is a cycle of length r. Let 7 be the first element of J, not appearing in 
o,. Now consider 7, 7(), +7(i), 7°(i), ... and find the smallest positive integer 
s such that 75~!(z) = 7. Let 


oo = (i w(t) w(t) --- 2913). 
Then 2 is a cycle of length s. Now 


{1,a(1),77(1),...,7771(1)} O-{4, 74), 22(a), ..., 2°) } = 6, 


for if 7 € {1, w(1), 77(1), -.., t7-1(1)} 1 {4, wa), 27 (2), ..., w971(@}, then 
j = m?(i) for some p, 1 < p < r, and j = 7m*(1) for some k, 1 < k < s. 
Thus, {1, (1), 77(1), «2.5 0" 2) = £4, 2), 272, 22g 7} which 4s 
a coritradiction. Hence, a; and a2 are disjoint cycles. If {1, 7(1), 7?(1), ..., 
m™—1(1)} U{t, (a), (2), ..., 971 (a)} A In, then consider the first element of 
I, not appearing in {1, r(1), 77(1), ..., 7” -1(1)}U {4, w(a), 7?(2), ..., WTF 
and continue the above process to construct the cycle og. Since J, is finite, the 
above process must stop with some cycle o,,. Then 7 = 0] 002 0:+-O0p. 

We illustrate the above procedure with the help of the following example. 


Example 3.1.17 Consider the permutation 
ee ee eon ea ae 
ee eee ae ca | 
on I7. Here n(1) = 6, 72(1) = 1(6) = 7, and 73(1) = r(7) = 1. That is, 
14565741. Hence, 0; = (167) ts a 3-cycle. Now 2 is the first element of 
I; not appearing in (1 6 7). Also, (2) = 3, 12(2) = 1(3) = 5, 19(2) = 7(5) = 4, 


and x4(2) = (4) = 2. That is, 253555442. Hence, oo = (235 4) is 
a cycle of length 4. Now 01 and o2 are disjoint and 7 = 0) 0G. 


3.1. PERMUTATION GROUPS 92 


While writing a permutation as a product of disjoint cycles, it is customary 
not to write cycles of length one in the product. Thus, if some element of 
I, does not appear in any of the cycles, then it is assumed to be fixed. For 
example, if 7 = (1 2 5) o (4 6) € Sv, then since 3 and 7 neither appear in (1 2 
5) nor in (4 6), they are fixed, i-e., 7(3) = 3 and 7(7) = 7. 

Given a permutation 7 € S,,n > 2, we can write 7 as a product of disjoint 
cycles. We can also write m7 as a product of transpositions. However, the 
representation of 7 as a product of transposition need not be unique. For 
example, (1 2 3) = (1 3) 0(1 2) = (2 1) 0 (2 3). Also, (1 3) = (1 2) o (1 3) 0 (2 
3). That is, (1 3) can be written as a product of one transposition or as a 
product of three transpositions. However, we will show that the number of 
transpositions in any representation of a permutation is either even or odd, 
but not both. We now proceed to prove this result. 

Consider the formal product 


x = Thi<iejen(% —aj;) = (a, —@2)(a; — a3) --- (a1 — an) 
(a2 — ag) --- (ag — an) 
(Qn-1 — ae 


If n = 4, then Y = (a; — ag) (a1 — a3)(a@1 — a4) (a2 — a3) (@2 — a4) (a3 — aa). 
For any permutation a € S,, let 


mX)= J] (ang — angs))- 


1<i<j<n 
Let us first examine o(%) for any transposition o € Sy. 


Lemma 3.1.18 Let n> 2. Leto = (i j) ye i<j, be a transposition. Then 
o(¥) =—-X. 


Proof. First consider the factor (a; —a;) in the product ¥. The correspond- 
ing factor in (1) is ag() — ag(j). Now 


g(%) — Ag) = aj — ai = —(a; — aj). 


Next, consider the factor a; — a;, where both & and ! are neither equal to 7 nor 
equal to j. The corresponding factor in o(¥) is ag(%) — ag(z) and 


Qg(k) — Ag(l) = Ak — GQ. 


Thus, the factor a, — a, remains unaltered. Now consider the factor a, — aj, 
where either k or | (but not both) is equal to i or 7. Let 1 < t < n. Suppose 
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t<i<j. We have the pair of factors (a; — a;) and (a; —a,;) in the product ¥. 
The corresponding factors in o(4’) are agi) — @g¢;) and ag(z) — ag(j) and 


(a6(t) — Ge(a))(Go(t) — @e(y)) = (Gt — aj) (a4 — ai) = (a4 — a) (ae — aj). 


Therefore, the product (a; — a;)(a; — aj) remains unchanged. Now suppose 
i <t <j. Then we have the pair of factors (a; — a:) and (a; — a;) in the 
product 4’. The corresponding factors in (4’) are a,(;) —agq) and ag(4) — a,(;) 
and 


(G5 (2) — Go(t))(@o(t) — Go(5)) = (aj — ae)(ae — a4) = (a; — at) (at — a). 


Hence, the product (a; — az)(a; — a;) remains unaltered. Finally, let i <j < t. 
Then we have the pair of factors (a; — az) and (a; — az) in the product ¥. The 
corresponding factors in o(4’) are ag(;) — ag(4) and Qy(j) — @g(z) and 


(25() — Go(t))(@o(j) — Go(t)) = (a; — at) (ai — az) = (a; — a4) (aj — ae). 


Therefore, the product (a; — a;)(a; — a¢) remains unaltered. Thus, all factors 
other than a; — a; and a, — a}, where both k and / are neither equal to 7 
nor equal to 7, can be paired so that the product of factors under o remains 
unaltered. Hence, it now follows that o(4) = —*. lI 

Theorem 3.1.19 Let n > 2. Let x € S,. Suppose 

WT =010090'+**007 = 719072 0°:-O0Ts, 


4 


where o;, T; € Sp are transpositions, i=1,2,..., 7, andj =1,2, ..., s. Then 
both r and s are either even or odd. 


Proof. By Lemma 3.1.18, o;(4) = —& and 7;(¥) = —# for all ¢ = 1,2, 


...,7, and j =1,2, ..., s. First we compute (a1 009 0--:00,)(4). Now 
(a1 0090---00,)(%) = i 1(72(-- + (o-(*#)))) 
= (-nry. 


Similarly, (7, 0 72 0---075)(4) = (—1)*4. Hence, (—1)” = (-1)*. Thus, both 
r and s are either even of odd. @ 


By the above theorem, if 7 € S,, then 7 can be written as a product of 
either an even or an odd number of transpositions, but not both. This leads 
us to the following definition. 


Definition 3.1.20 Leta € S,. If a is a product of an even number of trans- 
positions, then m is called an even permutation; otherwise m is called an odd 
permutation. 


Corollary 3.1.21 Let €S,, be a k-cycle. Then x is an even permutation if 
and only if k is odd. 
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Proof. Let 7 =(12---k). Thena =(1k)o(1k—1)o--- o(1 2), ie, 7 
is a product of & — 1 transposition. If 7 is an even permutation then k — 1 is 
even and so k is odd. On the other hand, if k is odd, then k — 1 is even and so 
mw is an even permutation. This completes the proof. Hl 


Let A, denote the subset of S,, consisting of all even permutations, n > 2. 


Theorem 3.1.22 For n > 2, the pair (An,°) is a group, called the alternat- 
ing group on I,. 


Proof. Since e = (1 2) 0(1 2), e € Ay. Thus, A, # ¢. A product 7 0 72 
is even if and only if 71 and 72 are both even or both odd by Theorem 3.1.19. 
Therefore, A, is closed under o. If t € An, then 70771 
nm! € An. Hence, (An,©) is a group. 


= e is even and hence 


Cauchy recognized many important properties of A,. Among others, he 
proved the following theorem. 


Theorem 3.1.23 Every element in Ap is a product of 3-cycles, n > 3. 


Proof. Let 7 ¢ A,. Then t=010090-::0 or, where o; is a transposition, 
1<i<vr, and r is even. Now for any transposition (a b), 


(a b) = (1a) o(1 b)o (La). 
Thus, 
m= (141) o(1 tg) 0-*+0 (1 tp) 
where m is even. Since (1 71) 0 (1 tg) = (1 @ 74), it follows that 7 is a product 
of 3-cycles. Hi 
3.1.1 Worked-Out Exercises 


& Exercise 1 Prove that two cycles in S, are conjugate if and only if they 
have the same length. 


Solution: Let a = (iji2---t,) and B = (jij2---js) be two cycles in Sp. 
First suppose that a and @ are conjugate. Then 6 = o~!oaooa for some 
ao € Sp. Since o is onto and %; € J, there exists k; such that o(k;) = % for all 
1=1,2,...,r . Now 


Gije-9s) = (a7! (i,)o7 (ig) --- 07) (ip) ( by Theorem 3.1.13) 
(kik2+-+k,). 


Hence, s = r and so a and f are of the same length. 
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Conversely, let a = (i1%2---2,) and 8 = (j1jo---jr) be two cycles in S, 
a ae 

Je. 92 oP Pe 

1,2,...,7, and o(a) =a for all a € I,\{ii, i2,...,i-}. Then o € Sy. Now 


of the same length. Let o = , Le. oi) = j for alll = 


a oBoo =(a7 (fj) (J2)---0 (ir) = (tata + ip) = 


© Exercise 2 Express the permutation 


on Ig as a product of disjoint cycles and then as a product of transposition. 
Is o an even permutation? 


Solution: We have o(1) = 2, o7(1) = o(2) = 3, o3(1) = o(3) = 8, and 
o*(1) = o(8) = 1. Thus, (1 2 3 8) is a cycle. Now 4 is the first element of 
Ig not appearing in (1 2 3 8). We have o(4) = 5, o°(4) = o(5) = 6, and 
o°(4) = o(6) = 4. Hence, (4 5 6) is also a cycle in c. Next, 7 is the first element 
of Ig not appearing in (1 2 3 8) and (4 5 6). Now o(7) = 7. Since all the 
elements of Ig appear in one of the cycles (1 2 3 8), (4 5 6), and (7), we have 
o = (1238)0(45 6). Now (1238) = (18) 0(1 3) 0(1 2) and (45 6) = (4 
6) 0 (4 5). Thus, o = (1 8) 0 (1 3) o (1 2) 0 (4 6) 0 (4 5). Since o is a product of 
five transpositions, o is not an even permutation. 


® Exercise 3 Write all elements of $4. Show that $4 has no elements of order 
> 5. 


Solution: Let o € Sy and o = 010090-+:00,, a product of disjoint cycles. 
Since 54 is a permutation group on 4, k < 2. If k = 1, then o is a 2-cycle, 
3-cycle, or 4-cycle. If k = 2, then oc is a product of two disjoint transpositions. 
The number of distinct cycles of length 2 is 6, the number of distinct cycles of 
length 3 is 8, and the number of distinct cycles of length 4 is 6. Hence, S4 = {e, 
(1 2), (1 3), (1 4), (2 3), (2 4), (3 4), 1 2 3), (1 3 2), (234), 243), (13 4), 
(1 4 3), (1 2 4), (14 2), (123 4), (132 4), (142 3), (124 3), (134 2), (14 
3 2), (1 2) 0 (3 4), (1 4) 0 (3 2), (13) 0 (2 4)}. 

Since each 2-cycle is of order 2, each 3-cycle is of order 3, each 4-cycle is of 
order 4, and the order of the product of two disjoint 2-cycles is 2, S, has no 
element of order > 5. 


© Exercise 4 Find the order of (1 2 3 4) 0 (5 6 7) in Sy. 


Solution: o(1 2 3 4) = 4, 0(5 6 7) = 3. Now (1 2 3 4) and (5 6 7) are 
disjoint. Hence, (1 2 3 4) 0 (5 6 7) = (5 6 7) 0 (1 2 3 4). If a and 6 are two 
elements of a group G such that o(a) = m, o(b) = n, and gcd(m,n) = 1, then 
o(ab) = mn. Using this result, we find that the order of (1 2 3 4) 0(5 6 7) is 12. 
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© Exercise 5 Find the order of (1 2 3 4) o (5 6) in Sg. 


Solution: o(1 2 3 4) = 4, o(5 6)'= 2. Now (1 2 3 4) and (5 6) are disjoint 
and so they commute. Thus, ((1 2 3 4) 0 (5 6))4 = e. Now ((1 2 3 4) 0 (5 
6))! #e, (1 23 4) 0(5 6))? = (12 3 4)? 0 (5 6)? = (1234)? Ze. If ((123 
4) o (5 6))? =e, then the order of (1 2 3 4) o (5 6) will be 3 and 3 divides 4, a 
contradiction. Hence, the order of (1 2 3 4) 0 (5 6) is 4. 


3.1.2 Exercises 


1. Express the following permutations as (i) a product of disjoint cycles and 
(ii) a product of transpositions: 
6 
6 |: 


1 3.4 5 6 1 2 
3 416 2/]’\3 2 


. Let a = (125 7) and B = (24 6) € Sy. Find aoBoa™!. 


WwW nN 
an bo 


. Let a= (1357) and B= (24 8)0(13 6) € Sg. Find aofoa'!. 
4. Let a = (1 3) 0 (5 8) and 8 = (2367) € Ss. FindaoBoa'!, 
5. Let a = (25 9)0(1 36) and B = (15 7)0(2 469) € Sq. Find aoBoa™!. 


6. Let (1 3 5 7) and (2 3 6 8) € Sg. Find a € Sg such that ao (1 35 
7)oa7! = (236 8). 


7. Ifa= (12345 6), show that a = (1 6) 0 (1 5) o(1 4) 0 (1 3) o (1 2). 
8. Find the order of (1 2 3) o (4 5) in Ss. 
9. Prove that (12---n—1n)"!=(nn—-1---21). 
10. Prove that every transposition is its own inverse. 
11. Prove that the symmetric group on two symbols ($2, 0) is commutative. 


12. Let a = (a) ao +--+ ay) € S, be a k-cycle. Show that 


ii (@1 a3 --- @am_—1) 0 (ag a4 a6 --* Gam) if k = 2m, ie., k is even 
(@] 43 +++ @2m41 42 G4 +++ Geom) if k= 2m+1, ie., k is odd. 


13. Determine Aa. 
14. Let a, 8 € Sy. Show that a7! 0 B-loaoB E Ap. 


15. Prove that |A,| = 3. 


3.1, 


16. 
17. 


18. 


19. 


20. 


21. 
22. 
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Show that the number of distinct cycles of length r in S, is ta 


Let n > 2 ando € S, be a cycle. Show that o is a k-cycle if and only if 
o(a) =k. 


Leto € S, ando = 010020-- 00, bea product of disjoint cycles. Suppose 
o(o;) = ni, 1 = 1,2,...,n. Show that o(7) = lem(nj, n2,...,72x)- 


Let a € S, and p be a prime. 


(i) Show that o(@) = pif and only if either a is a p-cycle or a is a product 
of disjoint cycles, where each cycle is either of length 1 or length p and 
at least one cycle is of length p. 


(ii) If a is a p-cycle, prove that either a” = e or a” is a p-cycle for all 
meEN. 


Let a and 8 € S,. Let a =a, 0020---oa, and G = 8,0 fo o-:-0 Gf, 
be a product of disjoint cycles. Let length(a,;) = d; and length(@;) = m, 
for alli = 1,2,...,k and j = 1,2,...,8 and dj < do < +--+ < dy and 
my, < mo <--- < mz. We say that a and @ have the same cyclic 
structure if k = s and d; = m, for alli =1,2,...,k. Prove that a and 
G have the same cyclic structure if and only if a and @ are conjugate. 


Prove that for 7 € S,, 7 is an even permutation if and only if (4) = 2. 


(i) Let a = (kl), 6 € S, be two distinct transpositions, n > 3. Show that 
there exist transpositions p,v € S, such that Goa =voy, u(k) = k and 
v moves k. 


(ii) Prove that if the identity permutation e € S, can be written as a 
product of r (> 3) transpositions, then e can be written as a product of 
r — 2 transpositions. ) 

(iii) Prove that if e = 01 0020---o0, € S, as a product of transpositions, 


then r is even. 


(iv) Use (i), (ii), and (iii) to prove that if a € S,, then m can be written 
as a product of either an even or an odd number of transpositions, but 
not both. 
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Augustin-Louis Cauchy (1789- 
1857) was born on August 21, 1789, in 
Paris, France. He received his first educa- 
tion from his father. He was a neighbor of 
Laplace and Berthollet. Cauchy became ac- 
quainted with famous scientists at a young 
age. Lagrange is said to have warned his fa- 
ther not to show Cauchy any mathematics 
book before the age of seventeen. 

At the age of fifteen, he completed his 
classic studies with distinction. He became 
an engineer in 1810, in the Napoleon army. 
In 1813, he returned to Paris. 

In 1811, Cauchy started his mathemati- 
cal career by solving a problem sent to him 
by Lagrange on convex polygons. In 1812, he solved Fermat’s famous classical problem 
on polygon numbers. His treatise on the definite integral, which he submitted in 1814 
to the French Academy, later became a basis of the theory of complex functions. 

In 1816, he was appointed full professor at the Ecole Polytechnique. More theorems 
and concepts have been named for Cauchy than for any other mathematician. There 
are sixteen concepts and theorems named for Cauchy in elasticity alone. 

He worked on mathematics, mathematical physics, and celestial mechanics. In 
mathematics, he worked on several areas, such as calculus, complex functions, algebra, 
differential equations, geometry, and analysis. The notion of continuity used today was 
invented by Cauchy. He also proved that a continuous function has a zero between 
two points where the function changes its signs, a result also proved by Bolzano. The 
first adequate definitions of indefinite integral and definite improper integral are due 
to Cauchy 

In algebra, the notion of the order of an element, a subgroup, and conjugates are 
found in his papers. He proved the famous Cauchy’s theorem for finite groups, that is, 
if the order of a finite group is divisible by a prime p, then the group has a subgroup 
of order p. Cauchy’s role in shaping the theory of permutation groups is central. He is 
regarded by some to be the founder of finite group theory. The two-row notation for 
permutations was introduced by Cauchy. He also defined the product of permutations, 
inverse permutations, transpositions, and the cyclic notation. He wrote his first paper 
on this subject in 1815, but did not return to it for nearly thirty years. In 1844, he 
proved that every permutation is a product of disjoint cycles. 

He also did work of fundamental importance in the theory of determinants. His 
treatise on determinants, published in 1812, contains important results concerning 
product theorems and the inverse of a matrix. 

Cauchy enjoyed teaching. He published more than 800 papers and eight books. 
He died on May 22, 1857. 


Chapter 4 


Subgroups and Normal 
Subgroups 


In Chapter 2, we began a discussion of the evolution of group theory. This 
chapter seems a good place to renew the discussion. It took more than 100 
years for the abstract concept of a group to evolve. The evolution followed 
lines similar to the evolution of other theories. First came the discovery of 
isolated phenomena, followed by the recognition of features common to all. 
Then came the search and classification of other instances. Next, general prin- 
ciples emerged. Last, the abstract postulates which define the system were 
uncovered. A deeper account can be found in Bell. 


4.1 Subgroups 


In the previous chapter, we saw that for the groups (An,0) and (Sp,0), An is 
a subset of S,. One can think of many examples, where the underlying set of 
one group is a subset of the underlying set of another group. This leads us to 
the concept of a subgroup. 

Let (G,*) be a group and H be a nonempty subset of G. Then H is said 
to be closed under the binary operation * ifa*b € A for all a,b € H. 

Suppose H is closed under the binary operation +. Then the restriction of 
* to H x H is a mapping from H x A into H. Thus, the binary operation * 
defined on G induces a binary operation on H. We denote this induced binary 
operation on H by * also. Thus, (H, *) isa mathematical system. It also follows 
that * is associative as a binary operation on H, i.e., a * (b*c) = (a*b)*c 
for all a,b,c € H. If (H,*) is a group, then we cal! H a subgroup of G. More 
formally, we have the following definition. 


Definition 4.1.1 Let (G,*) be a group and H be a nonempty subset of G. 
Then (H,*) is called a subgroup of (G,*) if (H,*) is a group. 
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Let (H,*) be a subgroup of a group (G, *). Let ey denote the identity of 
H and e denote the identity of G. Now ey * ey = ey = ey *e. Hence, by the 
cancellation property, ey = e. Thus, the identity elements of G and H are the 
same. Now let h € H. Let h’ denote the inverse of h in H and h~ denote the 
inverse of h in G. Then h’ = h’ +e = h’ x (he ho!) = (h’ xh) eh =erh = 
h~!, Thus, the inverse of h in H and the inverse of h in G are the same. 

Of course, if (G,*) is a group, then ({e}, *) and (G,*) are subgroups of 
(G, *). These subgroups are called trivial. 


Example 4.1.2 Consider the following list of groups. 

(z) ({0}, +), (2, +), (Q, +), (R, +), (C, +), 
where + is the usual addition operation and - is the usual multiplication oper- 
ation. Each group is a subgroup of the group listed to its right. For example, 
(Z, +) is a subgroup of (Q, +), (R, +), and (C,+), and (R\{0},-) is a subgroup 
of (C\{0},-). 


In the remainder of the text, we shall generally use the notation G instead 
of (G, *) for a group and we write ab for axb. We shall refer to ab as the product 
of a and b. This notation is usually called multiplicative notation. 

Readers with some knowledge of linear algebra should notice the similarity 
with respect to the type of results and order of presentation of those which 
immediately follow. First comes a result which gives an easy method of deter- 
mining if a nonempty subset is a substructure. This is followed by the result 
that the intersection of any collection of substructures is a substructure. Next, 
comes the definition of a substructure “generated” by a subset. Finally, a the- 
orem describing the substructure generated by a given subset. These ideas 
appear throughout algebra. We will encounter them again, for example, when 
we examine ideals of a ring. 


Theorem 4.1.3 Let G be a group and H be a nonempty subset of G. Then H 
is a subgroup of G if and only if for alla,b € H, ab7! € H. 


Proof. Suppose H is a subgroup of G. Let a, b € H. Since H is a sub- 
group, it is a group and so b7! € H. Thus, ab~! € H since H is closed under 
the binary operation. Conversely, suppose H is a nonempty subset of G such 
that a, b € H implies ab-! € H. Since H # @, there exists a € H. Therefore, 
e=aa! € H,i.e., H contains the identity. Now for allb ¢ H, b-! = eb"! € H, 
i.e., every element of H has an inverse in H. Thus, for all a,b € H,a,b-1¢€H 
and so ab = a(b“!)~! € H, i.e., H is closed under the binary operation. From 
the statements preceding Definition 4.1.1, associativity holds for H. Hence, H 
is a group and so Hf is subgroup of G. 
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In order to see whether a certain nonempty subset of a given group is a 
subgroup or not, we can use Theorem 4.1.3. 


Corollary 4.1.4 Let G be a group and H be a finite nonempty subset of G. 
Then H ts a subgroup of G if and only if for alla,b € H, ab € H. 


Proof. If A is asubgroup, then for all a,b € H, ab € H. Conversely, suppose 
that for all a,b € H, ab € H. Let h € H. Then h,h?,...,h",... € H and so 
{h,h?,...,h™,...} C H. Since H is finite, all elements of {h,h?,...,h”,...} 
cannot be distinct. Thus, there exist integers r and s such that 0<r<s and 
h” = hS. Hence, e = h*-" € H. Now s—r > 1. Thus, e = hh’-7~! implies that 
h-1 = hs"! € H. Let a,b € H. Then a,b™! € H and so ab"! € H by the 
hypothesis. Thus, by Theorem 4.1.3, is a subgroup. 


Theorem 4.1.5 Let G be a group and Z(G) = {b € G | ab = ba for alla € G}. 
Then Z(G) is a commutative subgroup of G. Z(G) is called the center of G. 


Proof. Since ae = a = ea for all a € G, e € Z(G) and so Z(G) F ¢. Let 
a,b € Z(G). Then be = cb for all ¢ € G. From this, it follows that cb-! = b-'c 
for all c € G and so b~* € Z(G). Now (ab7')c = a(b~'c) = a(cb7") = (ac)b“t = 
(ca)b~! = c(ab-!) for all c € G and so ab~! € Z(G). Hence by Theorem 4.1.3, 
Z(G) is a subgroup of G. That Z(G) is commutative follows by the definition 
of Z(G). # 

In the remainder of this section, we will see how new subgroups arise from 
existing subgroups of a group. 


Theorem 4.1.6 Let G be a group and {H, | a € I} be any nonempty collection 
of subgroups of G. Then NeerHa is a subgroup of G. 


Proof. Since each H, is a subgroup, e € H, for alla € J. Hence, e € 
NeerHa and so NeerH, # ¢. Leta, b € NacerHy. Then a,b € Hy for all 
ae. Thus, ab-! € H, for all a € I since each Hg is a subgroup and so 
ab~! € NacrHa. Consequently, NacrHe is a subgroup of G by Theorem 4.1.3. 
a 


Definition 4.1.7 Let G be a group and § be a subset of G. Let 
S={H | H is a subgroup of G and S C H}. 
Define 
= OnesH, 


i.e., (S) is the intersection of all subgroups H of G such that S C H. Then the 
subgroup (S) of G is called the subgroup generated by S. If G = (S), then S 
is called a set of generators for G. 


4.1. SUBGROUPS 102 


If either S = ¢ or S = {e}, then (S) = {e}. Also, (G) =G. 

We now proceed to obtain a characterization of a subgroup generated by a 
nonempty subset in terms of the elements of the group. 

Let S = {H | # is a subgroup of G and S C H}, where S # ¢. Then 
(S,<) is a partially ordered set, where < denotes the set inclusion relation. 
In this poset, (S') is the least element. Hence, (S) is the smallest subgroup 
of G which contains S. Since (S) is a subgroup of G, we must have for any 
81,---, 8n € S, the product sf? --- s&= € (S) , where e; = +1 fori =1,2,..., 7. 
Thus, if A denotes the set {sf ---s& | s; € S,e; =+1,1=1,2,...,n;n=1,2, 
...}, then A C.(S). Note that if s € S, then e = ss-! € A. In the following 
theorem, we show that A = (5). Therefore, S does “generate” (5) in the sense 
of multiplying elements of S or their inverses together to build up the smallest 
subgroup containing S. 


Theorem 4.1.8 Let S be a nonempty subset of a group G- Then 
(Spai{e tar ses. Sts Pa 12). nS 1 Obs 


Proof. Let 
Acs ey horse || wpe Syer a t 1, 2 2. igs eS 1 yeas} 


We have already noted that A C (S). We show that (S) C A by showing that 
A is a subgroup of G containing S. (Recall that (S) is the smallest subgroup 
of G containing S.) Let s € S. Thens=s!€ Aandso SC A. Let sft ..- gf, 
#7) ...497 © A. Then 

(sf +e ghm) (49 tga) = sf --.gdmgo9e tM cA. 


Thus, A is a subgroup of G by Theorem 4.1.3. Hence, (S) C A. 


For a € G, we use the notation (a) rather than ({a}) to denote the subgroup 
of G generated by {a}. 


Corollary 4.1.9 Let G be a group anda € G. Then (a) = {a” | n€ Z}. 
Proof. By Theorem 4.1.8, we have (a) = {a%--.a® |e; =4+1,i=1 


iL, Ohh eget Fem ene ea aed ns rly dyes ty 
{a"|neéZ}.@ 


2, 


In additive notation, we would have (a) = {na | n € Z}. 

Let n > 3. In Chapter 3, we proved that every element of A, is a product 
of 3-cycles (Theorem 3.1.23). In the following theorem, we conclude that Ay 
is generated by the set of all 3-cycles. . 


Theorem 4.1.10 Let n > 3. Then A, is generated by the set of all 3-cycles. 
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Proof. Since a 3-cycle is an even permutation, every 3-cycle is in An. By 
Theorem 3.1.23, every element of A, is a product of 3-cycles. Hence, A, is 
generated by the set of all 3-cycles. Ml 


We now turn our attention to the product of subgroups. 


Definition 4.1.11 Let H and K be nonempty subsets of a group G. The prod- 
uct of H and K is defined to be the set 


HK ={hk | he H,k e€ K}. 


Let H,, Ho, ..., Hn be nonempty subsets of a group G. We define the 
product, H,H2:--H,, of Hi, Ho,..., Hn to be the set 


H,Ho-++ Hy = {hihg-++hn | he € Hj, 1=1,2,...,n}. 


Example 4.1.12 Consider the group of symmetries of the square. Let H = 
{r360,di} and K = {rs60,h}. Then H and K are subgroups of G. Now 


HK = {rse0r360, T3602, 417360, d1h} = {r¢o, h, a1, reo}. 


Since hd, = raza ¢ HK, HK is not closed under the binary operation. 
Hence, HK is not a subgroup of the symmetries of the square. Also, note that 


KA = {r3e0rse0, 736041, hr3e0, hdi} = {rseo, di, h, r270}, 


and 
(H UK) = {rs60, 790, 7180, 7270, h, v, di, do}. 


Example 4.1.12 shows that in general the product of subgroups need not 
be a subgroup. In the following theorem, we give a necessary and sufficient 
condition for the product of subgroups to be a subgroup. 


Theorem 4.1.13 Let H and K be subgroups of a group G. Then HK is a 
subgroup of G if and only if HK = KH. 


Proof. Suppose HK is a subgroup of G. Let kh € KH, where h € H and 
k € K. Nowh=he € HK and k = ek € AK. Since HK is a subgroup, it 
follows that kh € HK. Hence, KH C HK. On the other hand, let hk € HK. 
Then (hk)~! € HK and so (hk)! = hyk, for some hi € H and ky € K. 
Thus, hk = (hyki)~! = ky thy! € KH. This implies that HK C KH. Hence, 
HK = KH. 
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Conversely, suppose HK = KH. Let hk), hoko € HK. Now ke hig: € 
KH = HK. This implies that kyhy* = h3k3 for some hg € H and ky € K. 
Similarly, kjh3 = hak for some hg € H and ky € K. Thus, 


(hyk,)(Rok2)-1 = Ayki kz hy? 
= hykyh3kg 
hihakaks € HK. 


Hence, HK is a subgroup of G by Theorem 4.1.3. Ml 


Corollary 4.1.14 If H and K are subgroups of a commutative group G, then 
HK is a subgroup of G. 


Proof. Since G is commutative, HK = KH. The result now follows by 
Theorem 4.1.13 


The following theorem gives another necessary and sufficient condition for 
a product of subgroups to be a subgroup. 


Theorem 4.1.15 Let H and K be subgroups of a group G. Then HK is a 
subgroup of G if and only if HK =(HUK). 


Proof. First suppose that HK is a subgroup of G. Let h € H. Then 
h = he € HK. Thus, A C HK. Similarly, K C HK. Hence, HUK C AK. 
Since (H U K) is the smallest subgroup of G containing H UK, it follows that 
(HUK) C HK. Let hk € HK, whereh € H andke€ K. Since H C (HUK) 
and K C (HU K), we have h,k € (H UK). Thus, hk € (H UK). This im- 
plies that HK C (HU K). Hence, HK = (H UK). The converse is immediate 
since (H UK) is a subgroup and HK = (HUK). @ 


Let G be a group. We denote by 5S(G) the set of all subgroups of G. 


Theorem 4.1.16 Let G be a group. Then (S(G),<) is a lattice, where < is 
set inclusion relation. 


Proof. Proceeding as in Example 1.4.5, we can show that the set inclusion 
relation is a partial order on S(G). We now show that for all A,B € S(G), 
AV B, ANB € S(G). Let A,B € S(G). By Theorem 4.1.6, AN B € S(G) 
and by the definition of S(G), (AU B) € S(G). Now A,B C (AUB) and so 
(AUB) is an upper bound of A and B. Let C € S(G) be such that A CC 
and BCC. Then AUB CC and so (AUB) CC. Thus, (AU B) is the least 
upper bound of A and B, ie., AV B= (AUB). Hence, AV B € S(G). Next, 
we show that ANB = AN B,ie., ANB is the greatest lower of A and B. 
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Now AN BC Aand ANB CB and so ANB is a lower bound of A and B. 
Let D € S(G), DC A, and D C B. Then D C ANB and so ANB is the 
greatest lower bound of A and B, i.e., AAB = ANB. Therefore, AAB € S(G). 
Consequently, (S(G), <) is a lattice. Il 


The lattice (S(G), <) in Theorem 4.1.16 is called the subgroup lattice of 
the group G. Let (TJ, <) be a sublattice of (S(G), <), ie., T C S(G) and (T, 
<) is a lattice. The poset diagram of (T, <) is called the lattice diagram. 
This lattice diagram will be useful in studying the interrelations among the 
subgroups of a group. Consider the following example. 


Example 4.1.17 (i) Let G = {1,-1,i,-i}. Then (G,*) is a group, where * 
is the usual multiplication of complex numbers. Let 


S={{l}, {1,-1}, G}. 


The lattice diagram of S is: 


G 


{11} 
{1} 

(i) Let G = {(1,1), G,-), (-1,)), (-1,-1)}. Then (G,*) is a group, 
where * is defined by (a,b) * (c,d) = (ac,bd) for all (a,b), (c,d) € G, where 
the multiplication ac and bd take place in the integers. Let E = {(1,1)}, 
A, = {(1,1), (1,-D}, He = {0,1), (-1,1)}, end H3 = {(1,1), (-1,-D}. 
Let S={E, H,, Ho, H3, G}. The lattice diagram of S is: 


We see from these examples that a lattice diagram gives a visual picture of 
how subgroups of a given group are related. 

Next, we consider an example of a group generated by two elements. We list 
several properties of the group. We ask the reader to verify these properties. 
We will study these types of groups in more detail in later chapters. 
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Example 4.1.18 Let G = (a,b), where a? = e, b* =e, and (ab)? =e. Then 
(i) ab = ba}, ba = a7 1b, and a”b = ba. 
(ii) G is not commutative since ab # ba. 
(iti) ba’ = a~*b for all positive integers s. 


(iv) By (i) and (tii) 


tee. EEE: RG 
Cla a’sbit) ifs =. 

(v) Since a3 = e = b*, every element of G is of the form a"b'", 0 <r <3, 
4 =0,1 by (iv). 

(vi) G = {e,a,b,ab,a7,a7b}. Thus, |G| = 6. 

(vii) o(a) = 3 = 0(a*), 0(b) = o(ab) = ofa7b) = 2. 

(viii) The only subgroups of G are {e}, (a) = (a7), (b), (ab), (a*b), and 
G. 

G is called a dihedral group of degree 3 and is denoted by D3. In general, 
a dihedral group! of degree n is Dy, = (a,b), where (ab)* = e, o(a) = n, and 
o(b) = 2. In Chapter 5, we consider a dihedral group of degree 4, Da, and study 
this group in detail. 


4.1.1 Worked-Out Exercises 


® Exercise 1 Let H be a subgroup of a group G. Let g € G. Prove that 
(i) gHg"! ={ghg™! | h € H} is a subgroup of G, 
(ii) |gHg7*| = |H}. 


Solution: (i) We first show that gHg~! 4 @ and then use Theorem 4.1.3. 
Since e = geg-! € gHg™, gHg-! # ¢. Let ghig—!, ghog-! € gHg7!. Then 


(ghig”')(ghag*)! = ghig™'ghz'g™* = ghihg'g”| € gHg"!. 


Hence, gHg™! is a subgroup of G. 


(ii) Let g € G. To prove that |gHg~1| = |H|, we show that there exists a 
one-one onto function of H onto gHg™!. Define f : H — gHg™ by f(h) = 
ghg for allh € H. Let h,h’ € H. If h =A’, then ghg-! = gh’g"!, ie. f is 
well defined. Also, ghg~! € gHg™'. Thus, f is a function of H into gHg™!. 
Suppose f(h) = f(h’). Then ghg~) = gh’g7}. From this it follows that h = h’. 
This shows that f is one-one. To show f is onto gHg™1, let a € gHg™!. Then 


a =gbg-! = f(b) for some b € H, namely, 6 = g~!ag. Thus, f is onto gHg™!. 


® Exercise 2 Prove that S, is generated by {(1 2), (1 3), (1 4),...,(1 n)}. 


1We show the existence of such groups in Chapter 7. 
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Solution: Let 7 be any permutation in S,. Then 7 is a product of trans- 
positions. Thus, it is sufficient to show that if (¢ 7) is any transposition in Sp, 
i<j, then 

(¢ 3) € (1 2), (1 3), (1 4),...,(1 m)). 
This follows from the fact that (i 7) = (1i)o(17)0o(1%). Hence, S,, is generated 
by {(1 2), (1 3), (14),...,( n)}- 


© Exercise 3 Find all subgroups of (Z, +). 


Solution: Let H be a subgroup of Z. Suppose H # {0}. Let a be a 
nonzero element of H. Then —a € H. Since either a or —a is a positive integer, 
H contains a positive integer. With the help of the principle of well-ordering, 
we can show that H contains a smallest positive integer. Let a be the smallest 
positive integer in H. We claim that H = {na | ne Z}. 

Now na € H for all n € Z and so {na | 'n € Z} CH. On the other hand, let 
b € H. By the division algorithm, there exist c and r in Z such that b = ca +r, 
where 0 < r < a. Suppose r # 0. Then r = b—ca € H. Thus, A contains a 
positive integer smaller than a, a contradiction. Hence, r = 0 and sob=ca € 
{na | n € Z}. This implies that H C {na |n e Z}. Thus, H = {na | n € Z} for 
some a € Z. Also, for all n € Z, the set T = {nm.| m € Z} = nZ is a subgroup 
of Z. Hence, nZ, n = 0,1,2,... are the subgroups of Z. 


4.1.2 Exercises 


1. Prove that H is a subgroup of the group G, where 
G) H= {[0}, [2], [4], [6], [8], [10]}, G = Zia, 
(ii) H = {(0}, (3), [6], (9]}, @ = Ziz 


and where the group operation under consideration is +12. 


2. Let GL(2, R) denote the group of all nonsingular 2 x 2 matrices over R. 
Show that each of the following sets is a subgroup of GL(2,R). 


as={|° : | jad - be =a}. 
(ii) S= br : | jezoh. 


(iii) S = = : | | either a or b is nonzero] ; 


(iv) $= § ‘Ml jad 40h 


4.1, 


10. 


11. 
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ws={]4 7 | Jobe Rand + 20}. 


. Show that the set H = {a+ bi € C* | a? + b* = 1} is a subgroup of 


(C*,-), where - is the multiplication operation of complex numbers. 


. Let G = {(a,b) | a,b € R, b FO}. Prove that (G,*) is a noncommuta- 


tive group under the binary operation (a,b) * (c,d) = (a + bc, bd) for all 
(a,b), (c,d) EG. 


(i) Let H = {(a,6) € G | a=0}. Show that H is a subgroup of G. 
(ii) Let K = {(a,b) € G| b > 0}. Show that K is a subgroup of G. 
(iii) Let T = {(a,b) € G | b = 1}. Show that T is a subgroup of G. 
(iv) Find all elements of order 2 in G 


. In S3, determine the set T = {x € 53 | z? = e}. Is T a subgroup of 53? 
. Determine the subgroup (4,6) in (Z,+). 
. In (Z,+), determine the subgroup generated by {4,5}. 


. List the elements of the following subgroups. 


hl MO AD OB. NG 
ao ((4 2 ant 1 4 5 )) im Se 


(ii) (h,v) in the symmetries of the square. 


. Leta= (1234) andb=(24)e€ Sq. 


(i) Find o(a) and 0(8). 

(ii) Show that ba = ab = a71b, 

(iii) Find H = (a,b) in Sq. 

(iv) Find |H]. 

Let G be a group generated by a,b such that o(b) = 2, o(a) = 6, and 
(ab)? = e. Show that 
(i) aba = 5, 

(ii) (ab)? = e, 

(iii) ba2b = at, 

(iv) ba®d = a3, 


Let G be a group. Prove that a nonempty subset H of G is a subgroup 
if and only if for alla,b € H,ab€ H anda! € H. 


4.1. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24, 


25. 
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Let G be a commutative group. Show that the set H of all elements of 
finite order is a subgroup of G. 


Let G be a group and a € G. Show that if a is the only element of order 
nin G, then a € Z(G). 


Show that Z(S,) = {e} for all n > 3. 


Let G be a group and a € G. Let C(a) = {b € G| ba = ab}. Prove that 
C(a) is a subgroup of G and that Z(G) = NaegC(a). C(a) is called the 
centralizer of a in G. 


Prove that a group G cannot be written as the union of two proper 
subgroups. 

Let G be a group and H be a nonempty subset of G. 

(i) Show that if H is a subgroup of G, then HH = H. 

(ii) If H is finite and HH C H, prove that H is a subgroup of G. 


(iii) Give an example of a group G and a nonempty subset H of G such 
that HH C H, but H is not a subgroup of G. 


Let H be a subgroup of a group G. Prove that (H) = H. 


If A and B are subgroups of a group G, prove that AU B is a subgroup 
of G if and only if AC B or B C A. If C is also a subgroup of G, does 
a similar necessary and sufficient condition hold for AU BUC to bea 
subgroup of G? 


Let G be a commutative group. If a and 6 are two distinct elements of 
G such that o(a) = 2 = 0(b), show that |(a, b)| = 4. 


(i) Prove that S,, is generated by {(1 2),(123---n)}. 
(ii) Prove that S, is generated by {(1 2), (2 3), (3 4),...,(2—I1n)}. 


Show that (Q,+) is not finitely generated. 


Let G be a group. Prove that if G is finite, then G has finitely many 
subgroups. 


Does there exist an infinite group with only a finite number of subgroups? 


For the following statements, write the proof if the statement is true; 
otherwise, give a counterexample. 


(i) All nontrivial subgroups of (Z, +) are infinite groups. 
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(ii) If A, B, and C are subgroups of a group G such that AUB C C, then 
ABC CC. 


(iii) If G is a noncommutative group, then Z(G) = {el}. 


(iv) Let G be a group. If H is a nonempty subset of G such that a~! € H 
for all a € H, then H is a subgroup of G. 


(v) There exists a proper subgroup A of (Z, +) such that A contains both 
2Z and 3Z. 


(vi) If H is a subgroup of (Q,+) such that Z C H, then H = Q. 
(vii) If H is a subgroup of (Q*,-) such that Z\{0} C H, then H = Q”*. 


4.2 Cyclic Groups 


In the previous section, we introduced the notion of a subgroup generated by 
a set. Groups that are generated by a single element, called cyclic groups, are 
of special importance. As we shall see throughout the text, these groups play 
an important role in studying the structure of a group. In fact, all of Chapter 
9 revolves around these groups. Cyclic groups are easier to study than any 
other group. They have special properties, some of which we will discover in 
this section. 


Definition 4.2.1 A group G is called a cyclic group if there exists a € G 
such that 


G = (a). 


We recall that (a) in Definition 4.2.1 is the set {a” | n € Z} (Corollary 
4.1.9). 


Let G = (a) be a cyclic group and b,c € G. Then 6 = a” and c = a™ for 
some n,m € Z. Now be = a™a™ = a™*™ = g™*" = a™a” = cb. This shows 
that G is commutative. Hence, every cyclic group is commutative. 


Example 4.2.2 (i) (Z,+) is a cyclic group since Z = (1). 
(ii) ({na | n € Z},+) (Example 2.1.4) is a cyclic group, where a is any 
fixed element of Z. 


(iit) (Zn, +n) is a cyclic group since Zn = ([1]) - 
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Example 4.2.3 Leta be a symbol and n a positive integer. Define * by means 
of the following operation table. 


ae a a 
2 as qr a?! 
ie a 
ae at 
a” gn-3 
a” qr-2 
Then ({a°,a!,...,a"~1}, «) is a cyclic group generated by at. 


Example 4.2.4 Consider the set G = {e,a,b,c}. Define * on G by means of 
the following operation table. 


From the multiplication table, it follows that (G, *) is a commutative group. 
However, G is not a cyclic group since 


(e) = fe}, (a) = fe, a}, (b) = {e, b}, and (c) = fe, c} 


and each of these subgroups is properly contained in G. G is known as the 
Klein 4-group. 


The next theorem gives the exact description of a finite cyclic group. 


Theorem 4.2.5 Let (a) be a finite cyclic group of order n. Then (a) = 
{00,07 ac250°*}. 


Proof. By Corollary 4.1.9, (a) = {a* | i € Z}. Since (a) is finite, there exist 
i, 3 € Z (j > 4) such that a* = a). Thus, a?~* = e and j — 7 is positive. Let m 
be the smallest positive integer such that a” = e. Then for all integers 7, 7 such 
that 0<i<j<m, a’ 4a! otherwise a’~* = e for some 0 <i < j < m, which 
contradicts the minimality of m. Hence, the elements of the set S = {e, a, a: 

,a™—1} are distinct. Clearly S € (a). Let a* € (a). By the division al- 
gorithm, there exist integers g, r such that k = qm+r,0<7r<m. Thus, 
ak = gtr = (a™)4a" = ea” = a” € S. Therefore, (a) C S. Thus, S = (a). 
Since the elements of S are distinct and (a) has order n, it must be the case 
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that m=n. ll 


The following corollaries are immediate from the proof of Theorem 4.2.5. 
We omit the proofs. 


Corollary 4.2.6 Let (a) be a finite cyclic group. Then o(a) = |(a)|. 


Corollary 4.2.7 A finite group G is a cyclic group if and only if there exists 
an element a € G such that o(a) = |G|. 


As stated in the beginning of this section, cyclic groups have special prop- 
erties. We now proceed to discover some of these properties. Subgroups of a 
cyclic group are themselves cyclic; this is proved in the next theorem. 


Theorem 4.2.8 Every subgroup of a cyclic group is cyclic. 


Proof. Let H be a subgroup of a cyclic group G = (a). If H = {e}, then 
H = {e) and so H is cyclic. Suppose {e} C H. Then there exists b € H such 
that b # e. Since b € G, we have b = a™ for some integer m. Thus, m # 0 
since b # e. Since H is a group, a” = b-! € H. Now either m or —m is 
positive. Therefore, H contains at least one element which is a positive power 
of a. Let n be the smallest positive integer such that a” € H. We now show 
that H = (a”). 

Since a” € H, we must have (a") C H. Let h € H. Then h = a* for some 
integer k. By the division algorithm, there exist integers q, r such that k = 
nqgtr,0<7r <n. Since a” and a* € H, we have a” = a*®-™ = a*(a")-9 € H. 
However, if r > 0, we contradict the minimality of n. Therefore, r = 0 so that 
ak = (a")7 € (a). Hence, H C (a”) and so H = (a”). Thus, H is cyclic. 


Corollary 4.2.9 Let G = (a) be a cyclic group of order m, m > 1, and H be 
a proper subgroup of G. Then H = (a*) for some integer k such that k divides 
mand k >1. Furthermore, |H| divides m. 


Proof. If H = {e}, then H = (a™). Suppose that H # {e}. Let k be the 
smallest positive integer such that a* € H. Then H = (a*). Now there exist 
integers q and r such that m= qk +1, where0<r<k, and 


v= gma 22 ama = ao = ((a*)~1)9 eH. 


The minimality of k implies that r = 0. Hence, m = gk and so k divides m. 
Since H # G, k > 1. Next, we show that |H| divides m. By Theorem 2.1.28(ii), 
o(a*) = Scena = % =q. Asa result Corollary 4.2.6 implies that 


[| = ofa’) = 4. 
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Since m = qk, we have q|m, i.e., |H| divides m. 


By Corollary 4.2.9, if G is a finite cyclic group and H is a subgroup of G, 
then |H| divides |G|. This is a special case of a more general result, called 
Lagrange’s theorem, which we will prove in the next section. 

Let G = (a) be an infinite cyclic group. Then o(a) is infinite and this 
implies that o(a*) is infinite for any nonzero integer k. Thus, the order of any 
nonidentity element of G is infinite. Let H be a nontrivial subgroup of G. Then 
H is cyclic. Let H = (b). Then b # e and b € G and so 0(b) is infinite. This in 
turn shows that |H| is infinite. Thus, every nontrivial subgroup of an infinite 
cyclic group is infinite. 

Now let G = (a) be a finite cyclic group of order n and H be a proper 
subgroup of G. Then by Corollary 4.2.9, |H| divides |G|. If H = {e}, then 
|H| = 1 and if H =G, then |H| = |G| and so |H| divides |G|. Thus, the order 
of every subgroup of G divides the order of G. The following theorem shows 
that the converse of this result is also true for finite cyclic groups. 


Theorem 4.2.10 Let G be a finite cyclic group of order m. Then for every 
positive divisor d of m, there exists a unique subgroup of G of order d. 


Proof. Let G = (a) and d bea positive divisor of m. Since dlm, there exists 
k € Z such that m = kd. Now a* € G and by Theorem 2.1.28(ii), 


Let H = (ak). Then |H| = o(a*) = d. Thus, G has a subgroup of order d. 
Next, we establish that H is unique. 

Let K be a subgroup of order d. Let t be the smallest positive integer such 
that a’ € K. Then K = (a‘). Since K is of order d, o(a*) = d by Corollary 
4.2.6. But o(a') = atta by Theorem 2.1.28(it). Hence, d = satay, which 
implies that gcd(t,m) = 4 = k. This shows that k|¢. Let t = kl for some | € Z. 
Now at = a*! = (a*)! € H. Hence, K C H. Since |K| = |H| and H and K are 
finite, we have H = K. Thus, there exists a unique subgroup of order d. MH 


4.2.1. Worked-Out Exercises 
© Exercise 1 (Q,+) is not cyclic. 

Solution: Suppose Q is cyclic. Then Q = (2) for some € Q, where 
p and q are relatively prime. Since 3 € Q, there exists n € Z, n # 0 such 


that or = n® by Corollary 4.1.9. This implies that 5 = n € Z, which is a 
contradiction. Thus, Q is not cyclic. 
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Exercise 2 Let G be a group such that |G] = mn, m > 1, n > 1. Show that 
G has a nontrivial subgroup. 


Solution: First suppose that G is cyclic. Let G = (a). Then o(a) = mn. 
Clearly o(a”) =n. Let H = (a”). Then H is a nontrivial subgroup of G. Now 
suppose that G is not cyclic. Then for all a € G, o(a) < mn by Exercise 26 
(page 79). Let e Aa € Gand let H = (a). Then H is a nontrivial subgroup of 
G. 


© Exercise 3 Let G be an infinite cyclic group generated by a. Show that 
(i) a” =a’ if and only if r = t, where r,t € Z, 


(ii) G has exactly two generators. 


Solution: (i) Suppose a” = a! and r #t. Let r >t. Then a”—' =e. Thus, 
o(a) is finite, say, o(a) = n. Then G = {e,a,...,a"—1}, which is a contradiction 
since G is an infinite group. The converse is straightforward. 

(ii) Let G = (b) for some b € G. Since a € G = (b) andb€ G= (a),a=0" 
and b =a! for some r,t € Z. Thus, a = b” = (a’)” = a”. Hence, by (i), rt = 1. 
This implies that either r = 1 =t or r = —1 = ¢. Thus, eitherb =aorb=a"!. 
Now from (i), a #a7!. Therefore, G has exactly two generators. 


© Exercise 4 (i) Let G = (a) be a finite cyclic group of order n. Show that 
a* is a generator of G if and only if ged(k,n) = 1, where k is a positive 
integer. 


(ii) Find all generators of Zo. 


Solution: (i) Suppose a* is a generator of G. Since |G| = n, o(a*) = n. 
But o(a*) = CEG Hence, PCA =n. Thus, ged(k,n) = 1. Conversely, 
suppose that gcd(k,n) = 1. Then o(a*) = eae = n. Hence, {a =n. 
Since (a*) C G and |G] =n, G = (a* 

(ii) Now Zio = ([1]) and |Zj9| = 10. By (i), [1] is a generator if and only if 
gced(k, 10) = 1, where 1 <k < 10. Now if k = 1,3,7, or 9, then gcd(k, 10) = 1. 
Thus, the generators of Zj9 are 1[1] = [1], 3{1] = [3], 7[1] = [7] and 9[1] = [9]. 


4.2.2 Exercises 


1. Let G = (a) be a cyclic group of order 30. Determine the following sub- 
groups. 


(i) (a®). 
(ii) (a). 


4.2. 


10. 


11. 


12. 


13. 


. Let G be a group. Suppose that G has at most two nontrivial subgroups. | 
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. Let G be a cyclic group of order 30. Find the number of elements of order 


6 in G and also find the number of elements of order 5 in G. 


. Prove that 1 and —1 are the only generators of Z. 


. (i) Show that (R, +) is not cyclic. 


(ii) Show that (Q*,-) is not cyclic. 
(iii) Show that (R*,-) is not cyclic. 


. If Gis a cyclic group of order n, show that the number of generators of 


G is @(n), where ¢ is the Euler ¢-function. 


. Show that every proper subgroup of $3 is cyclic. 


. Give an example of a.noncyclic Abelian group all of whose proper sub- 


groups are cyclic. ; 
Po Vee 0 One te, PE Bae 
bog Wee. 


\ 
<1 


Show that G is cyclic. 


. Let G be a finite group. Show that if G has exactly one nontrivial sub- 


group, then order of G is p* for some prime p. 


Let G be a noncommutative group. Show that G has a nontrivial sub- 
group. 


Give an example of an infinite group which contains a nontrivial finite 
cyclic group. 


Show that there are cyclic subgroups of order 1, 2,3, and 4 in S4, but S4 
does not contain any cyclic subgroup of order > 5. 


For the following statements, write the proof if the statement is true; 
otherwise, give a counterexample. 

(i) For every positive integer n, there exists a cyclic group of order n. 
(ii) Every proper subgroup of Ag is cyclic. 

(iii) Ag is a cyclic group. 

(iv) Aq is a cyclic group. 


(v) All proper subgroups of (R, +) are cyclic. 
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4.3 Lagrange’s Theorem 


In the last section, we noted that the order of a subgroup of a finite cyclic group 
divides the order of the group (Corollary 4.2.9). We also remarked that this is 
a special case of a general result, called Lagrange’s theorem, i.e., the order of a 
subgroup of a finite group divides the order of the group. Lagrange proved this 
result in 1770, long before the creation of group theory, while working on the 
permutations of the roots of a polynomial equation. Lagrange’s theorem is a 
basic theorem of finite group theory and is considered by some to be the most 
important result in finite group theory. In this section, we prove this result. 
We begin with the following definition. 


Definition 4.3.1 Let H be a subgroup of a group Ganda €G. The sets 
aH = {ah | h € H} and Ha = {ha | h € H} are called the left and right 
cosets of H inG, respectively. The element a is called a representative of aH 
and Ha. 


If G is commutative, then of course aH = Ha. Observe that eH = H = He 
and that a = ae € aH anda=ea€é Ha. 


Example 4.3.2 Consider the symmetric group S3 (Example 3.1.6). Then 


re{o(232)-G 23] 
w={o(1 3 3)} 


are subgroups of S3. We now compute the left and right cosets of H in S3. The 
left cosets of H in S3 are 


and 


2 
3 
H 
be 3 1} 2. 123 
a(i 2 s)-#(3 3 i )=a(4 1 aH 
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1 3 1 2 
1 =a (3 1 
3 1 2 
3 /’\ 3 2 
Thus, for alla € S3, aH = Ha. 


Next, we compute the left and right cosets of H' in S3. The left cosets of 


H' in S3 are 
12 3 12 3 ; F 
eee =(1 52 )# eH, 
2 
1 


aeaqC5 a i)(a 1a }p 


and 


cel 


oN 
Ne 
me bo 
to ww 
Se 
I 
a 
Nor 
Ww bh 
Pw 
SY 
II 
—_ 
GOR 
wR 
re bd 
qo 0 
Ne 
or 
NO re 
Ww bw 
ew 
ba od 
—“— 


AE HON as 
i wre 

e bo bo bw 
ww Re Ww 
Me Sa 
lI | 

MO a, “os 
wre Nr 
ee bo Ww b 
N Ww rw 
ee Sec Saal” 
II II 

oe as 
i “oT~ 
No or wr 
me ob bo be 
Ww w Pw 
Pe 


We see that 


1 2 3 / rf 1 2 3 
( 3 1 2 )a ae ( 3.1 2 ; 
Thus, the left and right cosets of H' in S3 are not the same. 


There are some interesting phenomena happening in the above example. 
We see that all left and right cosets of H in S3 have the same number of 
elements, namely, 3; that there are the same number of distinct left cosets of 
HT in S3 as of right cosets, namely, 2; that the set of all left cosets and the set 
of all right cosets form partitions of S3; and, finally, that 3-2 equals the order 
of 53. Similar statements hold for the subgroup H’. We show, in the results to 
follow, that these phenomena hold in general. 
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In the next few theorems, we prove some properties of left and right cosets 
of a subgroup which will eventually lead us to the proof of Lagrange’s theorem. 
The following theorem tells us when two left (right) cosets are equal. It is a 
result that is used often in the study of groups. 


Theorem 4.3.3 Let H be a subgroup of a group G and a,be€ G. Then 
(i) aH = bH if and only if b-‘a € H. 
(ii) Ha = Hb if and only if ab“! € H. 


Proof. (i) Suppose aH = bH. Since a € aH and aH = DH, there exists 
h! € H such that a = bh’. This implies that b-'a = h’ € H. 
Conversely, suppose b~'a € H. Then there exists h’ € H such that b-la= 
h!, i.e., @ = bh’. Let ah € aH. Then ah = bh’h € bH. This implies that aH 
C bH. Next, we show that bH C aH. Now b~!a = h’ implies that ah’~! = b. Let 
bh € bH. Then bh = ah’"'h € aH. Hence, bH C aH. Consequently, aH = bH. 
(ii) The proof is similar to (i). We leave it as an exercise. Ml 


Theorem 4.3.4 Let H be a subgroup of a group G. Then for alla, b € G, 
either aH = bH or aH 1bH = ¢ (i.e., two left cosets are either equal or they 
are disjoint). 


Proof. Let a,b € G. Suppose that aH 1 bH # ¢. We wish to show that 
aH = bH. Since aH 1bH £ 4, there exists c €C aH 1 bH. Hence, c € aH and 
c € 6H and so there exist hi, ho € H such that c = ah; and c = bho. Thus, 
ah, = bhg and from this, it follows that b-ta = hahjt. Therefore, b-'a € H. 
By Theorem 4.3.3(i), aH =bH. 


Corollary 4.3.5 Let H be a subgroup of a group G. Then {aH | a € G} forms 
a partition of G. 


Proof. Let P = {aH |a€G},i-e., P is the set of all left cosets of H in G. 
By Theorem 4.3.4, for all aH,bH € P, either aH = 6H or aHMbH = ¢. Thus, 
P satisfies (i) of Definition 1.3.14. Since aH C G for alla € G, UsnepaH CG. 
If a € G, then a € aH C UgnepaH. Therefore, G C UgnepaH. Hence, G = 
UaHepaH. This shows that P satisfies (ii) of Definition 1.3.14. Consequently, 
P is a partition of G. I 


Theorem 4.3.6 Let H be a subgroup of a group G. Then the elements of H 
are in one-one correspondence with the elements of any left (right) coset of H 


in G. 
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Proof. Let a be any element of G and aH be a left coset of H in G. To 
show that the elements of H are in one-one correspondence with the elements 
of aH, we show that there exists a one-one function of H onto aH. Define 
f : H — ad by f(h) = ah for all A € H. Let h,hy € H. If h = Ay, then 
ah = ahy, ie., f(h) = f(hi). Hence, f is well defined. Suppose f(h) = f(h1). 
Then ah = ah, and this implies that h = h,. Thus, f is a one-one function. 
To show f is onto aH, let ah € aH, where h € H. Then ah = f(h). Hence, f 
maps H onto aH. Similarly, we can show that the elements of H are in one-one 
correspondence with the elements of Ha. 


The following corollary is immediate from Theorem 4.3.6. 


Corollary 4.3.7 Let H be a subgroup of a group G. Then for alla € G, 
|H| = |aH| =|Hal. @ 


The next theorem says that there are the same number of left cosets as 
right cosets. 


Theorem 4.3.8 Let H be a subgroup of a group G. Then there is a one-one 
correspondence of the set of all left cosets of H in G onto the set of all right 
cosets of H in G. 


Proof. Let £L = {aH | a € G} be the set of all left cosets of H in G and 
R = {Ha | a € G} be the set of all right cosets of H in G. To establish a 
one-one correspondence between the elements of £ and R, we need to show 
the existence of a one-one function of £ onto R. 
Define f : £— R by 
f(aH) = Ha" 


for all aH ¢€ CL. First note that Ha7! € R for alla € G. Let aH,bH € CL. 
Suppose aH = bH. Then by Theorem 4.3.3(i), b-l!a € H. This implies that 
b-!(a-1)~1 = bla € H and so by Theorem 4.3.3(ii), Hb-! = Ha~!. Thus, 
f(bH) = f(aH). Hence, f is well defined. To show f is one-one, suppose 
f(@H) = f(bH). Then Ha“! = Hb~! and so a~'(b-!)"! € H by Theorem 
4.3.3(ii), ie. a tb € H. Therefore, b-'a = (a~'b)-! € H and so aH = bH. 
Hence, f is one-one. Since for all Ha € R, Ha = H(a~')~1 = f(a71H) and 
aH € £, it follows that f is onto R. Thus, f is a one-one function from L 
onto Rk. 


Definition 4.3.9 Let H be a subgroup of a group G. Then the number of 
distinct left (or right) cosets, written |G: H], of H in G is called the index of 
A inG. 
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By Theorem 4.3.8, the number of left cosets and the number of right cosets 
of a subgroup H of a group G are the same. Thus, [G : H] is well defined. 

If G is finite, then of course (G : H] is finite. The following example is one, 
where G is infinite and [G : H] is finite. 


Example 4.3.10 Letn be a fixed positive integer. Consider the cyclic subgroup 
((n), +) of (Z,+). Let k + (n) be a left coset of (n) in Z. By the division 
algorithm, there exist integers q andr such thatk=qn+r, whereO<r<n. 
Then k —r = qn € (n) and sok+(n) =r-+{n) by Theorem 4.3.3. Suppose 
it+(n) =Jj+(n), where0<i,j <n. Theni—j € (n) by Theorem 4.3.3. This 
implies that n|(t—7) and so we must havei—j =0 ori =j since0 <i,j <n. 
Thus, the distinct left cosets of (n) in Z are0+{n),1+(n),...,n-—14+{n). 


We are now ready to prove Lagrange’s theorem. It is interesting to note 
that Lagrange proved the result for the symmetric group S,,. Some credit Galois 
for proving the result in general. 


Theorem 4.3.11 (Lagrange) Let H be a subgroup of a finite group G. Then 
the order of H divides the order of G. In particular, 


IG| =[G: A}|Al. 
Proof. Since G is a finite group, the number of left cosets of H in G is 
finite. Let {a,H, aoH, ..., a-H} be the set of all distinct left cosets of H in 


G. Then by Corollary 4.3.5, G = Uf_,a;H and a;H Na;H = ¢ for alli ¥ 3, 
1<%,j3 <r. Hence, |G: H] =r and 


|G| = la, H| + |agH|+---+ |a,A|. 


By Corollary 4.3.7, |H]| = |a;H| for all i, 1<2<r. Therefore, 


[Cel as TEE) seller 
———_—$— 
r times ; 
= rlH| 
= [G: H]|H|. 


Thus, the order of H divides the order of G. @ 


Corollary 4.3.12 Let G be a group of finite order n. Then the order of any 
element a of G divides n and a” = e. 
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Proof. Let a € G and o(a) = k. Let H = (a). Then by Corollary 4.2.6, 
|H| = |{a)| = o(a) = k. Hence, by Theorem 4.3.11, k divides n. Thus, there 
exists q € Z such that n = kq. Hence, a” = a*? = (a*)2 = e? =e. HI 


Let G be a finite group of order n and a € G. Then o(a) divides n by 
Corollary 4.3.12. Thus, to find o(a), we only need to check a*, where k is a 
positive divisor of n. For example, consider Zo and [6] € Zoo. Now |Z20| = 20 
and 1, 2, 4, 5, 10, and 20 are the only positive divisors of 20. Now 1[6] = [6] # (0], 
26] = (13) 4 (0), 46] = (24) = (4) # (0, 516] = [80 = [10] # (0), and 
10[6] = [60] = [0]. Thus, o([6]) = 10. Hence, the above corollary can be used to 
find the order of an element in a finite group. 


Corollary 4.3.13 Let G be a group of prime order. Then G is cyclic. 


Proof. Since |G] > 2, there exists a € G such that a # e. Let H = (a). 
Then {e} C H and |H| divides |G|. But |G| is prime and so |H| = |G|. Since 
H CG and |A| = |G|, it follows that G = H. Therefore, G is cyclic. HJ 


G.H. Hardy (1877-1947) believed that no result of number theory would 
have a practical application. However, number theoretic results have recently 
been applied to cryptography, the study of secret. codes. The following is such 
a result. It is known as Fermat’s little theorem. 


Theorem 4.3.14 (Fermat) Let p be a prime integer and a be an integer such 
that p does not divide a. Then p divides aP-! —1, 2.€., 


p-1 — 
a =p l. 


Proof. Let Up = Zp\{0}. Then by Exercise 10 (page 78), Up is a group. 
Also, by Exercise 9 (page 78), |Up| = p—1. Let a be an integer such that p does 
not divide a. Then [a] is a nonzero element of Z, and so [a] € U,. Thus, by 
Corollary 4.3.12, [a]?~! = [1], ie., [a?~1] = [1]. Hence, a?! =, 1 by Exercise 
11 (page 30). 


Let H and K be subgroups of a group G. If either H or K is infinite, then, 
of course, HK is infinite. Suppose H and K are both finite. We know that HK 
need not be a subgroup of G. Thus, |H | need not divide |G]. However, with 
the help of Lagrange’s theorem, we can determine |HK|. This is a very useful 
result and we will use it very effectively in this text. In the next theorem, we 
determine |H.K| when H and K are both finite. 


Theorem 4.3.15 Let H and K be finite subgroups of a group G. Then 


||| K| 


AK| = : 
|HK| = 
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Proof. Let us write A= HK. Since H and K are subgroups of G, A is 
a subgroup of G and since A C H, A is also a subgroup of H. By Lagrange’s 
theorem, |A| divides |H|. Let n = He Then [H : A] = n and so A has n 
distinct left cosets in H. Let {1,A, r2A,...,2,A} be the set of all distinct left 
cosets of A in H. Then H = U?_,2,A. Since A C K, it follows that 


We now show that 2;K 12,;K = ¢ ifi 4 7. Suppose z;K 12;K ¥ ¢ for some 
a #9. Then 2;K = 2,K. Thus, eee € K. Since ay hy € H, xy a; EA 
and so z;A = z;A. This contradicts the assumption that 2,A,...,2¢,A are all 
distinct left cosets. Hence, 11K ,...,2,K are distinct left cosets of K. Also, 
|K| = |z:4| by Corollary 4.3.7 for all 2 = 1,2, ...,n. Thus, 


JHK| = |r K|+---+|[enK| 
|K|+---+|K| 
———_—__ 


| 
=| 


The following corollary is an immediate consequence of the above theorem. 


Corollary 4.3.16 Let H and K be finite subgroups of a group G such that 
HOOK = {e}. Then 
|HK| = |H||K|. @ 


4.3.1 Worked-Out Exercises 


® Exercise 1 Let H be a subgroup of a group G. Show that for all a € G, 
aH =H if and only ifa ec H. 


Solution: Let a € G. Suppose aH = H. Then a = ae € aH = H. 
Conversely, suppose that a € H. Now for any h € H, ah € H. Hence, aH C H. 
Let h € H. Then a~'h € H. Thus, h = a(a-'h) € aH. Therefore, H C aH, 
proving that aH = H. 


} Exercise 2 Let G be a noncyclic group of order p”, p a prime integer. Show 
that the order of each nonidentity element is p. 


Solution: Let g € G and g # e. Now o(g) divides |G| = p*. Hence, 
o(g) = 1,por p*. Since g # e€, o(g) # 1. If o(g) = p*, then G contains an element 
g such that o(g) = |G| and this implies that G is cyclic, which contradicts the 
hypothesis. Hence, 0(g) = p. 
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Exercise 3 Let G = {a,b,c,d} be a group. Complete the following Cayley 
table for this group. 


Solution: From the table, c? = 6 and db = b. Now db = b implies that 
d = e, the identity element of G. Since c? = b # d, o(c) # 2. Hence, o(c) = 4. 
Thus, G is a cyclic group generated by c. Then G = {e ,c, c”, c*}. Since d= e 
and c* = 6, it follows that c? = a. Hence, the Cayley table is 


a bed 
atbcda 
ble da b 
c|d a be 
dja bed 


Exercise 4 Let G be a finite nontrivial group. Suppose for all x € G, there 
exists y € G such that z = y’. Prove that the order of G is odd and 
conversely. 


Solution: Suppose G is of odd order. Then |G| = 2n +1 for some positive 
integer n and for all x € G, 2?”*! = e. Now 27"+! = e implies zr = z~*" = 
(2—")? = y?, where y = x~”. Conversely, suppose |G| is not odd. Let |G] = 2n 
and x € G. Then there exists y € G such that x = y?. Hence, 2” = y?" =e. 
Thus, for all c € G, x” = e. Suppose n is odd, say, n = 2m +1. Then 
x?m+l = e for all x € G. By Worked-Out Exercise 5 (page 74), there exists 
z € G such that z # e and z? = e since |G| is even. Hence, e = 27+! = 
zgem = 22°) = ze = z, which is a contradiction. So n is even, say, n = 2m. 
Then rz?” = e for all z € G. As before, we can show that 2” = e for allz EG 
and m is even. Continuing in this way, we can conclude that 2? = e for all 
z €G. Let « € G. Then there exists y € G such that « = y?. Therefore, z = e. 
Thus, |G] = 1, which is a contradiction. Consequently, G is of odd order. 


® Exercise 5 Let G be a group such that |G| > 1. Prove that G has only the 
trivial subgroups if and only if |G] is prime. 


Solution: Let |G] = p, p a prime. Let H be a subgroup of G. Then 
|H| divides |G|. This implies that |H| = 1 or p. Thus, H = {e} or H=G. 
Conversely, suppose that G has only the trivial subgroups. Let a € G be such 
that a # e. Now (a) = {a” | a € Z} is a cyclic subgroup of G and (a) # {e}. 
Therefore, G = (a) . If G is infinite, then a’ 4 a® for all r,s € Z, r # s. Hence, 
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{a2” | n € Z} is a nontrivial subgroup of G, which is a contradiction. Thus, 
|G| is a finite cyclic group of order, say, m > 1. Suppose m is not prime. Then 
m=rs for some r,s € Z, 1 <r,s < m. Since r| |G] and G is cyclic, G has a 
cyclic subgroup H of order r. This contradicts the assumption that G has only 
the trivial subgroups. Hence, |G] is prime. 


© Exercise 6 Let G be a group of order p”, pa prime. Show that G contains 
an element of order p. 


Solution: Let a € G,a#e. Then H = (a) is a cyclic subgroup of G. Now 
|H| divides |G| = p". Thus, |H| = p™ for some m € Z,0 <m <n. Now H 
is a cyclic group of order p™. Hence, for every divisor d of p™, there exists a 
subgroup of order d. So for p, there exists a subgroup T of H such that |T| = p. 
By Corollary 4.3.13, there exists b € T such that T = (0) and 6 is of order p. 
Hence, G contains an element of order p. 


Exercise 7 Let G be a finite commutative group such that G contains two 
distinct elements of order 2. Show that |G| is a multiple of 4. Also, show 
that this result need not be true if G is not commutative. 


Solution: Let a and 5 be two distinct elements of order 2. Let H = fe, a} 
and K = {e,b}. Now H and K are subgroups of G. Since G is commutative, 
HK = {e,a,b,ab} is a subgroup of G of order 4. Now |HK| = 4 divides |G|. 
Thus, |G| is a multiple of 4. 

The symmetric group $3 is noncommutative, (1 2) and (1 3) are elements 
of S3, and each is of order 2. But 4 does not divide |53| = 6. 


Exercise 8 Find all subgroups of S3 and draw the lattice diagram of the 
subgroup lattice of 53. 


Solution: S3 = {e, (1 2), (1 3), (2 3), (1 2 3), (1 3 2)}. o(1 2) = 2, of1 
3) = 2, o(2 3) =2, of1 23) =3, and o(1 3 2) = 3. Now {e}, {e, (1 2)}, fe, (1 
3)}, {e, (2 3)}, {e, (1 2 3), (1 3 2)}, and S3 are subgroups of $3. Let H be a 
subgroup of S3. Now |H| divides |G|. Thus, |H| = 1, 2,3, or 6. If |H| = 1, then 
H = {e}. If |H| =6, then H = S3. If |H| = 2, then H is a cyclic group of order 
2. Hence, H is one of {e, (1 2)}, {e, (1 3)}, {e, (2 3)}. Suppose || = 3. Then by 
Lagrange’s theorem, H has no subgroup of order 2. Thus, (1 2), (1 3), (23) ¢ H. 
Therefore, e, (1 2 3), (1 3 2) € H. Also, {e, (1 2 3), (1 3 2)} is a subgroup and 
so H = {e, (12 3), (13 2)}. Hence, Hp = {e}, Hy = {e, (1 2)}, Ho = {e, (1 3)}, 
H3 = {e, (23)}, Ha = {e, (123), (1 3 2)}, and S3 are the only subgroups of $3. 
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4.3.2 Exercises 


1. 


an 


10. 


In Ss, 
(i) find all right cosets of H = {e, (2 3)}, 
(ii) find a subgroup B of G such that H(1 2 3) is a left coset of B. 


. Find all right cosets of the subgroup 6Z in the group (Z, +). 


Let 


Fae: 1234 i Vea 1234 
we VERN > 84 D> he PON Oe fo OO PI Bn It , 


where e is the identity permutation. Show that H is a subgroup of 54. 
List all the left and right cosets of A in S4. 


. Let AH denote the subgroup {rge0, 2} of the group of symmetries of the 


square. List all the left and right cosets of H in G. 


. Find all subgroups of the Klein 4-group. 
. Find all subgroups of order 4 in Sy4. 


. Let G = {a,b,c,d} be a group. Complete the following Cayley table for 


this group. 


a rr & 
ia) 
a 


. Let G be a group and H and K be subgroups of G. Show that (HNK)z = 


Hxe Kz for all reG. 


. Let G be a group and A and K be subgroups of G. Let a,b € G. Show 


that either Ha Kb = ¢ or HaN Kb = (HO K)c for some c € G. 


(Poincaré) Let G be a group and H and K be subgroups of G of finite 
indices. Show that H 1K is of finite index. 


4.3. 


11. 


12. 


13. 


14, 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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Give an example of a group G and a subgroup H of G such that aH = bH, 
but Ha ~ Hb for some a,b € G. 


Let G be a group of order pg, where p and q are prime integers. Show 
that every proper subgroup of G is cyclic. 


Let H be a subgroup of a group G. Define a relation ~ on G by for all 
a,b €G,a~ bif and only if b-!a € A (ie., if and only if aH = 6H). 
Show that ~ is an equivalence relation on G and the equivalence classes 
of ~ are the cosets aH, a€ G. 


Let n > 1. Show that there exists a proper subgroup H of S, such that 
[Sn : BH] <n. 


. Let H and K be subgroups of a finite group G such that |H| > \/|G| and 


|K| > /|G|. Show that |HM K| > 1. 


Let |G| = pq, (p > g), where p and q are distinct primes. Show that G 
has at most one subgroup of order p. 


Let G be a group. If a subset A is a left coset of some subgroup of G, 
show that A is a right coset of some subgroup of G. 


Let G be a finite group and A and B be subgroups of G such that A C 
BCG. Prove that 


[G: AJ=[G: BI[B: A]. 


Let G be a group such that |G| < 200. Suppose G has subgroups of order 
25 and 35. Find the order of G. 


Let G be a group of order 35 and A and B be SaPEroups: of : of order 5 
and 7, respectively. Show that G= AB. * rae 

Let A and B be subgroups of a group G. If |A| = p, a prime integer, show 
that either AN B= {e} or ACB. 

Let H and K be subgroups of a group G. Define a relation ~ on G by 
for alla,b € G, a~ b if and only if b = hak for some hE H andke K. 


(i) Show that ~ is an equivalence relation on G. 


(ii) Let a € G and [a] denote the equivalence class of a in G. Show that 
le] = {hak |h€ H, ke K} = Hak. 


The set HaK is called a double coset of H and K in G. 
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(iii) If G is a finite group, prove that 


|| | 


Hak| = ——-—_ 
en |H Naka7}| 


for alla EG. 


23. For the following, if the statement is true, then write the proof. Otherwise 
justify why the statement is false. 


(i) Every left coset of a subgroup of a group is also a right coset. 


(ii) The product of two left cosets of a subgroup of a group is also a left 


coset. 
6 


Gii) There may exist a subgroup of order 12 in a group of order 40. 
(iv) Let G = (a) be a cyclic group of order 30. Then [G: (a°)] =5. @ 
(v) Every proper subgroup of a group of order p? (p a prime) is cyclic. 


(vi) Let G be a group. If H is a subgroup of order p and K is a subgroup 
of order g, where p and q are distinct primes, then |HK| = pq. 


4.4 Normal Subgroups and Quotient Groups 


In the previous section, we saw that a subgroup A of a group G induced two 
decompositions of G, one by left cosets and another by right cosets. In other 
words, if H is a subgroup of a group G, then G can be written as a disjoint 
union of distinct left (right) cosets of H in G. These two decompositions were 
first recognized by Galois in 1831 in the context of permutation groups. Galois 
called the decomposition “proper” if the two decompositions coincide, i.e., if 
left cosets are the same as right cosets. We call such a subgroup normal in 
our present-day terminology. Normal subgroups are the subject of this section. 
Galois showed how the solvability of a polynomial equation by means of radicals 
is related to the concept of a normal subgroup of the group of permutations 
of the roots and the group, called the quotient group, created by the normal 
subgroup. 

Perhaps the notion of a normal subgroup is one of the most innovative ideas 
in group theory. I.N. Herstein (1923-1988) remarked about normal subgroups 
that “It is a tribute to the genius of Galois that he recognized that those 
subgroups for which the left and right cosets coincide are distinguished ones. 
“Very often in mathematics the crucial problem is to recognize and to discover 
what are the relevant concepts; once this is accomplished the job may be more 
than half done.” 

Later C. Jordan defined normal subgroups without using the term normal 
as we define it in our present-day terminology. 
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We shall see in this text that normal subgroups play a crucial role in ob- 
taining structural results of groups. Let us now begin our study of normal 
subgroups. 


Definition 4.4.1 Let G be a group. A subgroup H of G is said to be a normal 
(or invariant) subgroup of G if aH = Ha for alla€eG. 


From the definition of a normal subgroup, it follows that for any group G, 
G and {e} are normal subgroups of G. 

If H is a normal subgroup of G, this does not always mean that ah = ha 
for all h € H and for all a € G as shown by the following example. 


Example 4.4.2 Recall Example 4.3.2. H is a normal subgroup of S3. Consider 


1 2.3 
= (351) eH Te 
1 2 3 bpeke. 12 3 
13 2 eB De a 
and 
pal 2 BoP 1 eS 
1 3 2 21 8 
Hence, 


even though 
1 2 3 12 3 
. 3 waa] 3 a 


The following theorem gives a necessary and sufficient condition for a sub- 
group to be a normal subgroup. For a € G, ¢ # H CG, let aHa™! = {aha"! 
| he A}. 


Theorem 4.4.3 Let H be a subgroup of a group G. Then H is a normal 
subgroup of G if and only if for alla € G, aHa™! C H. 


Proof. First suppose that H is a normal subgroup of G. Let a € G. We 
now show that aHa~! C H. Let aha! € aHa™!, where h € H. Since H is a 
normal subgroup of G, aH = Ha. Also, since ah € aH, we have ah € Ha and 
so ah = h’a for some h’ € H. Thus, aha~! = h! € H. Hence, aHa™! C H. 
Conversely, suppose aHa~! C H for all a € G. Let a € G. We show that 
aH = Ha. Let ah € aH, where h € H. Now aha~! € aHa™! and so aha! € H. 
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Thus, aha! = h! for some h’ € H. This implies that ah = h’a € Ha. There- 
fore, aH C Ha. Similarly, we can show that Ha C aH. Hence, aH = Ha. 
Consequently, H is a normal subgroup of G. 


There are several other criteria that can be used to test the normality of 
a subgroup. We consider some of these criteria in exercises at the end of this 
section. 

The following theorem describes some important properties of normal sub- 
groups. 


Theorem 4.4.4 Let H and K be normal subgroups of a group G. Then 
(i) HOK is a normal subgroup of G, 
(ii) HK = KH is a normal subgroup of G, 
(iit) (H UK) = HK. 


Proof. (i) Since the intersection of subgroups is a subgroup, HM K is a 
subgroup of G. Let g € G. Consider g(H  K)g™!. Let gag ! be any element 
of g HM K)g~', where a € HONK. Sincea € HNK, we havea € Handa€é K. 
Hence, gag-! € H and gag! € K. Thus, gag"! € HK. This shows that 
o(HNK)g"! C HO K.Hence, HONK is a normal subgroup by Theorem 4.4.3. 

(ii) First we show that HK = KH. Let hk € HK, wherehe€ H andke K. 
Since K is a normal subgroup of G and h € G, we have hK = Kh. Thus, 
hk € hK = Kh. Since Kh C KA, we have hk € KH. Hence, HK C Kd. 
Similarly, KH C HK and so HK = KH. Since H and K are subgroups and 
HK = KH, HK is a subgroup of G by Theorem 4.1.13. To show that HK is 
a normal subgroup, let g € G. Then gHg~! C H and gKg7! C K since H and 
K are normal subgroups. Now 


gQ(HK)g' = g(Hg™'gK)g™ 


(gHg~')(gKg7") 
HK. 


IN I 


Therefore, HK is a normal subgroup of G by Theorem 4.4.3. 
(iii) By (ii), HK is a subgroup of G. Hence, by Theorem 4.1.15, 


HK =(HUK).@ 


We know that if H and K are subgroups of a group G, then HA need 
not be a subgroup of G (Example 4.1.12). By the above theorem, if H and K 
are normal subgroups, then HK is a normal subgroup and hence a subgroup. 
However, in order to show that HK is a subgroup, we only need either H or 
K to be a normal subgroup. We consider one of these situations in Exercise 
13 (page 137). 
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In Theorem 4.1.16, we proved that the set of all subgroups of a group G is 
a lattice. In the next theorem, we prove that the set of all normal subgroups 
of a group G is a modular lattice. 


Corollary 4.4.5 Let N(G) denote the set of all normal subgroups of a group 
G. Then (N(G), <) is a modular lattice, where < is the set inclusion relation. 


Proof. Proceeding as in Theorem 4.1.16, we can show that (V(G),<) is 
a lattice, where HA K = HO K and HV K = (HUK) = HK for all 
H,K € N(G). Let H,K,L € N(G) be such that H < L. We now show that 
A(KOL)=HKNL. Since HC HK and HCE, we find that HC HK OL. 
Also, KNECK CHAK and KONI CE. Asaresult KNL C HKNOL, showing 
that H(K NL) C AKL. Letae HK OL. Thenae HK anda€é L. Thus, 
a = hk for some h € H and k € K. This implies that k = h-'a € L and so 
k € KL. Hence, a € H(K NL), which implies that HKNL C H(KNL). Con- 
sequently, we must have H(K NL) = AKO L,ie., HV(K AL) =(AVA)AL. 
Hence, (V(G), <) is a modular lattice. I 


We now focus our attention on the study of quotient groups. First, let us 
consider the following example. 


Example 4.4.6 Consider the subgroup H’ of Example 4.3.2. Now H’' is not a 
normal subgroup of S3. Let S3/H' be the set of all left cosets of H’ in S3. Now 
let us try to define a binary operation * on S3/H'. The natural way would be 
to define (11H') * (72H") to be (m1 0 m2)H’. Now 


and 
12 3 to 12 3 o 
Coble Gea 
However, 
1. 23 i 1 2 3 i} f 12.3 } 
(ai3)#)((s2t)")-(si 2) 
and 
1 2 3 ; 1 2 8 r) f 1 2 3 ' 
Since 
1 2 3 } 1 2! 3 ; 
(eee tees 
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* is not well defined. That * is not well defined is due to the fact that H' is 
not a normal subgroup of S3. 


Theorem 4.4.7 Let H be a normal subgroup of a group G. Denote the set 
of all left cosets {aH | a € G} by G/H and define x on G/H by for all aH, 
bH €G/H, 

(aH) « (bH) = abH. 
Then (G/H, *) is a group. 


Proof. First we show that * is well defined. Let aH, 6H, a’H, b'H ¢ G/H 
and suppose (aH, 6H) = (a’'H, b'H). Then aH = a’H and bH = b'H. We 
need to show that aH + bH = a'H + b'H or abH = a’b'H. Now aH ~a’H and 
bH = 0'H imply that a = a‘h; and 6 = bho for some hy, ho € H. Thus, 


(a’b')—! (ab) b’la!lab 
bt! a'hyb/ he 
= 1h, b'hy. 


ll 


Since H is a normal subgroup and h, € H, we have b’~'h,b'hy = (bh, b')ho € 
H and so (a’b')~!(ab) € H. Hence, abH = a/b'H by Theorem 4.3.3(i). Thus, * 
is well defined and so (G/H, *) is a mathematical system. 

Next, we show that * is associative. Let aH, bH, cH € G/H. Now (aH) * 
[((bH) x (cH)] = (aH) * (bcH) = a(be)H = (ab)cH = (abH) * (cH) = [(aH) * 
(bH)| * (cH). Hence, * is associative. Now eH € G/H and 


(aH) * (eH) = aeH = aH = eaH = (eH) + (aH) 


for all aH € G/H. Therefore,-eH is the identity of G/H. Also, for all aH € 
G/H, aH € G/H and 


(aH) x (a-'H) = aa 'H = eH =a"'aH = (a 'H) « (aH). 


Thus, for all aH € G/H, a~1H is the inverse of aH. Consequently, (G/H, *) is 
a group. i 


Definition 4.4.8 Let G be a group and H be a normal subgroup of G. The 
group G/H is called the quotient group of G by H. 


Example 4.4.9 Consider the subgroup ((n),+) of the group (Z,+), where n 
is a fixed positive integer. Since Z is commutative, (n) is a normal subgroup 
of Z (Exercise 15, page 137). Hence, (Z/(n),+) is a group, where 


(a + (n)) + (6+ (n)) = (a+b) + (n) 


for alla+(n), b+(n) € Z/(n). In Example 4.3.10, we determined the distinct 
left cosets of (n) in Z. We found that 


Z/(n) = {04+ (nr), 1+ (n) 24 (n),..., n-14+ (n)}. 
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Example 4.4.10 Consider the normal subgroup H of S3 of Example 4.4.2. 
Since |S3| = 6 and |H| = 3, [S3 : H] = 2 by Lagrange’s theorem. Now |S3/H| = 
[S3 : H] = 2 and for allh € H, hH = H. Thus, eH = H, (12 3)H =H and 
(1 3 2)H =H. We have shown in Example 4.3.2 that (2 3)H = (1 3)H = (1 
2)H. Thus, 

53/H ={H, (2 3)H}. 
We also note that S3/H is cyclic and (2 3)H is a generator for S3/H. 


Example 4.4.11 Consider Zg and let H = {[0],([4)}. Then H is a normal 
subgroup of Zs. Now |H| = 2 and |Zs| = 8. Thus, |Zg/H| = 4s! = 4. Hence, 
Zs/H has four elements. Now 
()+H=H=([4)+H, 

[+H ={(1], 5]} =(5)+4, 

[2]+ 7 = {(2|, [6]} = [6] + 2, 
and 

[3] + A = {[3), [7]} = [7] + #. 
Hence, Zg/H = {[0] + H, (1) + H, [2] + H, [3] + H}. 
Example 4.4.12 Consider Z4 x Ze, the direct product of Z, and Ze. Let 


A = (((0], [1])) = {(10), [0]), ((0), [1J), (10), (21), ((0), [3]), (0), (4), (0, [5])}- 


Then H is a subgroup of Z4 x Ze and since Z4 x Zg is commutative, H is a 
normal subgroup of Z4 x Ze. Now |Z4 x Ze| = 24 and |H| = 6. Hence, 
|Z4 x Zo| 
(Za x Ze) /H| |H| 4. 
Thus, (Z4 x Ze)/H has four elements. Since for all [n] € Ze, ([0],[n]) € H, 
we have for all [n] € Ze, ([0],{n]) + H = H. Let (ml, [n]) € Zs x Zs. Then 
({m], [n}) = ([m], (0]) + ([0], [n]) and from this, it follows that ([m],[n]) + H = 
((m], [0]) +H. Let us now compute ((m], [0])+H form = 0,1, 2,3. Now ([0], [0])+ 
H=H, 


({1], (0]) + H = {((1], (0]), (4), (1), ( (2]), (2), (3), (C. (40), (121, (5)) 5 
([2], (0]) + H = {((2], [0)), (21, {1]), C2], 2)), (121, (3]), (21, (4)), (12), (5))}, 


and 


([3), [0]) + A = {(13], (0)), (3], {1]), (3), 2), ((3), [3]), (13); [4]), (13), [5]. 
From above, we see that ({0], [0])+H, ((1], [0]) +4, (2], (0|)+ 4, and ((3), (0])+H 


are all distinct. Hence, 


(Z4 x Zo)/H = {([0], {0]) + H, ({1], (0]) + H, ((2], (0]) + A, ((3], [0]) + A}. 


4.4. NORMAL SUBGROUPS AND QUOTIENT GROUPS 133 


Groups of the type given in the next definition are building blocks for all 
groups. They are important because they help to determine the structure of 
groups. We will discuss this in more detail when we introduce the concept of 
a composition series of a group (Chapter 8). 


Definition 4.4.13 Let G be a group. Then G is called simple if G # {e} and 
the only normal subgroups of G are {e} and G. 


The only simple commutative groups are given in the next example. We 
will determine the simple groups of order < 60 (in Section 7.4). 


Example 4.4.14 Let G be a cyclic group of order p, p a prime. Since the only 
subgroups of G are {e} and G, G is simple. 


We now proceed to establish the simplicity of A,, n > 5. Thus, there is a 
large class of simple groups. 


Lemma 4.4.15 Let H be a normal subgroup of An, n > 5. If H contains a 
3-cycle, then H = Ap. 


Proof. Suppose H contains a 3-cycle, say, (a bc) € H. Let (uv w) € An 
and let 7 € S, be such that 1(a) = u, 7(b) = v, and m(c) = w. Now ro (a b 
c)om}= (uv w). If t € An, then (uv w) € H. Suppose t ¢ An. Then 77 is 
an odd permutation. Since n > 5, there exist d, f € I,, such that d and f are 
distinct from a,b and c. Then 70(d f) € An. Now (uu w)=To(abc)om t= 
no(abc)o(d fyo(d f)-'or-=mno(d f)o(abc)o(d f) lon 1 =(ro(d 
f))°(a bc)o(mo(d f))~! © H. Thus, H contains all 3-cycles. Since Ap is 
generated by the set of all 3-cycles, H = A,. ll 


Theorem 4.4.16 Let H be a normal subgroup of An, n > 5. If H contains a 
product of two disjoint transpositions, then H = Aj. 


Proof. Suppose (a 6) 0 (c d) € H, where (a b) and (c d) are disjoint trans- 
positions. Let w € I, be such that w ¢ {a,b,c,d}. Let m = (cd w). Since 7 is 
a 3-cycle, 7 € Ay. Since H is a normal subgroup of A,, we have 7 0 (a b)o(c 
d)o7~) € H. But 


no(ab)o(cd)onr! = (dw)o(ab) 
and so (d w) 0 (a 6) € H. Since H is a subgroup, 
(cd w) = (a b)o(ed)o(dw)o(ab) Ee dH. 
Hence, H contains a 3-cycle and so by Lemma 4.4.15, H = A,. @ 


Theorem 4.4.17 A, is simple ifn > 5. 
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Proof. Let H be a normal subgroup of A, and H # fe}. Lette H, 7 #e 
be a permutation that moves the smallest number of elements, say, m. Then 
m > 3. We claim that m = 3, in which case the result follows by Lemma 4.4.15. 
Suppose m > 3. Write 7 = 71 072 0--- 07, as @ product of disjoint cycles. 

Suppose that 7; is a transposition for alli = 1,2,..., k. Then k > 2. Let 
m7 = (a b) and m2 = (cd). Let f € I, be such that f ¢ {a,b,c,d} and let o = (c 
df). Since o € A, and H is a normal subgroup of Ay, 7’ = ~looorm0g7! € H. 
Clearly 7’(a) = a and n’(b) = 6. If u € I, and u ¢ {a,b,c,d, f} is such that 
m(u) = u, then m’(u) = u. Since a'(f) = c, 7’ # e. Thus, m7’ € H, 7’ Ze, 
and 7’ moves fewer elements than 7, which is a contradiction. Hence, for some 
t,1<1i<k, a; is a cycle of length > 3. Since disjoint cycles commute, by 
renumbering if necessary, we may assume that 7 = 1. Then 7, = (a bc.--:). 
If m = 4, then 7 is a cycle of length of 4 and hence an odd permutation, 
a contradiction. Thus, m > 5. Hence, 7 moves at least five elements. Let d, 
f €I,andd,f ¢ {a,b,c}. Let o = (cd f). As before, 7’ =a logomoag! € H. 
Since '(b) = 71(d) & b, 1’ # e. Now for any u ¢ {a, b, c, d, f}, if r(u) =u, 
then m’(u) = u. Clearly 1’(a) = a. Hence, 7’ moves fewer elements than 7, 
which is again a contradiction. Hence, m= 3. Mf 


4.4.1 Worked-Out Exercises 


Exercise 1 Let H be a subgroup of a group G. Then W = Ho is 
co) group group geGgg 


a normal subgroup of G. 


Solution: By Worked-Out Exercise 1 (page 106), gHg™! is a subgroup 
of G for all g € G. Since the intersection of subgroups is a subgroup, W is a 
subgroup of G. Let z € G, w € W. Then w € gHg™! for all g € G. We show 
that zwx7! € gHg7! for all g € G, which in turn will yield that cwa7! € W. 
Let g €G. 

Let us work our way backward and suppose rwz7! € gHg~!. Then zwx— 
ghg—} for some h € H. Thus, g-!zw «7!g =h € H. This implies that 


lL 


(g7'z)w(g7*2)"' € H. 


Set y = 21g. Then g = zy. Hence, in order to show that zwx~! € gHg™! for 
a given g € G, first. we need to find y € G such that g = zy. Since g = x(x~'g), 
we can choose y = x !g. 

So there exists y € G such that g = ry. Since y € G, we have w € yHy7 
and so w = yhy~! for some h € H. Therefore, rwe7! = z(yhy)a7! = 
ryhy tx! = (xy)h(xy)~! = ghg7! € gHg7. Since g € G was arbitrary, 
zwx! € gHg™' for all g € G. Consequently, W is a normal subgroup of G. 


1 


® Exercise 2 Let H be a subgroup of G. 
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(i) If 2? © H for all x € G, prove that H is a normal subgroup of G and 
G/H is commutative. 


(ii) If [G : H] = 2, prove that H is a normal subgroup of G. 


Solution: (i) Let g € G and h € H. Consider ghg™! and note that 
ghg-* = (gh)*h"*g™*. 


Now h7! € H and by our hypothesis (gh), g~? € H. This implies that ghg—! € 
H, which in turn shows that gHg~! C H. Hence, H is a normal subgroup of 
G. To show that G/H is commutative, let cH, yH € G/H. We wish to show 
that cHyH = yHeH or cyH = yrH or (yz)! (xy) € H. Consider (yx)7} (xy). 
Now 

(yx)7* (ey) = (@ Ty? )(ay) = (Ty P(yey?)?p?. 


Since a? € H for all a € G, it follows that (x~!y—!)?(yry~1)?y* € H and so 
(yz) \(xy) € H. Thus, G/H is commutative. 

(ii) We prove that H is a normal subgroup of G first by showing that 
x? € H for all z € G and then by using (i). Suppose there exists z € G such 
that z? ¢ H. Then x ¢ H and so H and rH are distinct left cosets of H in 
G. Since [|G : H] = 2, it follows that G/H = {H,xH}. Hence, G = H UcrdH. 
This implies that x? € HUzH. Since z* ¢ H, we must have z* € rH . Hence, 
z? = zh for some h € H. But then x = h € H, which is a contradiction. Hence, 


z’ € H for all x € G. By (i), H is a normal subgroup of G. 


Exercise 3 Let G be a group such that every cyclic subgroup of G is a normal 
subgroup of G. Prove that every subgroup of G is a normal subgroup of 


G. 


Solution: Let H be a subgroup of G. Let g € G and aeé H. Then 
g-tag € (a) CH. Hence, H is normal in G. 


Exercise 4 Let H be a proper subgroup of G such that for all z,y € G\H, 
zy € H. Prove that H is a normal subgroup of G. 


Solution: Let zc € G\H. Then 27! € G\H. Let y €¢ H. Then zy € G\H. 
Thus, zy, 27! € G\H. Hence, zyz~! € H. Therefore, H is a normal subgroup 
of G. 


© Exercise 5 Let G be a group and {N; | i € 2} be a family of proper normal 
subgroups of G. Suppose G = U;N; and Nj N; = {e} for i # 7. Prove 
that G is commutative. 
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Solution: Let x,y € G. Then there exist 7 and 7 such that x € N; and 
y € N;. Ifi # j, then since N;N.N; = {e}, zy = yx (Exercise 12, page 137). Let 
i = 7. Now there exists z € G such that z ¢ N;. Then zz ¢ N;. Hence, zz € N; 
for some | # i and so (zz)y = y(zz). Thus, z(zy) = (zz)y = y(zz) = (yz)z = 
(zy)z = z(yx). This implies that ry = yx. Consequently, G is commutative. 


Exercise 6 Let H be a subgroup of a group G. Suppose that the product of 
two left cosets of H in G is again a left coset of H in G: Prove that H is 
a normal subgroup of G. 


Solution: Let g € G. Then gHg~'H = tH for some t € G. Thus, e = 
geg 'e € tH. Hence, e = th for some h € H. Thus, t = h7! € H so that 
tH = H. Now gHg~' C gHg—!H = H. Therefore, H is a normal subgroup of 
G. 


® Exercise 7 Let G be a group. Show that if G/Z(G) is cyclic, then G is 
commutative. 


Solution: Write Z = Z(G). Let G/Z = (gZ) . Let a,b € G. Then aZ, bZ € 
G/Z. Hence, aZ = g"Z and bZ = g™Z for some n,m € Z. Then a € g”Z and 
be g™”Z. Thus, a = g”d and b = gh for some d,h € Z. Now ab = g"dg™h = 
g"g™dh (since d € Z) = g”*™hd (since h € Z) = g™g"hd = g™hg"d = ba. 
Hence, G is commutative. 


4.4.2 Exercises 


1. Let 


HaJde 12 3 4 12 3 4 12 3 4 
TY ON A a Do De PE AD Ted Beth Boa Te , 


where e is the identity permutation. Determine whether or not A is a 
normal subgroup of S4. 


2. Let H denote the subgroup {r360, h} of the group of symmetries of the 
square. Determine whether or not H is a normal subgroup of G. 


3. Let G be a group and Hf be a subgroup of G. Show that H is normal if 
and only if ghg@! € H for allg EG, hE H. 


4, Let G be a group and Hf be a subgroup of G. If for alla,be G, abe H 
implies ba € H, prove that H is a normal subgroup of G. 


5. Let H be a proper subgroup of a group G and a € G, a ¢ H. Suppose 
that for all b € G, either b € H or Ha = Hb. Show that A is a normal 
subgroup of G. 


4.4, 


10. 


11. 


‘12. 


13. 


14. 


15. 
16. 


17. 


18. 
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. Let G be a group. Prove that Z(G) is a normal subgroup of G. 
. Let G be a group. Let H be a subgroup of G such that H C Z(G). Show 


that if G/H is cyclic, then G = Z(G), ie., G is commutative. 


. Let H and K be subgroups of a group G such that H is anormal subgroup 


of G. Prove that HM K is a normal subgroup of K. 


. Determine the quotient groups of 


(i) (E, +) in (Z, +), 
(ii) (Z, +) in (Q, +), 
(iii) (({4]) , +12) in (Zy2, +12). 


Let H be a normal subgroup of a group G. Prove that if G is commuta- 
tive, then so is the quotient group G/H. 


Let H be a nonempty subset of a group G. The set N(H) = {a € G | 
aHa—! = H} is called the normalizer of H in G. 

(i) Prove that N(#H) is a subgroup of G. 

Suppose H is a subgroup of G. 

(ii) Prove that H is normal in G if and only if N(H) = G. 

(iii) Prove that H is normal in N(#). 

(iv) Prove that N(#) is the largest subgroup of G in which H is normal, 
i.e., if H is normal in a subgroup K of G, then K C N(A). 


Let H and K be normal subgroups of a group G. If HN K = {e}, prove 
that hk = kh foralhe Handk ek. 


Let G bea group. Let H be a subgroup of G and K be a normal subgroup 
of G. Prove that HK is a subgroup of G. 


Give an example of a noncommutative group in which every subgroup is 
normal. 


Show that every subgroup of a commutative group is normal. 


Let H be a normal subgroup of a group G such that |H| = 2. Show that 
HC Z(G). 


Show that if H is the only subgroup of order n in a group G, then # is 
a normal subgroup of G. 


Let K = fe, (1 2) 0 (3 4), (1 4) 0 2), (1 3)0 (2 4)}. 
(i) Show that K is the only subgroup of order 4 in Ag. 
Gi) Show that K is a normal subgroup of Ay. 
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19 
20 


21. 


22. 


23. 


24. 


25. 


Show that A, has no subgroup of order 6. 


Find all subgroups of A,. Draw the subgroup lattice diagram. Is this 


. lattice a modular lattice? 


Let G be a commutative group. Show that G is simple if and only if G 
is of prime order. 


Let G be a group. An equivalence relation p on G is called a congruence 
relation if 


for all a,b,c € G,apb implies that capcb and acpbc. 
Let H be a normal subgroup of G. Define the relation py on G by 
for all a,b € G,apyb if and only if a-!b € H. 


Prove that 

(i) py is a congruence relation on G, 

(ii) the py class apy = {b € G | apxb} is the left coset aH, 
(iii) H = epyy. 


Let H be a subgroup of a group G. Define a relation py on G by py = 


{(a,b) € Gx G | a—!) € H}. Show that if py is a congruence relation, 
p g 


then A is a normal subgroup of G. 


Let p be a congruence relation on a group G. Show that there exists a 
normal subgroup H of G such that p = {(a,b) € Gx G | a“'b € H}. 


For the following statements, write the proof if the statement is true; 
otherwise, give a counterexample. 


(i) A subgroup H of a group G is a normal subgroup if and only if every 
right coset of H is also a left coset. 


(ii) If A, B and C are normal subgroups of a group G, then A(BNC) is 
a normal subgroup of G. 


(iii) If A is a normal subgroup of a finite group G, then [G : A] = 2. 


(iv) Every commutative subgroup of a group G is a normal subgroup of 


G. 


(v) If G is a group of order 2p, p an odd prime, then either G is commu- 
tative or G contains a normal subgroup of order p. 
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Joseph Louis Lagrange (1736-1813) 
was born on January 25, 1736, in Turin, 
Italy. He spent the early part of his life in 
Turin. While there he was involved in car- 
rying out research work in calculus of varia- 
tions and mechanics. 

In 1766, Lagrange was invited by the 
Prussian king, Frederick II, to fill the po- 
sition vacated by Euler in Berlin. Freder- 
ick the Great proclaimed in his appointment 
that “the greatest king in Europe” ought 
to have “the greatest mathematician in Eu- 
rope.” In 1787, after the death of Frederick 
II, he went to Paris, accepting an invitation 
from Louis XVI. In 1797, he accepted a po- 
sition at the newly formed Ecole Polytechnique in Paris. He was made a count by 
Napoleon and remained at the Ecole Polytechnique till his death. He died on April 
10, 1813. 

Throughout his life, Lagrange did work of fundamental importance. He made 
numerous contributions to many branches of mathematics, including number theory, 
the theory of equations, differential equations, celestial mechanics, and fluid mechanics. 
In 1770, he proved the famous Lagrange’s theorem in group theory. 

He is responsible for the work leading to Galois theory. In his paper, “Réflexion sur 
la théorie algébriques des équations,” Lagrange carefully analyzed the various known 
methods to solve a polynomial equation of degree < 4 by means of radicals. He was 
interested in finding a general method of solution for polynomials of higher degree. 
He was unable to find a general solution, but in his paper he introduced several key 
ideas on the permutations of roots which finally led Abel and Galois to develop the 
necessary theory to answer the question. Lagrange’s work on the solution of polynomial 
equations is one of the sources from which modern group theory evolved. 


Chapter 5 


Homomorphisms and 
Isomorphisms of Groups 


One of the main uses of the concept of an isomorphism is the classification 
of algebraic structures—in particular, groups. Readers with some knowledge 
of linear algebra may recall that the concept of an isomorphism is used to 
completely characterize vector spaces with the same field of scalars in terms 
of a single integer, the dimension of the vector space. Another important use 
of an isomorphism is the representation of one algebraic structure by means 
of another. This is done in linear algebra, where it is shown that the vector 
space of all linear transformations from one finite dimensional vector space into 
another is isomorphic to a certain vector space of matrices. 


5.1 Homomorphisms of Groups 


In this section, we consider certain mappings between groups. These mappings 
will be defined in such a way as to preserve the algebraic structure of the groups 
involved. More precisely, suppose we are given a function f from a group G into 
a group G1, where *; denotes the operation of G,. Let a,b € G. Then under 
f, a corresponds to f(a), b to f(b), and axb to f(a b). If f is to preserve 
the operations of G and G,, a + b must correspond to f(a) *; f(b). Since f is a 
function, this forces the requirement that f(a +b) = f(a) *, f(b). 


Definition 5.1.1 Let (G,*) and (Gj, *,) be groups and f a function from G 
into G,. Then f is called a homomorphism of G into G, if for alla,be G, 


F(ab) = f(a) #1 f(b). 


Let the identity element of the group G, be denoted by e;. 
Define f : G > G; by f(a) = e; for all a € G. Since f(a * 5b) = ey = 
e1 *, €; = f(a) *; f(b) for all a,b € G, we find that f is a homomorphism from 
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G into G;. This shows that there always exists a homomorphism from a group 
G into a group G,. This homomorphism is called the trivial homomorphism. 
The identity map from G onto G is also a homomorphism. 
Before we consider more examples of homomorphisms, let us prove some 
basic properties of homomorphisms. 


Theorem 5.1.2 Let f be a homomorphism of a group G into a group G4. 
Then 

(i) fle) =e1. 

(it) f(a) = f(a)? for alla eG. 

(iii) If H is a subgroup of G, then f(H) ={f(h) | h © H} is a subgroup of 
G4. 

(iv) If Hy is a subgroup of G1, then f-(fi) = {9 € G | f(g) € Mi} as 
a subgroup of G, and if H, 1s a normal subgroup, then f—!(H,) is a normal 
subgroup of G. 

(uv) If G is commutative, then f(G) ts commutative. 

(vi) Ifa € G is such that o(a) =n, then o(f(a)) divides n. 


Proof. (i) Since f is a homomorphism, f(e)f(e) = flee) = fle) = fle)er. 
This implies that f(e) =e, by the cancellation law. 

(ii) Let a € G. Then f(a)f(a~!) = f(aa!) = f(e) = e}. Similarly, 
f(a) f(a) = e1. Since f(a) has a unique inverse, f(a~+) = f(a)7}. 

(iii) Let H be a subgroup of G. Then e € H and by (i), f(e) = e1. Thus, 
e, = f(e) € f(A) and so f(H) F ¢. Let f(a), f(b) € f(A), where a,b € H. 
Since H is a subgroup, ab~! € H. Thus, f(a)f(b)~! = f(a) f(b!) = f(ab-+) € 
f(H). Hence, by Theorem 4.1.3, f(A) is a subgroup of G1. 

(iv) By (i), e € f-!(Aj) and so f—!(Hy) # ¢. Let a,b € f- (M1). Then f(a), 
f(b) € Hy. Hence, f(ab-') = f(a) f(b") = f(a)f(b)"? € Hy and so ab! € 
f-+(A1). Thus, by Theorem 4.1.3, f~'(H;) is a subgroup of G. Suppose Hy 
is a normal subgroup of G;. Let g € G.We now show that gf—!(Hi)g7} C 
f-1(Aj). Let a € gf~!(H1)g7!. Then a = gbg™! for some 6 € f-!(H)). Now 
F(a) = faba) = FF OF) = F)FO)F(@)-! € Hi since Hy is a 
normal subgroup of G; and f(b) € H,. Hence, a € f~!(H)) and this shows 
that gf—!(Hi)g- C f-*(A). Thus, f~!(H)) is a normal subgroup of G. 

(v) Suppose G is commutative. Let f(a), f(b) € f(G). Then f(a) f(b) = 
f(ab) = f(ba) = f(b) f(a). Hence, f(G) is commutative. 

(vi) Since (f(a))” = f(a”) = fle) = e1, we have o(f(a)) divides n by 
Theorem 2.1.28. Hf 


Definition 5.1.3 Let f be a homomorphism of a group G into a group G}. 
The kernel of f, written Ker f, is defined to be the set 


Ker f={aeG| f(a) =er}. 
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By Theorem 5.1.2, e € Ker f. 


Example 5.1.4 Define the function f from (Z,+) into (Zn,+n) by f(a) = [a] 
for alla € Z. From the definition of f, it follows that f maps Z onto Zn. Let 
a,be€Z. Then 


f(at+b) = [a+] = [a] +n [8] = f(a) +n f (0). 
Thus, f is a homomorphism of Z onto Z,. Now 
Kerf = {a€Z| f(a) = [0]} 
= {a€Z| [a] = [0}} 
= {a€Z|a is divisible by n} 
{a€ Z|a=qn for some gq € Z} 
= {an|qeZ}. 

The above example shows that a nontrivial finite group may be an image 
of an infinite group under a homomorphism. By Theorem 5.1.2(v), a noncom- 
mutative group cannot be an image under a homomorphism of a commutative 
group. In the next example, we show that two finite groups G and G, having 
same number of elements need not have a homomorphism from G onto G. 


Example 5.1.5 The groups Z4 x Z4 and Zg x Zz are commutative and each is 
of order 16. Suppose there exists a homomorphism f of Z4 x Za onto Zg x Zo. 
Now a = ((7],[0]) € Zg x Ze and o(a) = 8. Since f is onto Zg x Zo, there exists 
b € Zq x Zq such that f(b) = a. By Theorem 5.1.2(vt), o( f(b)) divides o(b). 
Since o(f(b)) = 8 and Z4 x Z, has elements of order 1,2, and 4 only, o( f(b)) 
cannot divide o(b). This is a contradiction. Hence, there does not exist any 
homomorphism from La x Za onto Zg X Zo. 


Definition 5.1.6 Let G and G, be groups. A homomorphism f :G — G is 
called an epimorphism if f is onto G, and f is called a monomorphism if 
f is one-one. If there is an epimorphism f from G onto G1, then Gy is called 
a homomorphic image of G. 


The homomorphism in Example 5.1.4 is an epimorphism, but not a monomor- 
phism. 


Example 5.1.7 Let R* be the group of all nonzero real numbers under mul- 
tiplication. Define f : R* + R* by f(a) = lal. Now f(ab) = |ab| = |a| |b] = 
f(a)f(b), which implies that f is a homomorphism. Since f(1) = 1 = f(-1) 
and 14-1, f is not one-one. Also, from the definition of f, it follows that f 
is not onto R*. Hence, f is neither an epimorphism nor a monomorphism. 


The following theorem gives a necessary and sufficient condition for a ho- 
momorphism to be a one-one mapping in terms of its kernel. 


Theorem 5.1.8 Let f be a homomorphism of a group G into a group G4. 
Then f is one-one if and only if Ker f = {e}. 
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Proof. Suppose f is one-one. Let a € Ker f. Then f(a) = e; = fle) by 
Theorem 5.1:2(i). Since f is one-one, we must have a = e. Hence, Ker f = {e}. 
Conversely, suppose that Ker f = {e}. Let a,b € G. Suppose f(a) = f(b). 
Then 


f(ab™) = f(a) f(O) = F(@fQ)* = 
Thus, ab“! € Ker f = {e} and so ab“! =e, ie., a = b. This proves that f is 
one-one. 


Theorem 5.1.9 Let f be a homomorphism of a group G into a group G}. 
Then Ker f is a normal subgroup of G. 


Proof. Since e € Ker f, Ker f # ¢. Let a, b € Ker f. Then f(ab“') = 
f(a)f(b-!) = f(@ f(b) = e1(e1)7! = ere; = e1. Thus, ab! € Ker f and 
hence Ker f is a subgroup of G by Theorem 4.1.3. Let a € G and Ah € Ker 
f. Then f(aha~!) = f(a) f(A) f(a7!) = fla) f(b) fa)~* = f(aer f(a)? = en. 
Therefore, aha~! € Ker f. This proves that aKer fa—! C Ker f. Hence, Ker f 
is a normal subgroup of G by Theorem 4.4.3. Hi 


a 


Example 5.1.10 Let GL(2,R) = . | a,b,c,dé€R, ad— bc 40 


the noncommutative group of Example ee Let R* be the group of all nonzero 
real numbers under multiplication. Define f : GL(2,R) — R* by 


[ee] 


a b a b u 
jor att| @ 7 |e GzCR). tet | 2 AB 


a b uiov au+bw av+bs 
(| Allee a) ~ Ae a) 
= (au+ bw)(cv + ds) — (av + bs)(cu+ dw) 
= (ad — bc)(us — vw) 


(Lea) (Ls SD) 


This proves that f is a homomorphism. To show that f is onto R*, leta € R*. 


€ GL(2,R) and f (| 6 : 


A(t) =a Dols] 4153} r0mem 


€ GL(2,R). Now 


a 


Then =a. Hence, f is onto R*. Since 
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The previous example shows that there may exist a homomorphism of a 
noncommutative group onto a commutative group. 


Example 5.1.11 Consider S3 and the normal subgroup 


spi) es fo 4 Lea 
- 12 3/’7\2 3 1)’\3 1 2 ; 
Define f : S3 > S3/H by for alla € S3, f(t) =7H. Then 


f(non') = (wom)H = (nH) 0(n'H) = f(m) 0 f(r’) 


for all 7,’ € S3. Hence, f is a homomorphism. Also, Ker f = {a € Ss | 
aH = H}={a€S3|aeH}=H. 


In Theorem 5.1.9, we showed that if f is a homomorphism of a group into a 
group Gj, then Ker f is a normal subgroup of G. In the following theorem, we 
show that every normal subgroup H of a group induces a homomorphism g of 
G onto the quotient group G/H such that Ker g = H. We note that in Example 
5.1.11, the conclusion did not depend on the nature of S3. The conclusion was 
made by use of general arguments. This also leads us to the following theorem. 


Theorem 5.1.12 Let H be a normal subgroup of a group G. Define the func- 
tion g from G onto the quotient group G/H by g(a) = aH for allac G. Then 
g is a homomorphism of G onto G/H and Ker g = H. (The homomorphism g 
is called the natural homomorphism of G onto G/H.) 


Proof. From the definition of g, it follows that g is a function from G onto 
G/H. To show g is a homomorphism, let a, 6 € G. Then g(ab) = (ab)H = 
(aH)(bH) = g(a)g(b). Hence, g is a homomorphism of G onto G/H. Finally, 
we show that Ker g = H. Now a € Ker g if and only if g(a) = eH if and only 
if aH = eH if and only if e~'a € H if and only ifa € H. Thus, Ker g = H. @ 


We now define a particular type of homomorphism between groups in order 
to introduce the important idea of groups being algebraically indistinguishable. 


Definition 5.1.13 A homomorphism f of a group G into a group Gy is called 
an tsomorphism. of G onto G, if f is one-one and onto Gy. In this case, we 
write G~G, and say that G and G, are isomorphic. An isomorphism of a 
group G onto G is called an automorphism. 


For a group G, Aut(G), denotes the set of all automorphisms of G. 
In the following theorem, we collect some properties of isomorphisms, which 
will be useful in determining whether given groups are isomorphic or not. 
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Theorem 5.1.14 Let f be an isomorphism of a group G onto a group Gj. 
Then 

(i) f-!: Gy > G ts an isomorphism. 

(tt) G is commutative if and only if Gy is commutative. 

(itt) For alla € G, o(a) = o(f(a)). 

(iv) G is a torsion group if and only if G, is a torsion group. 

(vu) G is cyclic if and only if Gy is cyclic. 


Proof. (i) Since f is one-one and onto G;, f~! is one-one and onto G. Now 
we only need to verify that f~! is a homomorphism. Let u,v € G). Then there 
exist a,6 € G such that f(a) = u and f(b) = v. This implies that a = f—!(u), 
b= f-l(v), and uv = f(a)f(b) = f(ab). Thus, f-'(uv) = ab = f-!(u) f-1(v) 
and so f~! is a homomorphism. Hence, f~! is an isomorphism. 

(ii) Suppose G is commutative. Let u,v € G). Since f is onto Gj, there 
exist a,b € G such that f(a) =u and f(b) = v. Now uv = f(a) f(b) = f(ab) = 
f(ba) = f(b)f(a) = vu. Thus, G is commutative. Conversely, suppose G) is 
commutative. Let a,b € G. Now f(ab) = f(a) f(b) = f(b) f(a) = f(ba). Since 
f is one-one, we have ab = ba. This proves that G is commutative. 

iii) Let a € G. By induction, it follows that for all positive integers n, 
f(a") = (f(a))”. Since f is one-one, for all b € G, f(b) = e, if and only if 
b = e. Hence, a” = e if and only if (f(a))” = e,. Thus, a is of finite order if and 
only if f(a) is of finite order. Suppose o(a) = mand o(f(a)) = n. Since a™ =e, 
(f(a))™ = e,. By Theorem 2.1.28, n divides m. Also, (f(a))” = e; implies that 
a” = e. Hence, m divides n. Since m and n are both positive integers and m 
divides n and n divides m, it follows that m =n. 

(iv) This follows immediately by (iii). 

(v) Suppose G is cyclic. Then G = (a) for some a € G. Since f(a) € Gi, 
(f(a)) © G,. Let b € G,. Since f is onto Gj, there exists c € G such 
that f(c) = b. Now c = a” for some n € Z. Thus, b = f(c) = f(a") = 
(f(a))” € (f(a)) . Hence, Gi = (f(a)) and so G; is cyclic. The converse follows 
since f—! is an isomorphism. ll 


In order to develop a feel for two groups being algebraically indistinguish- 
able, let us consider two sets S$ and S$’ such that there is a one-one function f of 
S onto S". Then in a set-theoretic sense, S and S’ are the same sets “under f”. 
For instance, let A and B be subsets of S. Then f(A) and f(B) are correspond- 
ing subsets of S’. Now f(AN B) = f(A) N f(B) and f(AUB) = f(A) Uf(B); 
that is, union and intersection are preserved under f. Other purely set-theoretic 
operations can be seen to be preserved under f also. Now suppose binary oper- 
ations « and *’ are defined on S and S’, respectively, so that (S, *) and (5’, +’) 
are groups. Now even though S and S’ are the same sets “under f,” they need 
not be the same as groups, i.e., f may not preserve operations. We have seen 
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that the requirement for f to preserve operations is that f(a*b) = f(a) *’ f(b) 
for alla, b€ S. 

We now consider examples of groups that are isomorphic and examples of 
groups that are not isomorphic. 


Example 5.1.15 Let n be a positive integer. Define f from Z, into Z/ (n) 
by for all [a] € Zn, f(fal) = a+ (nm). Then [a] = [6] if and only if n\(a — 6) 
if and only if a —b = ng for some q € Z if and only ifa—b € (n) if and 
only ifa+(n) = b+ (n) if and only if f([a]) = £Ub|). Therefore, we find 
that f is a one-one function. From the definition of ', it follows that f maps 
Zn, onto Z/(n). Now f(a] +n [6]) = f(fa + 4]) = (a+b) + (mn) = (a+ (n))+ 
(b+ (n)) = f([a]) + f((b]). Thus, f is an isomorphism of Zn onto Z/ (n). 


Example 5.1.16 Consider the sets G = {e,a,b,c} and G, = {1, —1, 1, —t}. 
Define * and - on G and Gj, respectively, by means of the following operation 
tables. 


*/e a be 
ele a be 
ala ec b 
bjb ¢ € a 
c;c b ae 
—1 4-1 
—1 1 1 
-1}-1 1 -i 
4 a -% -1 


—t| —2 q 1 -l 


Now G, is a cyclic group generated by 1. G is also a group. However, since 
aa =e, bb=e, andcc=e, no element of G has order 4 and so G is not cyclic. 
Thus, G and Gy are not isomorphic. 


Example 5.1.17 Let (R,+) be the group of real numbers under addition and 
(Rt,-) be the group of positive real numbers under multiplication. Define f : 
R--+ Rt by f(a) =e? for alla € R. Clearly f is well defined. Let a,b € R. 
Then f(a+b) = e%*? = ete’ = f(a) f(b). Hence, f is a homomorphism. Suppose 
f(a) = f(b). Then e* = e? and so log, e* = log, e°. This implies that a = 6, 
whence f is one-one. Letb€ R*. Then log, b € R and f (log, b) = elBe? = b, 
Thus, f is ontoR*. Consequently, f is an isomorphism of (R, +) onto (R*,-). 


Example 5.1.18 Consider the groups (Z,+) and (Q,+). By Worked-Out Ex- 
ercise 1 (page 113), (Q,+) is not cyclic. Since (Z,+) is cyclic and (Q, +) is 
not cyclic, (Z,+) is not isomorphic to (Q,+) by Theorem 5.1.14(v). 
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Example 5.1.19 The group (Q,+) is not isomorphic to (Q*,-) since every 
nonidentity element of (Q,+) is of infinite order while —1 is a nonidentity 
element of (Q*,-) which is of finite order. 


Let us now characterize finite and infinite cyclic groups. 


Theorem 5.1.20 Every finite cyclic group of order n is isomorphic to (Zn, +n) 
and every infinite cyclic group is isomorphic to (Z, +). 


Proof. Let ((a),*) be a cyclic group of order n. Let G = (a). Define 
the function f : G — Z,, by for all a’ € G, f(a‘) = [i]. Now a’ = a! if and 
only if a/-? = e if and only if n|(j — i) if and only if [é] = [j] (Exercise 11, 
page 30) if and only if f(a’) = f(a’). Thus, f is a one-one function. Now 
flat?) = f(a’) = [t+ 3] = [e] tn Gi] = F(a’) +n f(o’). Since f is one-one 
and G and Z,, are finite with same number of elements, f is onto Z,. Hence, 
GY Zp. 

Now let G = (a) be an infinite cyclic group. Define the function f : G > Z 
by f(a*) =7 for all i € Z. Since a* = a/ if and only if a’ J = e if and only 
if i — 7 = 0 (since a is of infinite order) if and only if i = 7, we have that f 
is a one-one function of G into Z. From the definition of f, f is onto Z. Now 
fata’) = f(a?) =i+9 = f(a’) + f(a’). Hence, G~ Z. El 


Corollary 5.1.21 Any two cyclic groups of the same order are isomorphic. 


From the above corollary, it follows that there is only one (up to isomor- 
phism) cyclic group having a prescribed order. 

In Example 5.1.16, we saw that there are at least two nonisomorphic groups 
of order 4. We now show that these are exactly two nonisomorphic groups of 
order 4. 

Let G be a group of order 4 which is not cyclic. (Example 5.1.16 shows 
that such a group exists.) Then no element of G can have order 4, for ifa EG 
has order 4, then e,a,a’,a® would be distinct elements of G and thus G would 
be cyclic, i.e., G = (a) . This is contrary to the assumption that G is not cyclic. 
Let G = {e,a,b,c}. Since the order of every element of G divides the order 
of G, a, b, and c have order 2. If ab = a, then b = e, a contradiction. Thus, 
ab # a. Similarly, ab 4 b. Suppose ab = e, then a(ab) = ae. Therefore, b = a 
since a? = e, a contradiction. Thus, ab = c. Similarly, ba = c. Hence, ab = ba. 
By similar arguments, we have ac = b = ca and bc = a = cb. Thus, we find 
that G is a commutative group and its operation table is given by the table in 
Example 5.1.16. Consequently, there is essentially one group of order 4 which 
is not cyclic. This is the Klein 4-group. Since all cyclic groups of the same 
orders are isomorphic, we thus have exactly two nonisomorphic groups of order 
4, namely, the Klein 4-group and the cyclic group of order 4. We have thus 
proved the following result. 
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Theorem 5.1.22 There are only two groups of order 4 (up to isomorphism), 
a cyclic group of order 4 and K4 (Klein 4-group). 


Since every cyclic group is commutative and every group of prime order is 
cyclic, it follows that that if a group is noncommutative, then it must have order 
at least 6. Indeed, the symmetric group 53 is noncommutative and of order 6. 
Since all cyclic groups of the same order are isomorphic and since every group 
of prime order is cyclic, there is exactly one group of order 1, 2, 3, 5 (up to 
isomorphism), respectively. We have seen that there are two nonisomorphic 
groups of order 4. In the next theorem, we show that there are only two (up 
to isomorphism) nonisomorphic groups of order 6. 


Theorem 5.1.23 There are only two (up to isomorphism) groups of order 6. 


Proof. The group Z¢ is a cyclic group of order 6 and $3 is anoncommutative 
group of order 6. Note that Zg is not isomorphic to S3. To show that there are 
only two (up to isomorphism) nonisomorphic groups of order 6, we will show 
that any group of order 6 is isomorphic to either Zg or S3. 

Let G be a group of order 6. Since |G| is even, there exists a € G,a # e 
such that a? = e. If 2? =e for all x € G, then G is commutative and for any 
two distinct nonidentity elements a and 8, {e, a,b, ab} is a subgroup of G. Since 
|G| = 6, G has no subgroups of order 4. Hence, there exists 6 € G such that 
b? Z4e, ie, b Ae and o(b) # 2. Since 0(b)|6, o(b) = 6 or 3. If o(b) = 6, then 
G = (0b) is a cyclic group of order 6 and G ~ Zs. Suppose G is not cyclic. Then 
o(b) = 3. Let H = {e,b,b?}. Then H is a subgroup of G of index 2. Thus, H 
is a normal subgroup of G. Clearly a ¢ H. Now G = HUaH and HNaH = ¢. 
Hence, G = {e,b, b?,a,ab,ab?}. Now aba! € H since H is normal and b € H. 
Therefore, aba~! = e or aba! = b or aba! = b*. If aba! = e, then b = e, 
which is a contradiction. If aba“! = b, then ab = ba. Since o(a) and o(b) are 
relatively prime and ab = ba, o(ab) = o(a) - o(b) = 6. Thus, G is cyclic, a 
contradiction. Hence, aba“! = b?. Thus, G = (a,b), where o(a) = 2, 0(b) = 3, 
and aba~! = }?. It is now easy to see that G ~ S3. 

We conclude this section by proving Cayley’s theorem, which says that any 
group can be realized as a permutation group. 

Let a be an element of a group G. Define the function f, : G ~ G by 
for all b € G, fa(b) = ab. Then b = c if and only if ab = ac if and only if 
fa(b) = f.(c). Thus, fo is a one-one function of G into G. For any b € G, 
fa(a~1b) = a(a~'b) = b. So we find that f, maps G onto G. Hence, fy is a 
permutation of G. Let F(G) = {fa | a ¢ G}. Then F(G) is a subset of the set 
S(G) of all permutations on G. Recall that ($(G), 0) is a group. 

As previously mentioned, \early mathematicians worked only with groups 
of permutations. The following theorem says that every group is isomorphic 
to a group of permutations of its own elements. In fact, we will show that 
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(F(G),°) is a group which is isomorphic to G. First let us note that for all 
b € G, f,-1(b) = a~1b, and f,(a~'b) = b implies (f,)~!(b) = a7!b. Thus, 
(fa)? = fat. 


Theorem 5.1.24 (Cayley) For any group G, (F(G),°) is a group and G ~ 
F(G). 


Proof. We first show that (F'(G),0) is a group. It suffices to show that 
F(G) is a subgroup of (S(G),o). Let fo, f, € F(G). Then (f, 0 fe = 
(fa © fo-1)(¢) = falfo-1(c)) = fa(b7*e) = a(b“*e) = (ab™)e = fay-1(c) for all 
c€ Gandso foo f, | = fay-1 € F(G). Hence, F(G) is a subgroup by Theorem 
4.1.3. Define g : G — F(G) by for all a € G, g(a) = fa. Then a = 6 if and 
only if ac = be for all c € G if and only if fo(c) = f,(c) for all c € G if and 
only if fo = fy if and only if g(a) = g(b). This proves that g is a one-one 
function of G into F(G). Clearly g maps G onto F(G). Now g(ab) = f,» and 
g(a) og(b) = fro fp. Also, for all c € G, fus(c) = (ab)e = a(bc) = falbc) = 
fa(fole}) = ao fi)(0). Thus, far = fa 0 fs. Hence, g(ab) = g(a) 0 g(8) and 20 


g is an isomorphism. 


Cayley’s theorem is another example of a representation theorem. However, 
Cayley realized that the best way of studying general problems in group theory 
was not necessarily by the use of permutations. 


5.1.1 Worked-Out Exercises 


® Exercise 1 Let f : G — G, be an epimorphism of groups. If H is a normal 
subgroup of G, then show that f(H) is a normal subgroup of G}. 


Solution: By Theorem 5.1.2, we find that f(H) is a subgroup of Gj. Let 
g1 € G. Since f is onto Gj, there exists g € G such that f(g) = gi. Let 
a€mf(H)g,* = f(9)f(H)f(g)"*. Then a = f(g)f(h)F(g)-* = F(ghg™?) for 
some h € H. Since H is a normal subgroup of G, ghg~' € H and soa é f(H). 
Thus, 91 f(H)g;' C f(H). Hence, f(H) is a normal subgroup of G). 


® Exercise 2 Let G and H be finite groups such that gced(|G| ,|H|) = 1. Show 
that the trivial homomorphism is the only homomorphism from G into 
H. 


Solution: Let f : G — H bea homomorphism and let a € G. We show that 
every element of G is mapped onto the identity element of H, ie., f(a) = ex 
for all a € G, where ey denotes the identity element of H. Now o(a)||G| and 
o(f(a))||H|. Also, by Theorem 5.1.2, o(f(a))| o(a). Hence, o(f(a))||G|. Since 
|G| and |H| are relatively prime, o(f(a)) = 1, proving f(a) = ey. Thus, f is 
the trivial homomorphism. 
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® Exercise 3 Show that the group (Q, +) is not isomorphic to (Q/Z, +). 


Solution: In (Q,+), every nonzero element is of infinite order. Let 4 + 
Z € Q/Z, where p,g € Z and q # 0. Then q(& + Z) = p+ Z = Z. This shows 
that every element of Q/Z is of finite order. Hence, (Q,+) is not isomorphic 
to (Q/Z, +). 


Exercise 4 Show that R*, the group of all nonzero real numbers under mul- 
tiplication, is not isomorphic to C*, the group of all nonzero complex 
numbers under multiplication. 


Solution: In the group C*, i is an element of order 4. But R* does net 


contain any element of order 4. Hence, by Theorem 5.1.14, R* is not isomorphic 
to C*. 


© Exercise 5 Find all homomorphisms from Zg into Z4. 


Solution: Zs = ((1]). Let f : Zs — Zs be a homomorphism. For any [a] € 
Ze, f([a]) = af({1}) shows that f is completely known if f([1]) is known. Now 
o(f({1])) divides o((1]) and 4, 1.e., o( f([1])) divides 6 and 4. Hence, o(f([1])) = 1 
or 2. Thus, f((1]) = [0] or [2]. If f({1]) = [0], then f is the trivial homomorphism 
which maps every element to [0]. On the other hand, f(({1]) = [2] implies that 
f({a]) = [2a] for all [a] € Ze. Thus, f({a] + [b]) = f([a+ 5]) = {2(@+4+ d)] = 
[2a + 2b] = [2a] + [26] = f({a]) + f({b]), proving that the mapping f : Ze — Za 
defined by f([a]) = [2a] for all [a] € Ze is a homomorphism. Hence, there are 
two homomorphisms from Zg into Z4. 


Exercise 6 Let G be a finite commutative group. Let n € Z be such that n 
and |G| are relatively prime. Show that the function ¢: G — G defined 
by (a) = a” for all a € G is an isomorphism of G onto G. 


Solution: Let a,b € G. Now 


p(ab) = (ab)” 
= G0 (since G is commutative) 


(a) (0). 


This implies that ¢ is a homomorphism. Let ¢(a) = ¢(b). Then a” = b” and so 
(ab-!)" = e. Therefore, o(ab~!) divides n. Since o(ab71) divides |G] and n and 
|G| are relatively prime, o(ab~!) = 1. This implies that ab7! = e, ie., a = b, 
proving that dis one-one. Since G is a finite group and ¢ is one-one, ¢@ is onto 
G. Hence, ¢ is an isomorphism of G onto G. 
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Exercise 7 (i) Let G be a group and f : G > G be defined by f(a) = a” for 
all a € G, where n is a positive integer. Suppose f is an isomorphism. 
Prove that a"! € Z(G) for alla eG. 


(ii) Let G be a group and f : G > G defined by for all a€ G, f(a) =a? 
be an isomorphism. Prove that G is commutative. 
Solution: (i) Let a,b € G. Then f(a~'ba) = (a~'ba)” = a-!b"a. Thus, 
a-"8a" = f(a!) FO) f(a) = f(a 2a) = a7 18a. 


Hence, a~(*-) 6" a?-1 = 6” or (a7 @~Yba"-1)” = b”. Thus, f(a7@-Yba"—!) = 
f(b). Since f is one-one, a~*-)) ba"! = b. Hence, a®~!b = ba”~?, proving that 
"le Z(G). 
(ii) By (i), a? € Z(G) for alla € G. Let a,b € G. Then f(ab) = (ab)? = 
ub(ab)* = a(ab)2b = aababb = a*bab? = ba*b?a = bba7a = b3a? = f(b) f(a) = 
f(ba). Hence, ab = ba since f is one-one. Thus, G is commutative. 


5.1.2 Exercises 


1. Determine whether the indicated function f is a homomorphism from the 
first group into the second group. If f is a homomorphism, determine its 
kernel. 


i) f(a) =a?; (R*,-), (Rt,-) for alla e R*. 

ii) f(a) = 2%; (R,+), (R‘,-) for alla eR. 

iii) f(a) = lal; (R\{0},-), (R*,-) for all a e R\{O}. 
iv) f(a) =a+1; (Z,+), (Z,4+) for alla € Z. 

v) f(a) = 2a; (Z,+), (Z, +) for all a € Z. 


2. Find all homomorphisms from Z into Z. How many homomorphisms are 
onto? 


3. Find all homomorphisms from Z onto Ze. 
4, Find all homomorphisms from Zs into Z)2 and from Zao into Zj9. 


5. Show that Q*, the group of all nonzero rational numbers under multipli- 
cation, is not isomorphic to R*, the group of all nonzero real numbers 
under multiplication. 


6. Show that (Q,+) is not isomorphic to (R, +). 
7. Show that (Z, +) is not isomorphic to (R, +). 


8. Let G be a group. Define the function f : G > G by for all a € G, f(a) = 
a}. Prove that f is a homomorphism if and only if G is commutative. 


oul. 


10. 


11. 


12. 
13. 


14. 


15. 


16. 


17. 


18. 


19. 
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. Let G = {(a,b) | a,b E R, b #0}. Then (G, *) is a noncommutative group 


under the binary operation (a, b)* (c,d) = (a+be, bd) for all (a, b), (c,d) € 
G. Let H = {(a,b) € G|a=0} and K = {(a,b) € G | b > 0}. Show that 
HK ~(R’,-), where (R*™,-) is the group of all positive real numbers 
under multiplication. 


Let G = {a € R| -1 < a < 1}. Show that (G,*) ~ (R,+), where the 
binary operation * on G is defined by 
a+b 
b= 
ve 1+ab 


for all a,b EG. 

(i) Let f be a homomorphism from a cyclic group of order 8 onto a cyclic 
group of order 4. Determine Ker /. 

(ii) Let f be a homomorphism from a cyclic group of order 8 onto a cyclic 
group of order 2. Determine Ker f. 


Prove that a homomorphic image of a cyclic group is cyclic. 


Show that S3 and Ze are not isomorphic groups, but for every proper 
subgroup A of S3 there exists a proper subgroup B of Zg such that 
Ax B. 


Let G, H, and K be groups. Suppose that the functions f : G — H and 
g : H — K are homomorphisms. Prove that go f:G— K is also a 
homomorphism. 


Let G and H be groups. Define the function f : G x H — G by for 
all (a,b) € G x H, f((a,b)) = a. Prove that f is a homomorphism from 
G x H onto G. Determine Ker f. 


Let f : G — H be an isomorphism of groups. Prove that f-!: H > G 
is also an isomorphism of groups. 

Let G, H, and K be groups. Prove that 

(i) Gx H~HAHxG. 

(ii) If G~ H and H~K, then Gwr K. 

(ili) Gx (H x K) ~ (Gx H) x K. 

Let G and H be groups. Let f : G — H be a homomorphism of G onto 
H. Show that if G = (S) for some subset S of G, then H = (f(S)). 


Let f :G — H be an isomorphism of groups. Show that for any integer 
k and for any g € G, the sets A= {a€ G|a* =g} and B= {bE H | 
b* = f(g)} have the same number of elements. 


5.2. ISOMORPHISM AND CORRESPONDENCE THEOREMS 153 


20. Let G be a simple group and w : S, — G be an epimorphism for some 
positive integer n. Prove that G ~ S; for some k <n. 


21. Which of the following statements are true? Justify. 


(i) A cyclic group with more than one element may be a homomorphic 
image of a noncyclic group. 


(ii) There does not exist a nontrivial homomorphism from a group G of 
order 5 into a group H of order 4. 


(iii) The group (Z,+) is isomorphic to (Q,+). 

(iv) There exists a monomorphism from a group of order 20 into a group 
of order 70. 

(v) There exists an epimorphism of (R,+) onto (Z,+). 

(vi) There does not exist any epimorphism of (Q,-++) onto (Z,+). 


(vii) If f and g are two epimorphisms of a group G onto a group H such 
that Ker f = Ker g, then f = g. 


5.2 Isomorphism and Correspondence Theorems 


In this section, we continue our study of isomorphisms. Our objective is to 
prove the fundamental theorem of homomorphisms, the isomorphism theorems, 
and the correspondence theorem. These theorems show us the relationship 
between homomorphisms and quotient groups. 


Theorem 5.2.1 Let f be a homomorphism of a group G onto a group G,, H 
be a normal subgroup of G such that H C Ker f, and g be the natural homo- 
morphism of G onto G/H. Then there exists a unique homomorphism h of 
G/H onto G, such that f =hog. Furthermore, h is one-one if and only if 
H= Ker f. 


G/H aH 


.Proof. Define h: G/H — G, by 


(aH) = f(a) 
for allaH € G/H. 
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Now aH = bH implies b-'a € H C Ker f and so f(b-1a) = e) or f(a) = 
f(b). Hence, h(aH) = h(bH) and so h is well defined. Let a € G. Then 
(ho g)(a) = h(g(a)) = h(aH) = f(a). Therefore, hog = f. Since f maps 
G onto Gj, h must map G/H onto G;. Now h((aH)(bH)) = A((ab)H) = 
f(ab) = f(a) f(b) = h(a@H)h(bH). Hence, h is a homomorphism of G/H onto 
G| satisfying f = hog. To prove the uniqueness part, let us assume f = h'og for 
some homomorphism h’ from G/H onto G. Then h(aH) = f(a) = (h’og)(a) = 
h'(g(a)) = h'(aH) for all aH € G/H and so h = h’. Hence, h is the only 
homomorphism of G/H onto Gj such that f = hog. 

Suppose fis one-one. Let a € Ker f. Then f(a) = e; and so h(aH) = ey. 
Since h(eH) = e; and h is one-one, aH = eH. Thus, a € H and so Ker f C H. 
By hypothesis, H C Ker f and so H = Ker f. Conversely, assume H = Ker 
f. Suppose h(aH) = h(bH). Then f(a) = f(b) or f(b-'a) =e). Thus, b-la € 
Ker f = A and so aH = dH, proving that h is one-one. Hf 


From Theorem 5.2.1, it follows that if H = Ker f, then h is an isomorphism 
and hence G/Ker f is isomorphic to Gj, i.e., every homomorphism of a group 
G onto a group G) induces an isomorphism of G/Ker f onto G,. This result 
plays a fundamental role in group theory. It is known as the fundamental 
theorem of homomorphisms for groups. This result is also called the first 
isomorphism theorem for groups. Considering the importance of this theorem, 
we state it in its general form and also give a direct proof of it. 


Theorem 5.2.2 (First Isomorphism Theorem) Let f be a homomorphism 
of a group G into a group G,. Then f(G) is a subgroup of G, and 


i 


G/Ker f ~ f(G). 


Proof. By Theorem 5.1.2, f(G) is a subgroup of G). Let H = Ker f. Define 
h: G/H — f(G) by 
h(aH) = f(a) 


for all aH € G/H. Now aH = bH if and only if b-!a € H = Ker f if and only 
if f(b-+a) =e; if and only if f(b—1) f(a) = e; if and only if f(a) = f(b). Thus, 
h is a one-one function. Let « € f(G). Then x = f(b) for some b € G. There- 
fore, h(bH) = f(b) = x. This shows that his onto f(G). Finally, h(aHbH) = 
h(abH) = f(ab) = f(a) f(b) = h(aH)h(bH) for all aH,bH € G/H, proving 
that h is a homomorphism. Consequently, G/Ker f ~ f(G). H 


In the following example we illustrate the first isomorphism theorem. 


Example 5.2.3 Let f be the homomorphism of (Z,+) onto (Z3,+3) defined 
by f(n) = [n] for alln € Z. Let g be the natural homomorphism of Z onto 
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Z/ (6). Now (6) ts a normal subgroup of Z and (6) C (3) = Ker f. Thus, there 
exists a homomorphism h of Z/ (6) onto Z3 such that f = hog. The homo- 
morphism h is defined by h(n + (6)) = [n]. 


z—! +7, 

7 

ra 

Z/(6) 
p> —f +19) je g9—f 19) 
| 4 
0 + (6) 1+ (6) 2+ (6) 
3—/ sig] 4—f >a) 5s! 555] 
| 1X 4x 
3 + (6) 4 + (6) 5 + (6) 


Recall that a group G) is called a homomorphic image of a group G if 
there exists a homomorphism of G onto G}. 

From Theorem 5.2.1 and Corollary 5.2.2, we find that for each normal 
subgroup N of a group G, G/N is a homomorphic image of G, and for each 
homomorphic image G, there exists a normal subgroup N of G such that 


Example 5.2.4 The group S3 has (up to isomorphism) only three homomor- 
phic images. This follows from the fact that S3 has only three normal subgroups. 
The homomorphic images are S3, Z,, and Zo since {e}, $3, and {e, (1 2 3), (1 
3 2)} are the only normal subgroups of S3 and S3 ~ S3/{e}, Zi ~ $3/S3, and 
Zo ~ S3/{e,(1 2 3), (1 3 2)}. 


Theorem 5.2.5 Let G, be a homomorphic image of a group G. Then the 
following assertions hold. 

(i) If G is cyclic, then Gy is cyclic. 

(ii) If G is commutative, then G, is commutative. 

(iit) If G, contains an element of order n and |G| is finite, then G contains 
an element of order n. 
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Proof. (i) Follows by Exercise 12 (page 152). 

(ii) Follows by Theorem 5.1.2(v). 

(iii) Let f : G — G, be an epimorphism and let a’ be an element of G; 
of order n. If n = 1, then e is the required element of G of order 1. Suppose 
n > 1. Since f is onto Gj, there exists a € G such that f(a) = a’. Now o(a) 
is finite and by Theorem 5.1.2(v), o(a’) divides o(a), ie., n divides o(a). Let 
t € Zt be such that o(a) = nt. Then t < o(a). Hence, a’ 4 e. Now a™ = e. Let 
b =a*. Then b” =e and by Theorem 2.1.28, 

: o(a) nt 
tO gedeeo(@y 

Note that the result in Theorem 5.2.5(iii) does not hold if |G| is not finite. 
For example, Zs is a homomorphic image of Z; Ze contains an element of order 
3, but Z has no element of order 3. 


Theorem 5.2.6 (Second Isomorphism Theorem) Let H and K be sub- 
groups of a group G with K normal in G. Then 


H/(H OK) ~ (HK)/K. 


Proof. Define f : H — (HK)/K by f(h) = hK for all h € H. Now 
f(Aihe) = hihgK = hy KhoK = f(hi)f(he) for all hy, h2 € H, proving that f 
is a homomorphism. Let 2K € (HK)/K. Then xc = hk for some h € H and 
k € K. Thus, ck = (hk)K = (hK)(kK) = kK = f(h). This proves that f 
is onto (HK)/K and so f(H) = (HK)/K. Hence, by the first isomorphism 
theorem, it follows that 

H/Ker f ~ (HK)/K. 


To complete the proof, we show that Ker f = HO K. Now 


Ker f {hé€ H | f(h) = identity element of HK/K} 
= {heH|hK=k} 

{he H|he K} 

HK. 


Consequently, H/HN K ~ (HK)/K.@ 


We illustrate the second isomorphism theorem with the help of the following 
example. 


Example 5.2.7 Consider the group (Z,+) and its subgroups H = (2) and 
K = (3). Then H+ K = (2)+ (3) = Z and HONK = (6). Theorem 5.2.6 says 
that 

A/(HOK) ~ (H+ K)/K, 
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Le, 

(2) / (6) ~ Z/ (3). 
This isomorphism is evident if we notice that (2) / (6) = {0 + (6), 2+ (6), 
4+ (6)} while Z/ (3) = {0+ (3), 1+ (3), 24+ (3)}. The mapping 


h : (2) / (6) > 2/ (3) 
defined by h: 0+ (6) + 0+ (3), 2+ (6) > 2+ (6), 4+ (6) > 14 (3) is the 


desired isomorphism. 


Theorem 5.2.8 Let f be a homomorphism of a group G onto a group Gi, H 
be a normal subgroup of G such that H D Ker f, and g, g' be the natural ho- 
momorphisms of G onto G/H and G, onto Gi/f(H), respectively. Then there 
exists a unique isomorphism h of G/H onto G,/f(H) such that g’o f = hog. 


G i Ci 
: g gy! 
G/H Gi/f(H) 


Proof. If we show Ker g’ o f = H, then there exists a unique isomorphism 
h of G/H onto G,/f(H) by Theorem 5.2.1. Let a € H. Then (g’o f)(a) = 
9 (f(a)) = the identity of Gi/f(H) since f(a) € f(H) = Ker g’. Thus, a € Ker 
g' of and hence H C Ker g’o f. Let a € Ker g’o f. Then g’(f(a)) = the identity 
of G/f(H) and so f(a) € Ker g’ = f(H). Therefore, there exists b € H such 
that f(b) = f(a) or f(ab~!) = e;. This implies that ab-! € Ker f C H and so 
a = (ab-!)b € H. Thus, Ker g’o f C H. Hence, Ker go f = H. 


Corollary 5.2.9 (Third Isomorphism Theorem) Let H,, H2 be normal 
subgroups of a group G such that H; C Ho. Then 


(G/H))/(H2/H) = G/F. 
Proof. Make the following substitutions in Theorem 5.2.8: G/H, for G1, He 


for H, and (G/H,)/(H2/H;1) for G1/f(H), where in this case f is the natural 
homomorphism of G onto G/H. Note that f(H2) = H2/Ah. 


CG f 


G/H, 


G/H2——>(G/H;)/(H2/H) 
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We illustrate the third isomorphism theorem with the help of the following 
example. 


Example 5.2.10 Consider the group (Z,+) and the subgroups (6) and (3) of 
Z. Then 
Z/ (3) = {0 + (3) ,1 + (3) ,2 + (3)}. 


Z/(6) = {0+ (6),1+ (6),2+ (6),3+ (6) ,4+ (6) ,5+4+ (6)}. 


(3) / (6) = {0+ (6) 3+ (6)}. | 
Now, 
(Z/ (6))/((3) / (6) = (0, 1,3}, 
where 
= 0+(6) +((3)/(6)) 
1+ (6) + ((3) / (6) 
= 24(6) +((3) /(6)). 


Nien 
lI 


It is now clear that 
Z/ (3) = (Z/ (6))/((3) / (6)) 


since both are cyclic groups of order 3.and of course, by Corollary 5.2.9. 


We can at times determine the subgroups of a group G, from a group G 
whose subgroups are known if there is a homomorphism f of G onto G;. For 
if such an f exists, the following result says that the subgroups of G, can be 
determined from the subgroups of G which contain Ker f. 


Theorem 5.2.11 (Correspondence Theorem) Let f be a homomorphism 
of a group G onto a group Gy. Then‘f induces a one-one inclusion preserving 
correspondence between the subgroups of G containing Ker f and the subgroups 
of G,. In fact, if H and K are corresponding subgroups of G and G,, respec- 
tively, then H is a normal subgroup of G if and only if K is a normal subgroup 


of Gy. 
Proof. Let 
H = {H | H is a subgroup of G such that Ker f C H} 
and 
K ={K | K is a subgroup of G;}. 


Define f* : H — K by for all H € H, f*(H) = {f(h) | h © H}. Then 
f*(H) € K by Theorem 5.1.2. Hence, f* is a function since f is a function. 
Let K € K. Denote the preimage, f~'(K), of K in G by H. Let a € Ker f. 
Then f(a) = e, € K and soa € f-!(K) = H. Thus, Ker f C H. Let a, 
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be H. Then f(a), f(b) € K and so f(ab“!) = f(a) f(b-!) = fla) f(b)! EK. 
Therefore, ab-! € H and so H is a subgroup of G containing Ker f, i.e., H € H. 
Hence, f* maps # onto K. Let Hi, Ha € H. Suppose f*(Hy) = f*(He). Let 
hy € Hy. Then there exists hy € Ha such that f(h,) = f(h2). This implies 
that f (hi hz?) = e, and so hyhz! € Ker f C Hy. Hence, hy = (hihz*)he € Ho. 
Therefore, Hy C Ho. Similarly, Hy C H,. Thus, Hy = H2 and so f* is one-one. 
Clearly Hy C Ho if and only if f*(41) C f*(H2). In fact, since f* is one-one, 
Hy C Hp if and only if f*(Mi) C f*( Ap). 

Suppose Hf is a normal subgroup of G such that Ker f C H. Let K = f*(H). 
We show that K is a normal subgroup of G. Let f(a) € G, and f(h) € K. 
Now aha~! € H since H is a normal subgroup of G and so f(a)f(h)f(a)~! = 
f(aha~*) € K. Hence, K is a normal subgroup of G;. Let J be a normal 
subgroup of G,; and L € H be such that f*(L) = J. Leta € Gandhe L. 
Then f(aha7!) = f(a)f(h)f(a)-! € J and so aha“! € L. This proves that L 
is a normal subgroup of G. @ 


Corollary 5.2.12 Let N be a normal subgroup of a group G. Then every sub- 
group of G/N is of the form K/N, where K is a subgroup of G that contains N. 
Also, K/N is a normal subgroup of G/N if and only if K is a normal subgroup 
of G. 


Proof. Let g: G — G/N be the natural homomorphism. If a € G, then 
g(a) = aN. From Theorem 5.2.11, we find that this homomorphism induces 
a one-one mapping g* between the subgroups of G which contain Ker g = N 
and the subgroups of G/N. Let H be a subgroup of G/N. Then there exists a 
subgroup K of G such that N C K and H = g*(K) = {g(a) |ae K}=K/N. 
The last part follows from Theorem 5.2.11. 


The following example illustrates the correspondence theorem. 


Example 5.2.13 Let f be a homomorphism of (Z,+) onto (Zio, +12) defined 
by f(n) = [n] for alln € Z. Then for H and K of Theorem 5.2.11, 


H= {(12) ) (6) ’ (4) ) (3) ) (2) ,Z} 


and 
K = {([0]) ((6]) , ([4])  ([3]), ([2]) , Zara}. 
(12) — ([0}), f* + (3) — (3), 
: (2) — ([2]), — ([6)), 
As ({4]) , f°: Z— Zypo. 


The following diagram indicates the one-one inclusion preserving the cor- 
respondence property of f*. 
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(3) ([2]) ([3)) 


Es 


(6) ({4]) (6) 


(12) ({0)) 

Now ((9]) = {n[9] | mn € Z} C {n[3] | n € Z} = ([8]). Also, [3] = [27] = 
3[9] € ([9]). Therefore, ([3]) C ((9]). Hence, ([3]) = ([9]). Thus, the subgroup 
(9) of Z gets mapped to the subgroup (([3]) of Zio by f. However, this does not 
contradict Theorem 5.2.11 since (9) D (12). 


In the remainder of this section, we consider all isomorphisms of a group G 
onto itself. Recall that Aut(G) is the set of all automorphisms of G. 


Theorem 5.2.14 Let G be a group. Then (Aut(G),0) is a group, where o 
denotes the composition of functions. 


Proof. Since ig € Aut(G), Aut(G) # ¢. Let f,g € Aut(G). Then fog is an 
automorphism by Exercise 14 (page 152) and Theorem 1.5.11. Hence, fog € 
Aut(G). Clearly ig is the identity of Aut(G) and f—! is the inverse of f. Also, 
o is associative by Theorem 1.5.13. Consequently, (Aut(G),°) is a group. 


Theorem 5.2.15 Let G be a group anda é G. Define 0, : G — G by 6,(b) = 
aba! for allb € G. Then 

(i) 6a € Aut(G), 

(ti) 0, 0 0, = Gq» for all a,b € G, 

(itt) (0a)~* = 04-1, 

(iv) for all a € Aut(G), a0 8,007! = Bacay: 


Proof. (i) Let c,d € G. Suppose c = d. Then aca! = ada“! or 9,(c) = 
6,(d). Therefore, 6, is well defined. Now @,(cd) = a(cd)a~! = (aca~!)(ada~!) = 
0,(c)8,(d). This shows that 0, is a homomorphism. Also, c = 6,(a~!ca), prov- 
ing that 0, is onto G. Suppose @,(c) = @,(d). Then aca~! = ada! and so 
c= d. Thus, 6, is one-one. Consequently, 6. € Aut(G). 

(ii) Let a, b € G. Then (6, 063)(c) = 02(03(c)) = Oa(beb-*) = a(beb“!)at = 
(ab)c(ab)~! = O,9(c) for all c € G. Hence, 6, 0 = Oap- 

(iii) Note that 0, 0 04-1 = O,9-1 = Oe = ig and 8,-1 0 Og = 6-14 = Oe = ig. 
Thus, (6.)~1 = 6,-1. 

(iv) Let a € Aut(G). Now (a06,007!)(b) = a(6,(a71(b))) = a(aa!(b)a~?) 
= a(a)a(aq'(b))a(a~') = a(a)b(a(a))~* = Oq(a)(b) for all b € G. Hence, 
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The automorphism @, of Theorem 5.2.15 is called an inner automorphism 
of G. We denote by Inn(G) the set of all inner automorphisms of G. 


Theorem 5.2.16 Let G be a group. Then Inn(G) is a normal subgroup of 
Aut(G). 


Proof. Since ig = 0. € Inn(G), Inn(G) # ¢. By Theorem 5.2.15(i), 
Inn(G) C Aut(G). Let 62,6 € Inn(G). Then 6, 06;' = 620 6)-1 = Og4-1 € 
Inn(G). Hence, Inn(G) is a subgroup of Aut(G) by Theorem 4.1.3. Let a € 
Aut(G). Then by Theorem 5.2.15(iv), a0 8,0a7! = 94(a) € Inn(G). Hence, 
Inn(G) is a normal subgroup of Aut(G). ll 


Theorem 5.2.17 Let G be a group and H be a subgroup of G. Then 


N(A) 
CH) ~ a subgroup of Aut(H), 


where N(H) = {z € G| zHx~! = BH} is the normalizer of H and C(H) = 
{a2 €G| cha! =h for allh € H} is the centralizer of H. 


Proof. Define f : N(H) —Aut(A) by for all a € N(A), 


f(2) = OalH- 


Then f is well defined. Let aj,a2 € N(H). Then f(aja2) = Og, a9|H = Oa,\H © 
§a5\H = f(ai) ° f(az). Thus, f is a homomorphism. Now 


Ker f = {a€G| f(a) =in} 
= {aeEG|6,=ig} 
= {a€G | 6,(b) =7tx(b) for all be H} 
= {a€G|aba =} for all bc H} 
= {a€G|ab= ba for all be H} 
= (CC): 


Thus, by the first isomorphism theorem, we have the desired result. @ 


Corollary 5.2.18 Let G be a group. Then 
| G 

—— ~ Inn(C). 

Ga ) 


Proof. Let H = G in Theorem 5.2.17. Then we have N(G) = G and 
C(G) = Z(G). 
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5.2.1 Worked-Out Exercises 


® Exercise 1 Find all homomorphic images of the additive group Z. 


Solution: Let H be a homomorphic image of (Z,+). There exists a ho- 
momorphism f of Z onto H. By the first isomorphism theorem, Z/Ker f ~ H. 
Since Ker f is a subgroup of Z, Ker f = nZ for some integer n > 0. Hence, 
H ~Z/nZ for some integer n > 0. On the other hand, for any n > 0, nZ is a 
subgroup of Z and since Z is commutative, nZ is a normal subgroup of Z. There 
exists a natural homomorphism f from Z onto Z/nZ given by f(m) =m+nZ 
for all m € Z. This shows that Z/nZ is a homomorphic image of Z for all 
n > 0. Consequently, the homomorphic images of Z are the groups (up to iso- 
morphism) Z/nZ, n > 0. Now forn = 0, Z/nZ ~ Z and forn > 0, Z/nZ ~ Z, 
(Exercise 2, page 164). Therefore, we conclude that the homomorphic images 
of Z are the cyclic groups Z and Zn, n > 0. 


Exercise 2 If there exists an epimorphism of a finite group G onto the 
group Zg, show that G has normal subgroups of index 4 and 2. 


Solution: Let f : G — Zg be an epimorphism. Then by the first isomor- 
phism theorem, G/Ker f ~ Zs. Hence, G/Ker f is a cyclic group of order 8. 
Thus, G/Ker f has a normal subgroup Hj, of order 4 and a normal subgroup 
Hy of order 2. By the correspondence theorem, there exist normal subgroups 
N, and No of G such that Ker f C Ni, Ker f & No, N,/Ker f = Mj, and 
No/Ker f = Ho. Thus, 


8 = |G/Ker f| =[G: Ker f] =[G: M][M : Ker f] = [G: NiJ4. 
This implies that [G : Nj] = 2. Similarly, [|G : No] = 4. 
© Exercise 3 Show that 4Z/12Z ~ Zs. 


Solution: Define f : 4Z — Zs by f(4n) = [n] for all 4n € 4Z. One can show 
that f is an epimorphism. Then from the first isomorphism theorem, 4Z/Ker 
f ~ Z3. Now Ker f = {4n € 4Z | f(4n) = [0]} = {4n € 4Z | [n] = [0]} = 122. 


Exercise 4 Let G be a finite group and f be an automorphism of G such that 
for alla € G, f(a) =a if and only if a = e. Show that for all g € G, there 
exists a € G such that g = a7! f(a). 


Solution: Let G = {a1,a2,...,an}. Let S = {ay'f(a),...,07'f(an)}. 
Then S € G. Next, we show that all elements of § are distinct. Now aj’ f(a:) = 
a; f(a;) if and only if f(a;)f(a;)~! = axa; if and only if f(aia;") a a,a;* 
if and only if axa;* = e if and only if a; = a;. This shows that all elements of 
S are distinct and so |S| = n. Thus, S = G. Let g € G. Then g € S. Hence, 


g=a'f(a) for some aé G. 


5.2. ISOMORPHISM AND CORRESPONDENCE THEOREMS 163 


Exercise 5 Let G bea finite group and f be an automorphism of G such that 
for alla € G, f(a) = a if and only ifa = e. Suppose that f? = ic, where 
ic denotes the identity map. Prove that G is commutative. 


Solution: Let g € G. By Worked-Out Exercise 4, g = a! f(a) for some 
a eG. Then g = io(g) = fafa) = F(F(@*F(@)) = FU YP) = 
f(f(a)~!a) = f(g71). This implies that f(g) = 97} for all g ¢ G. Let a,bEG. 
Then (ab)-! = f(ab) = f(a) f(b) =a7!b-! = (ba)! and so ab = ba. Hence, G 


is commutative. 


® Exercise 6 Let H be a subgroup of index 2 in a finite group G. If the order 
of H is odd and every element of G\H is of order 2, prove that H is 
commutative. 


Solution: Since [G : H] = 2, H is a normal subgroup of G. Now G = 
HU Hg, where g ¢ H. Then o(g) = 2. Define f : G — G by for alla € G, 
f(a) = gag~}. Then f is an automorphism of G. Now f?(a) = f(f(a)) = 
f(gag-!) = g(gag7!)g71 = g?ag™? =a since g” = e. Hence, f? = ig. Since H 
is a normal subgroup of G, f(h) = aha! € H for all h € H. Thus, f is also 
an automorphism of H. Let h € H. Suppose f(h) = h. Then ghg~! = h or 
git = hg. Since gh ¢ H, o(gh) = 2. Therefore, h? = gh? = (gh)? = e. Since 
the order of H is odd, h? = e implies that h = e. Hence, f(h) = h if and only 
h =e. Thus, f is an autom -rphism of H such that f* = ig and f(h) =h if 
and only if h = e. By Worked-Out Exercise 5, H is commutative. 


® Exercise 7 Show that Aut(Z,) ~ Un. 


Solution: Define a :Aut(Z,) — U, by a(f) = f{{1}) for all f € Aut(Z,). 
Now mf((1]) = f([m]). Hence, f([m]) = [0] if and only if m is divisible by n. 
Thus, o(f([1])) =. This implies that f({1]) € U, and so a is well defined. Let 
fig © Aut(Zn). Then a(f og) = (fog) ([1]) = F(g((1])). Suppose g([1]) = [k}. 
Then a(fog) = f([k]) = kf) = AIF()) = [AAC = FC) g (1) = 


a(f)a(g). Hence, a is a homomorphism. Now 
Kerra = {f € Aut(Z,) | a(f) = {1} 


= {f € Aut(Z,) | f((1]) = [1}} 
{f € Aut(Z,) | f is the identity map}. 


Hence, o is a monomorphism. Finally, we show that a is onto U,. Let |t] € Un. 
Then t and n are relatively prime. Define f : Z, — Z, by f([m]) = [mt] for all 
[m] € Zn. Let [r], [s] € Z,. Suppose [r] = [s]. Then r — s = ng for some q € Z. 
Thus, rt — st = nqt. Hence, [rt] = [st], proving that f is well defined. Clearly f 
is a homomorphism. Suppose f([r]) = f((s]). Then [rt] = [st] and so n divides 
rt — st = (r—s)t. Since t and n are relatively prime, n divides r — s. Therefore, 
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[r] = [s]. This implies that f is one-one. Now let [r] € Zn. Since gcd(n, t) = 1, 
there exist p,q € Z such that 1 = tp+ nq. Hence, r = ptr + qnr. This implies 
[r] = [ptr]. Now [pr] € Zn. Thus, f(([pt] = [ptr] = [r]. We therefore find that f 
is onto. Hence, f € Aut(Z,). Now a(f) = f((1]) = [¢] shows that a is onto U;. 
Thus, @ is an isomorphism. Consequently, Aut(Zn) ~ Un. 


5.2.2 Exercises 


1. Let R* be the multiplicative group of all nonzero real numbers and T' = 
{1,1}. Then T is a subgroup of R*. Prove that the quotient group R*/T 
is isomorphic to the multiplicative group R* of positive real numbers. 


2. For any positive integer n, prove that Z/nZ ~ Z,. 
3. Show that 8Z/56Z ~ Zr. 


4. Let G be a group and A and B be normal subgroups of G such that 
A ~ B. Show by an example that G/A # G/B. 


5. For any two positive integers m,n such that gcd(m,n) = 1, prove that 
mZ/mnZ ~ Zn. 


6. Let G be the group of symmetries of the square and Ky, the Klein 4-group. 


Show that the mapping f : G — Ky, defines a homomorphism of G onto 
Ka, where f(rigo) = f (7360) =S€, f (roo) = f (r270) = a, f(h) = f(r) = b, 
f(di) = f(d2) =e. 


7. In Exercise 6, exhibit the one-one inclusion preserving correspondence 
between the subgroups of G containing Z(G) and the subgroups of K4. 


8. Let G and Ky be as in Exercise 6. Let g be the natural homomorphism of 
G onto G/Z(G), where Z(G) is the center of G. Prove that Z(G) = Ker 
f and exhibit the isomorphism h of G/Z(G) onto K4 such that f = hog. 


9. Show that Zs is not a homomorphic image of Zi5. 
10. Show that Zg is not a homomorphic image of Z3 x Zs. 


11. Show that if there exists an epimorphism from a finite group G onto the 
group Zj5, then G has normal subgroups of indices 5 and 3, respectively. 


12. Partition the following collection of groups into subcollections of groups 
such that any two groups in the same subcollection are isomorphic. 
(i) (Z, +), (ii) (Ze, +), (iii) (Zo, +), (iv) So, (v) S6, (vi) (17Z, +), (vii) 
(3Z, +), (vii) (Q, +), (ix) (R, +), (x)(R*, ‘), (xi) (Rt, aE (xii) (Q*, ‘), 


(xiii) (C*,-), (xiv) ((7),-), where R* denotes the set of nonzero real 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21: 


numbers, Q* denotes the set of nonzero rational numbers, C* denotes 
the set of nonzero real numbers, R* denotes the set of positive real 
numbers, and ((7) ,-) is the cyclic subgroup of (R™,-) generated by 7. 
Show that 

(i) Aut(Zs) ~ Ze. 

(ii) Aut(Zg) ~ Klein 4-group. 


Find all automorphisms of the group Zg. 

Show that |Aut(Z,)| = p — 1, where p is a prime. 
Prove that Inn(S3) ~ $3 ~ Aut(S3). 

Determine Aut(S4). 


Let G be a cyclic group of order n and ¢ be the Euler ¢-function. Prove 
that |Aut(G)| = (n). 


Let G be a group such that Z(G) = {e}. Prove that Z(Aut(G)) = {e}. 


Let G be a group and H be a subgroup of G. # is called a characteristic 
subgroup of G if f(H) C A for all f € Aut(G). 


(i) Show that every characteristic subgroup of G is a normal subgroup of 
G. 


(ii) Give an example of a group G and a subgroup # such that H is a 
normal subgroup of G, but A is not a characteristic subgroup of G. 


(ili) Show that Z(G) is a characteristic subgroup of G. 


(iv) Let H and K be characteristic subgroups of G. Show that HK and 
HO K are characteristic subgroups of G. 


(v) Let H and K be subgroups of G such that H C K. Show that if K 
is a normal subgroup of G and H is a characteristic subgroup of G, then 
H is a normal subgroup of G. 


(vi) Let H and K be subgroups of G such that H C K. Show that if H 
is a characteristic subgroup of K and K is a characteristic subgroup of 
G, then Hf is a characteristic subgroup of G. 


(vii) Suppose G is cyclic. Show that every subgroup of G is a character- 
istic subgroup of G. 


Show that the only characteristic subgroups of (Q,+) are {0} and Q. 
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22. Which of the following statements are true? Justify. 
(i) Any epimorphism of Z onto Z is an isomorphism. 
ii) Any epimorphism of a group G onto G is an isomorphism. 


iii) The quotient group 4Z/64Z has five subgroups. 


v) 2Z/6Z is a subgroup of Z/6Z. 


( 

( 

(iv) Zs has five homomorphic images. 

( 

(vi) There exist four subgroups of Z which contain 10Z as a subgroup. 
( 


vii) Let G and H be two groups, A be a normal subgroup of G, and B 
be a normal subgroup of H. If Gx H and A~ B, then G/A ~ H/B. 


5.3 The Groups D, and Qs 


In Section 5.1, we saw that there are two types of groups of order 4 and two 
types of groups of order 6. In this section, we wish to classify all noncommuta- 
tive groups of order 8. We will consider finite commutative groups in Chapter 
9. First we introduce two groups D, and Qg and study these groups in de- 
tail. The study of these groups will eventually lead us to the classification of 
noncommutative groups of order 8. 


Definition 5.3.1 A group G is called a dihedral group of degree 4 if G 1s 
generated by two elements a and b satisfying the relations 


o(a)=4, o(b) =2, and ba = ab. 


Example 5.3.2 Let T be the group of all 2 x 2 invertible matrices over R 
under usual matrix multiplication. Let G be the subgroup of T generated by the 


matrices 
0 1 01 
a=| 5 5| me 2 9]. 


Then o(A) = 4 and o(B) =2. Now 


and 


Thus, BA= A°B. Hence, G is a dihedral group of degree 4. 


5.3. THE GROUPS D4 AND Qs 167 


Example 5.3.3 Consider Sy. Let G be the subgroup of S4 such that G is gen- 
erated by the permutations 


a= (1234) andb=(2 4). 


Then a? = (1 3)0(2 4), a3 = (14 3 2), at =e, b* =e, and boa = (1 4) 0 (2 
3) = a3 ob. Hence, o(a) = 4, 0(b) = 2, andboa=a3 ob. Thus, G is a dihedral 
group of degree 4. 


The following theorem reveals some interesting properties of D4. These 
properties are similar to the properties listed in Example 4.1.18 for Ds. 


Theorem 5.3.4 Let G be a dihedral group of degree 4 generated by the ele- 
ments a and b such that 


o(a)=4, o(b) = 2, and ba = ab. 


Then the following assertions hold. 

(i) Every element of G is of the forma’), O0<i<4,0<j <2. 
(ii) G has exactly eight elements, i.e., |G] = 8. 

(iii) G is a noncommutative group. 


Proof. (i) Since G = (a,b), 
G= {a®?b)1q'2b)2 ...ginpin | it jt EC Z,1<t<n,ne N}. 


Since ba = ab, it follows that every element of G is of the form a"b™, where 
n,m € Z. Now at =e, b? = e, a7! = a3, and b-! = b. This implies that every 
element of G is of the form a*b’,0<i<4,0<j7 <2. 

(ii) By (i), every element of G is of the form a’b’,0<i<4,0<j7 <2. 
Thus, |G| < 8. Since (a) = 4, it follows that e,a,a?,a° are distinct elements 
of G. Then 6, ab, a?b, a%b are also distinct elements of G. Also, since a~! = a3, 


b-1=b, andaf¢bFe, 
{e,a,a”,a°} 0 {b, ab, ab, a2b} = &. 


Thus, G = {e,a,a?,a°,b, ab, a7b, a°b}. Hence, G has eight elements. 
(iii) Suppose ab = ba. Then ab =-a°b. This implies that a? = e, which is a 
contradiction. Hence, ab ¥ ba, proving that G is noncommutative. ll 


It is easy to see that any two dihedral groups of degree 4 are isomorphic. 
Hence, there exists only one dihedral group (up to isomorphism) of degree 4. 
We denote a dihedral group of degree 4 by D4. 

We now describe all subgroups of D4 and draw the lattice diagram of sub- 
groups of D4. 
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In Da, 
o(a) = 4,0(a”) = 2, o(a*) = 4,0(b) = 2, 


(ab)? = abab = aa®bb = e, 
(ab)? = a*ba*b = a?(a*b)ab = abab = e, 
(a3b)* = a3ba*b = a? (a3b)a2b = a7ba*b = e. 


From this, it follows that H; = {e,a?}, Hy = {e,b}, Hs = {e,ab}, Hy = 
f{e,a7b}, and Hs = {e,a°b} are subgroups of order 2. By Lagrange’s theorem, 
D4 has no subgroups of order 3, 5, 6, or 7. Now 


y= {e,a,a”,a°} 


To = {e, a”, b, a7b} 
T3 = {e, ab, a*,a°b} 


are subgroups of order 4. We ask the reader to verify that {e}, Hy, He, Hs, 
Hy, Hs, Ti, To, T3, and D4 are the only subgroups of D4. Hence, the lattice 
diagram of the subgroup lattice of D4 is the following: 


Te eee 


{e} 

It is interesting to note in D4 that Hs is a normal subgroup of T3 and T3 
is a normal subgroup of D4, but Hs is not a normal subgroup of Dy. We also 
note that every nontrivial subgroup of D4 is of order 2 or 4. Therefore, every 
nontrivial subgroup of D4 is commutative. However, since 75 is a nontrivial 
subgroup of D4 and T> is not cyclic, it follows that not every nontrivial subgroup 
of Dy is cyclic. Finally, we also note that Dg is isomorphic to Sym, the group 
of symmetries of a square (page 69). This follows from Theorem 5.3.4 and the 
group table of the group of symmetries of the square given on page 70. 

Next, we consider Qs. 


Definition 5.3.5 A group G is called a quaternion group if G is generated 
by two elements a,b satisfying the relation 


o(a) = 4, a? =b*, and ba = a°b. 
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Example 5.3.6 Let T’ be the group of all 2 x 2 invertible matrices over C 
under usual matrix multiplication. Let G be the subgroup of T generated by the 
matrices 


Then o(A) = 4 and 


and 
Bo 5 OP a ED a) Ce | tO 
“a=(] faba le a 
Thus, BA = A®B. Hence, G is a quaternion group. 


We leave the proof of the following theorem, which is similar to the proof 
of Theorem 5.3.4, as an exercise. 


Theorem 5.3.7 Let G be a quaternion group generated by the elements a and 
b such that 
o(a) = 4, a? =b", and ba = ab, 


Then the following assertions hold. 

(i) Every element of G is of the form a’b?", 0<i<4,0<j <2. 
(ii) G has exactly eight elements, i.e., |G| = 8. 

(iti) G is a noncommutative group. 


It is easy to see that any two quaternion groups are isomorphic. Hence, 
there exists only one quaternion group (up to isomorphism) and we denote it 


by Qs. 
Next, we determine all subgroups of Qs. 


Let Qg = (a,b), where o(a) = 4, a? = 6”, and ba = a®b. Then 
Qs = {e,a, a”, a°, b, ab, a*b, a°b}. 


In Qs, 
o(a) = 4,0(a?) = 2, 0(a9) = 4,0(b) = 4. 


Now 
(ab)* = abab = aa®bb = b = a’. 
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Thus, o(ab) = 4. Also, 
(a7)? = a?ba*b = a*(a°b)ab = a®bab = abab 


and 
(a3b)? = a3ba%b = a3 (a%b)a7b = aba*d. 


Hence, o(a?b) = 4 and o(a°b) = 4. It now follows that Hp = {e}, Hi = {e,a’}, 
Ho = {e,a,a”,a°}, Hs = fe, ab, a”, a3b}, and Hy, = {e,b,a”,ab} are subgroups 
of Qs. We ask the reader to verify that Hp, Hi, He, H3, Hs, and Qs are the 
only subgroups of Qg. Thus, the lattice diagram of the subgroup lattice of Qs 
is the following: 


Qs 


Pe es 
Pree 
| 


Ho 
Since [Qs : Ho] = [Qs : H3] = [Qg : Ha] = 2, Ho, H3, and Hy are normal 
subgroups of Qs. Now ba?b-! = baab-? = a®bab-! = a®a%bb-! = a? € Aj. 
Since Qg = (a,b), H) is a normal subgroup of Qg. Thus, every subgroup of 
Qs is a normal subgroup of G. It is also interesting to observe that all proper 
subgroups of Qs are cyclic. 


Theorem 5.3.8 Ds % Qs. 


Proof. We note from the above discussion that Q@g contains six elements of 
order 4 while D4 contains only two elements of order 4. Hence, D4 % Qs. 


The next theorem classifies all noncommutative groups of order 8. 


Theorem 5.3.9 There exist (up to isomorphism) only two noncommutative 
nonisomorphic groups of order 8. 


Proof. Let G be a noncommutative group of order 8. Since |G| is even, 
there exists an element u € G, u # e, such that u* =e. If z? =e for alle EG, 
then G is commutative, a contradiction. Thus, there exists a € G such that 
a? # e. Since 0(a)|8, o(a) = 4 or 8. If ofa) = 8, then G is cyclic and hence 
commutative, a contradiction. Thus, o(a) = 4. Let H = {e,a,a”,a°}. Then H 
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is a subgroup of G of index 2 and so H is a normal subgroup of G. Let b€ G 
be such that b ¢ H. Then G = HU Hb and HO Hb = ¢. This implies that 


G = {e,a,a’, a3, b, ab, ab, a°b} = (a,b). 


Now bab"! € H. If bab! = e, then a = e, a contradiction. Thus, bab! F e. 
If bab~! = a, then ab = ba and hence G is commutative, a contradiction. If 
bab-! = a?, then bab-! = (bab-!)? = a4 = € and so a? = e, a contradiction. 
Therefore, bab~! = a? and so ba = a°b. Since |G/H| = 2 and b ¢ H, o(Hb) = 2. 
Hence, 6” € H. If b* = a or a, then o(b) = 8 and so G is commutative, a 
contradiction. Therefore, either b? = e or b* = a?. It now follows that if G is a 
noncommutative group of order 8, then either 


G = (a,b) such that o(a)=4, 0(b) =2 ,and ba = ab 


or 
G = (a,b) such that o(a) = 4, b? =a’, and ba = a®b. 


In the first case, G ~ D4 and in the second case, G ~ Qs. Mi 


5.3.1 Worked-Out Exercises 
© Exercise 1 Find Z(D,). 


Solution: It is known that Z(D,) is a normal subgroup of D4. Now 
Dg has five normal subgroups: D4, {e}, H; = {e,a7}, T; = {e,a,a”,a°}, 
Ty = {e,a*,b,a*b}, Ts; = {e,ab, a”, a°b}. Since ab # ba, Di, T,, and Tp can- 
not be Z(Da). If (ab)b = b(ab), then a = (ba)b = a3b? = a3 and so a* =e, 
a contradiction. Hence, T3 4 Z(D4). Now a?b = a®b = a3(a3b) = a3(ba) = 
(ba)a = ba?. Hence, a? € Z(D4). Thus, Z(D4) = fe, a7} = HM. 


© Exercise 2 Find Inn(D4). 


Solution: By Corollary 5.2.18, Inn(D4) ~ D4/Z(D4). Now D4/Z(D4) is a 
group of order 4 and 


D4/Z(Da) = {e2(D4), aZ(D4), 6Z(Da), abZ(Da)}- 
Since a? € Z(Da), b? = e, and (ab)? = e, we find that each nonidentity element 
of D4/Z(D4) is of order 2. Hence, D4/Z(D4) ~ K4, the Klein 4-group. 
5.3.2 Exercises 


1. In Dg, find subgroups H and K such that K is a normal subgroup of 
and H is a normal subgroup of D4, but K is not a normal subgroup of 
Dg. 


5.4. GROUP ACTIONS 172 


2. Show that Qg is the union of three subgroups each of index 2. 
3. Find all homomorphic images of D4. 


4. Find all homomorphic images of Qs. 


5.4 Group Actions 


As previously mentioned, the theory of groups first dealt with permutation 
groups. Later the notion of an abstract group was introduced in order to ex- 
amine properties of permutation groups which did not refer to the set on which 
the permutations acted. However, one is primarily interested in permutation 
groups in geometry. Also, permutation groups are used in counting techniques 
that are important in finite group theory. An example of this can be seen in 
the proof of Lagrange’s theorem. We extend the notion of a permutation on a 
set to a group action on a set. We use the notion of a.group action on a set to 
determine, via counting techniques, important properties of finite groups. 

Let G be a group and S a nonempty set. A (left) action of G on S is a 
function -: G x S — S$ (usually denoted by -(g,2) — g- x) such that 

(i) (gig2)-2 = 91 - (g2- 2), and 

(ii) e- z = x, where e is the identity of G 

for all x € S, 91,92 € G. 


Note: If no confusion arises, we write gx for g- =. 


If there is a left action of G on S, we say that G acts on S on the left and 
S is a G-set. 


Example 5.4.1 Let G be a permutation group on a set S. Define a left action 
of G on S by 


ox =o(z) 


for alla €G,xe€S. Letx eS. Now ex = e(x) = x, where e is the identity 
permutation on S. Letai,a2 € G. Then (a1 002)-z = (a1 002)(x) = 01 (02(z)) = 
01: (o9(z)) = 01 - (2 - x). Hence, S is a G-set. 


Example 5.4.2 Let G be a group and H be a normal subgroup of G. Define a 


left action of G on H by 


(9,h) + ghg™* 


for allg € G,h € H. We denote this by g-h= ghg-'. Leth € H. Now 
e-h = ehe™' = ehe =h. Let 91,92 € G. Then (gig2) -h = (g1g2)h(g192)* = 


(9192)h(95 19,1) = gi(g2hag')or! = gi(g2-h)gy* = g1- (g2-h). Hence, H isa 
G-set. 
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Theorem 5.4.3 Let S be a G-set, where G is a group and S is a nonempty 
set. Define a relation ~ on S by for alla,be€ S, 


a~ b if and only if ga = b for some g € G. 


Then ~ is an equivalence relation on S. 


Proof. Since for all a € S, ea = a, a~ a for all a € S. Thus, ~ is reflexive. 
Let a,b,c € S. Suppose a ~ b. Then ga = 6 for some g € G, which implies that 
g1b = g*(ga) = (g-!g)a = ea = a. Hence, b ~ a and so ~ is symmetric. 
Now suppose a ~ b and b~ c. Then there exist gi, go € G such that gja = b 
and gob = c. Thus, (g291)a = go(gia) = gob = c and soa ~ c. Hence, ~ is 
transitive. Consequently, ~ is an equivalence relation. Hf 


Definition 5.4.4 Let S be a G-set, where G is a group and S is a nonempty 
set. The equivalence classes determined by the equivalence relation of Theorem 
5.4.3 are called the orbits of G on S. 


For a € S, the orbit containing a is denoted by [a]. 
Lemma 5.4.5 Let G be a group and S be a G-set. For alla € S, the subset 
G.={gEG|ga=a} 


is a subgroup of G. 


Proof. Let ae¢€S. Since ea =a,e € G, and so G, # ¢. Let g,h € G,. Then 
ga =a and ha =a. This implies that (gh)a = g(ha) = ga = a and so gh € Gg. 
Now h-!a = h-l(ha) = (h!h)a = ea = a. Thus, h7! € Gy. Hence, G, is a 
subgroup of G. # 


The subgroup G, of Lemma 5.4.5 is called the stabilizer of a or the 
isotropy group of a. 


Lemma 5.4.6 Let G be a group and S be a G-set. For alla eé S, 
[G : Ga] = lal]. 
Proof. Let aé€ 5S. Let £ be the set of all left cosets of Gz in G. Now 
[a] = {bE S|a~b}= {bE S | ga=b for some g € G} = {ga | g € Gh. 
We now show that there exists a one-one function from L onto [a]. Define 


f:L— [a] 
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by 

f(9Ga) = ga 
for all gG, € L. Let gi, gg € G. Then g1G, = goG, if and only if 95191 EG, 
if and only if gy'(g1a) = (g7'g1)a = a if and only if gia = goa. Thus, f isa 
one-one function from £ into [a]. Let 6 € [a]. Then there exists g € G such that 
ga = b. Thus, f(gG.) = ga = b. This implies that f is onto [a]. Consequently, 
[G : Ga] = |£| = |[a]|. 


Theorem 5.4.7 Let G be a group and S be a G-set. If S is finite, then 
[S| = SIG Gals 


acéA 


where A is a subset of S containing exactly one element from each. orbit [a]. 


Proof. By Theorem 5.4.3, S can be partitioned as the union of orbits. 
Therefore, 
Ss a Uae ala]. 
Hence, 
[S| = a |[a]| = S-[G : G,| by Lemma 5.4.6. 
acA acA 
Theorem 5.4.8 Let G be a group and S be a G-set. Then the left action of 
G on S induces a homomorphism from G onto A(S), where A(S) is the group 
of all permutations of S. 


Proof. Let g ¢€G. Definer, : S— S by7,(a) = gaforalla€c S.Leta,be€ S. 
Then 1,(a) = 7,(b) if and only if ga = gb if and only if a = b. Therefore, 7, 
is a one-one function. Now 6 = g(g~'b) = T,(g-1b) and g~1b € S. This shows 
that 7, is onto S. Thus, t, € A(S). Let gi, go € G. Then 79,9) (a) = (gig2)a = 
91(928) = To, (92a) = To, (Tg. (@)) = (To, 9 Tgp) (a) for all a € S. This implies that 
Tgigo = Tg, 0 Tg2- Define 

y:G— A(S) 
by 

¥(9) =T, 

for all g € G. Then yw is a function. Now W(gige) = Togo = 71 9 Tg. = 
(91) © W(g2) for all 91, g2 € G. This proves that ~ is a homomorphism. M 


The following corollary, which is known as the extended Cayley’s theorem, 
follows from the above theorem. 


Corollary 5.4.9 Let G be a group and H be a subgroup of G. Let S = {aH | 
a € G}. Then there exists a homomorphism w from G into A(S) (the group of 
all permutations on S) such that Ker w C H. 
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Proof. First we note that S is a G-set, where the left action of G on 
S is defined by g(aH) = (ga)H for all g € G. This left action induces the 
homomorphism w of Theorem 5.4.8. Now 


Ker w {9 €G|(g) =7, = the identity mapping on S} 
{g € G | 7,(aH) = aH for all aH € S} 


{g €G|g(aH) =cH for all aH € S}. 


II 


Let g € Ker w. Then g(aH) = aH for all aH € S. In particular, gH = H. 
Thus, g € H. Hence, Ker i) C H. @ 


Corollary 5.4.10 Let G be a finite group and H be a proper subgroup of G of 
index n such that |G| does not divide n! Then G contains a nontrivial normal 
subgroup. 


Proof. From Corollary 5.4.9, Ker @ C A and G/Ker w is isomorphic to a 
subgroup of S,,, where p is as defined in Corollary 5.4.9. Therefore, |G/Ker | 
divides n! But |G| does not divide n! Hence, |Ker 7)| 4 1, proving that Ker a 
is a nontrivial normal subgroup of G. 


Definition 5.4.11 Let G be a group and S be a G-set. Leta € S,g EG. 
Then a is called fixed by g if ga =a. If ga =a for all g € G, then a is called 
fized by G. 


Theorem 5.4.12 (Burnside) Let S be a finite nonempty set and G be a finite 
group. If S is a G-set, then the number of orbits of G is 


ag LF) 


geEG 


where F(g) is the number of elements of S' fixed by g. 


Proof. Let T = {(g,a) € Gx S | ga = a}. Since F(g) is the number of 
elements a € S such that (g,a) € T, it follows that |T| = Vijcg F(g). Also, |Ga| 
is the number of elements g € G such that (g,a) € T. Hence, |T] = Sonc¢ |Gol. 

Let S = [a;] U [ag] U--- U [ax], where {[a1], [ao], ..., [ax]} is the set of all 
distinct orbits of G on S. Then 


>> P(g) =.>5 IGal+ S5 IGal+---+ S2 |[Gal. 
gEG “a€[ai} a€[aa] a€ [ax] 
Suppose a, b are in the same orbit. Then [a] = [6] and [G : Ga] = |[a]| = |[0]| = 
[G : G]. This implies 
Gl _ Ial 
|Ga| |Go| 
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and so |G,| = |G,|. Thus, 


Legec Fg) = an) le ag) ee 
= JfLia, Ga Ga 
[en] | lee | she se ea il 

= k\G|, 


where k is the number of distinct orbits. Consequently, 


“iq Pom 


gEG 


5.4.1 Worked-Out Exercises 


© Exercise 1 Let S be a finite G-set, where G is a group of order p” (p a 
prime). Let So = {a € S| ga =a for all g € G}. Show that 


S| =p |So}- 
Solution: By Lemma 5.4.7, 
[S| = S“(G : Gal, 
acA 


where A is a subset of S containing exactly one element from each orbit [a] of 
G. Now a € So if and only if ga = a for all g € G, i-e., if and only if [a] = {a}. 
Hence, 


G 
ISI =1S0l+ Yo | | el. 
acAvSo | 


Since |G,| 4 |G| for all a € A\So, tet is some power of p for all a € A\So. 
Thus, BE is divisible by p, proving that |S| =p |So|. 
» Exercise 2 Let S be a finite G-set, where G is a group of order p” (p a 


prime) such that p does not divide |S|. Show that there exists a € S such 
that a is fixed. 


Solution: Let S59 = {a € S| ga = a for all g € G}. By Worked-Out 
Exercise 1, |S| =, |So|. Since p does not divide |S|, p does not divide |5o|. 
Thus, |So| 4 0. This shows that there exists a € So. Thus, a is fixed by G. 


® Exercise Let G be a finite group and H be a subgroup of G such that 
|H| = p*, where p is a prime and k is a nonnegative integer. 
(i) Show that 
: [C : H] = (NCH) : HI, 
where N(H) = {9g € G| gHg™' = H}. 
(ii) If p|[G : H], show that N(H) # H. 
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Solution: (i) Let S = {cH | x € G}. Define a left action of H on S by 
h(zH) = (hz)# for all h € H, cH € S. Then Sis an H-set. Let So = {cH € S 
| A(v@H) = xH for all h ¢ H}. By Worked-Out Exercise 1, |S] =, |So|. Now 
zH € Spo if and only if h(xH) = cH for all h € H if and only if r-the € H 
for all h € H if and only if c~'Hz C H. Now |z~1Hz| = |H|. Hence, tH € So 
if and only if z-'Hz C H if and only if c7!Hz = H (since H is finite and 
|c-!Hz| = |A|) if and only if z € N(H). This shows that So is the set of all 
left cosets of H in N(A). Thus, |So| = [N(H): H]. Also, |S| = [G: H]. Hence, 
[G: H] =, [N(A): A]. 

(ii) By (i), [(G : H] =, [N(A) : H]. Now p divides [G : H]. Thus, p divides 
[N(A) : H]. Since [N(H) : H] > 1, it follows that N(H) 4 H. 


Exercise 4 Let G be a finite group. Let H be a subgroup of G of index p, 
where p= is the smallest prime dividing the order of G. Show that H is a 
normal subgroup of G. 


Solution: Let S = {aH | a © G}. Since [G : H] = p, |S| = p. Thus, 
|A(S)| = p!, where A(S) is the group of all permutations on S. Define a left 
action of G on S by g(aH) = (ga)H for all g € G, aH € S. Now e(aH) = aH 
and (gig2)aH = ((9192)a)H = gi(g2aH). Hence, S is a G-set. Now the left 
action induces a homomorphism ~ : G — A(S) defined by ~(g) = 7%, where 
Tg(aH) = (ga)H for allg € G,aH € S. Let g € Ker y. Then g(aH) = eH for all 
aH € S, in particular, gH = H. Hence, g € H. Thus, Ker wy C H. Now G/Ker w 
is isomorphic to a subgroup of A(S). Therefore, |G/Ker 7] divides |A(S)| = p! 
Let |G/Ker | = n. Then n = [G:: H][H : Ker y] > p. Let n = pipo--- pe, 
where p; are prime integers, 7 = 1,2,...,k. Since p,; divides |G| and p is the 
smallest prime dividing the order of G, p; > pfor alli = 1,2,...,k. Since n 
divides p!, we have each p, divides p!. Since each p; is a prime and p; > p, we 
must have i = 1 and p;'= p. Thus, n = p. This implies that [H : Ker y] = 1. 
Hence, H = Ker wy and so H is a normal subgroup of G. 


® Exercise 5 Let G be a group of order pn, pa prime, andp>n. If Hisa 
subgroup of order p in G, prove that H is a normal subgroup of G. 

Solution: Let S = {aH | a € G}. Now |S| =[G: H] = i = Pan. 
Define a left action of G on S by g(aH) = (ga)H for allg€ G, aH € 8. Then 
S is a G-set. Now the left action induces a homomorphism wy : G — A(S) 
defined by %(g) = 7,, where 7,(aH) = (ga)H for all g € G, aH ¢ S. As in 
Worked-Out Exercise 4, Ker wy C H. Since |H| = p, either Ker ~ = {e} or 
Ker w = H. If Ker w = {e}, then G is isomorphic to a subgroup of A(S). This 
implies that |G} divides |A(S)|, i.e., pn|n! Therefore, p|(n — 1)! Since p > n, p 
does not divide (n — 1)! Thus, Ker 7) = H. Hence, H is a normal subgroup of 
G. 
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Exercise 6 Let G be a group. Show that G is isomorphic to a subgroup of 
A(G). (This is Cayley’s theorem. Here we want to prove this result by 
the group action method.) 


Solution: G is a G-set, where the left action of G on G is defined by the 
group operation. This left action induces a homomorphism ~ : G — A(G) 
defined by ~(g) = 7,, where 7,(a) = ga for alla,g € G. Now Ker p= {g EG 
| T7 = identity permutation on G} = {g € G | ga =a for ali a € G} = {e}. 
Hence, w is a monomorphism. 


« Exercise 7 Let G be a group of order 2m, where m is an odd integer. Show 
that G has a normal subgroup of order m. 


Solution: By Cayley’s theorem, G is isomorphic to a subgroup H of A(G), 
where the isomorphism w : G — A(G) is given by w(g) = 74, T,(a) = ga for all 
a, g € G. Since G is of even order, there exists g € G such that o(g) = 2. Now 
Tg(a) = ga and 7,(ga) = g*a = a. Hence, 7, is the product of transpositions 
of the form (a ga). Since |G] = 2m, the number of transpositions appearing 
in the factorization of Tg is m. Thus, 7, is an odd permutation. Therefore, 1 
contains an odd permutation. Define 


f:H-— {1,-1} 
by for all o € H, 


fGye 1 if is an even permutation 
= 1 if o is a odd permutation 


where {1,—1} is a group under multiplication. Then f is an epimorphism of 
H onto {1, -1}. Hence, 
H/er f ~ {-1,1}. 
Thus, 
|| 2m 
2 = |{-1,1}| = |H/K = — ; 
Hol 1} = |/Ker f[= po = 
Hence, |Ker f| = m. Consequently, H contains a normal subgroup of order m 
and so G contains a normal subgroup of order m. 


5.4.2 Exercises 


1. Show that Iz = {1,2,3} is a S3-set, where the left action is defined by 
oa = 0(a) for allo € $3, a € Iz. Find all distinct orbits of $3. Find G:, 
Go, and G3. 


2. Let H be a subgroup of order 11 and index 4 of a group G. Prove that 
His a normal subgroup of G. 


5.4. 


11. 


12. 
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. Let H be a subgroup of a group G of index n. If H does not contain 


any nontrivial normal subgroups of G, prove that H is isomorphic to a 
subgroup of S,,. 


. Let G = GL(2,R) and S$ = R?’. Show that S is a G-set under the left 


c d 


b 


a 
for all _ 


| EG, (x,y) € R?. 


. Let G be a group of order 77 acting on a set S of 20 elements. Show that 


G must have a fixed point. 


. Let G be a group. The left action of G on the set G is defined by 


conjugation, i.e., (g,z) > gzg~' for all g,z € G. Show that the kernel of 
the homomorphism 7 : G > A(G) induced by this action is Z(G). 


. Let G be a group of order 80 such that G has a subgroup of order 16. 


Show that G is not a simple group. 


. Show that a group of order 22 is not a simple group. 
. Show that there are no simple groups of orders 6, 10, 14, 26, 34, and 58. 


. Show that a group of order 8 cannot be a simple group. 


Show that a simple group of order 63 cannot contain a subgroup of order 
21. 


Let G be a group of order 70 such that G has a subgroup of order 14. 
Show that G has a nontrivial normal subgroup. 
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Arthur Cayley (1821-1895) was born 
on August 16, 1821, in Cambridge, England. 
He was the second son. He entered Trin- 
ity College at the age of 17, as a pensioner. 
In 1842, he graduated as senior wrangler. 
Later he went to a law school and in 1849 
he became a lawyer. As a lawyer, he made 
a comfortable living and in fourteen years, 
during which he practiced his law profession, 
he wrote approximately 300 mathematical 
papers. 

In 1863, Cayley was elected to the new 
Sadlerian chair of pure mathematics at Cam- 
bridge, where he remained until his death. 
He died on January 26, 1895. 

For most of his life, Cayley worked on mathematics, theoretical dynamics, and 
mathematical astronomy. In 1876, he published his only book, Treatise on Elliptic 
Functions. Cayley wrote 966 papers; there are thirteen volumes of his collected papers. 

Cayley’s mathematical style was terse. He usually wrote out his results and pub- 
lished them without delay. He, along with J. J. Sylvester, his lifelong friend, is con- 
sidered to be the founder of invariant theory. He is also responsible for matrix theory. 
The square notation used for determinants is due to Cayley. He proved many impor- 
tant theorems of matrix theory, such as the Cayley-Hamilton theorem. He is one of 
the first mathematicians to consider geometry of more than three dimensions. 

In 1854, Cayley published, “On the theory of groups depending on the symbolic 
equation 9” = 1.” In this paper, he considered a group as a set of symbols, 1,a, 6, ..., 
all of them different and such that the product of any two of them (no matter in what 
order), or the product of any one of them into itself, belongs to the set. This formula- 
tion of a group as a set of symbols and multiplications is different from the formulation 
considered by the earlier mathematicians. The paper is generally regarded as the ear- 
liest work on abstract group theory and Cayley is regarded as the founder of abstract 
group theory. He is best known for the theorem that every finite group is isomorphic 
to a suitable permutation group. In his article of 1854, he introduced a procedure 
for defining a finite group by listing its elements in the form of a multiplication table, 
known as a Cayley table. Cayley also proved a number of important theorems. 


Chapter 6 


Direct Product of Groups 


6.1 External and Internal Direct Product 


In Section 2.1, Exercise 25, we defined the direct product G x H of two groups 
G and H. In this section, we extend this concept to any finite family of groups 
and obtain their basic properties. 

The notion of a direct product is used to factor a group into a product 
of smaller groups. This factorization gives structural properties of a group. 
In some cases, it allows for the complete characterization of a certain type of 
group. In Chapter 9, the concept of direct product is used to give a complete 
system of invariants for a finitely generated Abelian group, i.e., a finite set of 
positive integers which implies the isomorphism of any two finitely generated 
Abelian groups that have this set of integers. 

Recall that J, = {1,2,...,n}. 

Let {G; | i € I,} be a family of groups. Let 


G = Gy, x Go xX --+ X Gn = {(41, @2,.--, An) | a, € Gy,1 € Ip}. 
Define * on G as follows: for all (a1,a9,...,@n), (b1,02,..-,bn) EG 
(a1, aa, at . Qn) * (by, be, . ‘ ¥y Dh) = (ab), a2b,.. ‘ O50): 


In the following theorem, we show that * is a binary operation on G and 
that the set G together with the binary operation * is a group. We also obtain 
several important properties of G. 


Theorem 6.1.1 Let {G; | i € I,} be a family of groups and G = G, x G2 x 
--+X Gy. Let e; be the identity of G; for alli € In. Then (G,*), where * is 
defined above, is a group with e = (€1,€2,...,€n) the identity element, and for 
all (a1, a@2,...,@n) € G, 


(a1, aa, ee ae — (Qe sO mae): 
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Furthermore, let 
Hy = {(€1,€2,..-, €i-1, Qi, Ci41,++-,€n} | ag € Gi} 


for allt EI,. Then the following assertions hold. 

(i) H; is a normal subgroup of G for alli € In. 

(ti) For alla € G, a can be uniquely expressed as a = hyhg---hpn, where 
hy € Hy, t € Ip. 

(iti) Ain (Hy He +A; Aye: H,) = {e} for alli E I,. 

(iv) G= A He Stee Hy. 


Proof. First we note that * is single-valued and if (a1,...,@n), (b1,..-,0n) 
€ G, then (a1,...,@n) * (b1,..-,;6n) = (a1b1,..-,@nbn) € G since ajb; € G; for 
ail «. Thus, * is a binary operation on G. We ask the reader to verify that * is 


associative. Now e = (€1,€2,...,@n) € G and for all a = (a, 42,...,an) EG, 
ae = (a@},Q2,...,@n)(e€i,€2,---,€n) 
= (a1e1, aj€2, Ste» Ann) 
= (@1,42,.-.,@n) 
= 4a. 


Similarly, ea = a. Hence, e is the identity of G. To show that every element of 
G has an inverse in G, let (a1,a2,...,@,) € G. Then (@, ts sa) EG 


since a, l€ G; for alli and 


(ajG95c0s Gy) (a, yay sag.) =“ (ayep* apeg ees gene') 
= (€1,€2,...,€n) 
es 
Similarly, (a7',a9’,...,a71)(a1,a2,...,an) =e. Thus, every element of G has 


an inverse. Consequently, (G, *) isa group. We also note that by the uniqueness 
of the inverse of an element 


(@idoteages) Sa) pas eden”): 


(i) Let i € I,. Since (€1,€9,...,€n) € Hi, Hi # b. Leta = (e1,...,a;,...,€n), 
b= (e1,...,0;,...,€n) € Hj. Then 


abe “Ee a eit, bie nce ewseesOaseayeay 


= (O15 Hae Gazainy Ba letevary Op year ea) 
_ (e1,.--,asb77,...,€n) © Hi. 


Thus, H; is a subgroup of G by Theorem 4.1.3. Let g = (g1,92,---,9n) € G. 
Then 


~1 


gag i 


(91) 92)+-+>9n)(€1,---,@i,---) €n) (91, 92)-+-39n) 
= (911 925+ +5 Geis «+5 9n)(Q1 "93 "9--+1 In) 
(€1,--+5 9:9; ,---,€n) € Hj; since giaig; ? E Gj. 


| 
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Hence, H; is a normal subgroup of G. 

(ii) Let a = (a1, 02,...,an) € G. Let hy = (e1,...,a;,...,€n) for alli € In. 
Then a = hAyhg-:-h,. To show that the representation of a is unique, let 
a = kiko---k, be another representation of a, where k; € H; for alli € I,,. Let. 
ky = (€1,.--,03,..-,€n) © Aj for all i ¢ J,. Then 


(a1, 42,...,@n) =hyho--+hy =a = kykq-+-+ ky = (6, bg,..., 5). 


This implies that a; = 6; for alli € I, and so h; = k; for alli € I,,. Hence, the 
representation of a is unique. 


(iii) Suppose a € HiN (A, --- Hi-1Hi41-:: Hy). Then a € Hj and 
a € Wy --- Aj-1Ai41--- An. 

Since a € H;, a = (€1,...,4;,...,€n) € A; for some a; € G; and since 
a€M--- Hj -1Ai41:++ An, 


we havea = hAyhg-++hy-phiaa + Pa, where h; = (Ci Bees Ons € Hi; for 
some a; € G;. Thus, : 


(Cty navy Gey ccigta) = OS ty hy ie = (Gi Oe ey pa) 
This implies that a; = e; for alli € [,. Hence, 
A, (Wy He--: As-1Ai41-+: An) = fe}. 
(iv) The desired result follows from (ii). ll 


Definition 6.1.2 The group G of Theorem 6.1.1 is called the external direct 
product of the groups G;,i=1,2,...,n. 


Theorem 6.1.1 motivates the following definition. 


Definition 6.1.3 Let G be a group and {N, |i € In} be a famaly of normal sub- 
groups of G. Then G is called the internal direct product of N,,No,...,Nn 
if every a € G can be uniquely expressed as a = aja2-+:dn, where a; € N; for 
alli € In. 


Let G = G1 x Gp X--- x G,, be the external direct. product of the groups G;. 
Let H; be defined as in Theorem 6.1.1. Then G is the internal direct product 
of H,, H2,...,H, by Theorem 6.1.1 (ii). 


Theorem 6.1.4 Let G be a group and {N; | i € In} be a family of normal 
subgroups of G. Then G is an internal direct product of {Ni | 1 © In} if and 
only ifG = N, No = - Np and N;N(Ny en -Nj-1Ni41 oe - Nn) = {e} for allie Ty. 
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Proof. Let G be an internal direct product of {N; | 7 € I,}. Let a € G. 
Then a = a1@9---@, for some a; € Nj, i € I,. Thus, a € Ni No---N, and this 
implies that G = N; No---N,,. We now show that N;1 (Ny ---Ny-1Nigi--- Nn) 
= {e} for alli € J,. Let i € J, anda € Nin (Ny +++ Nia Nia ++» Nz). Then 
a € N; and a € N,---Nj-1.Ni+i--- Nn. This implies that we can write a = 
0102 +++ @;-14i41°++@n for some a; € Nj, 7 € In\{i}. Hence, 


€€:+-a:+--€ =A4= 4140°°* Aj_1€Gi41°°° An 


are two representations of a, where a; € N;, 7 € I,\{i}. Since the representa- 
tion of a is unique, a = e. Hence, NiM (Ni ---Ni-1Nisi--- Nn) = fe}. 

Conversely, suppose G = N, No---N, and NiN (Ny --: Ni-1Nigi ++: Nn) = 
{e} for alli € I,. Then N;9 N; = {e} for all 2 #7 and hence uv = vu for all 
u € N;, and for all vu € N; by Exercise 12 (page 137). Let a = ajaq---an = 
b bo ---b, be two representations of a, where a;, 6; € N;, i € J,. Then 


e = aa 
= (a1a2-+:an)~'(b1b2 ++ bn) 
= aa. ty a; 'byb9 - bn 
= aj, byaz1bo---a7zlbn 


since for alli #7 if ue N; and v € Nj, then uv = vu. This implies that 
by ai = ay‘ ee a5 bi—-10;4 1 bi41 - “0, On € Ni Ni No--- Ni-1Ni4i--- Nn 


for alli € I,. Since Nj N NiNo---Ni-1Ni41---Nn = {e}, we must have 
b; 1a; = eor a; = 0, for allz € I. Thus, a can be written uniquely as a1a2---dn, 
where a; € Nj, i © In. Hence, G is an internal direct product of {N; |i ¢ I,}. i 


In the following theorem, we show that if a group G is an internal direct 
product of a family of normal subgroups {N; | 7 € I,}, then G can be viewed 
as an external direct product of the groups N;,’s. 


Theorem 6.1.5 Let G be an internal direct product of a family of normal 
subgroups {N; |i € In}. Then 


Gw WN, x No x--> x Ny. 


Proof. Let a € G. Then a can be expressed uniquely as a = a1G2--- an 
where a; € N;, i € In. Define 


’ 


f[:G>N,xNox-:---xN, 


by 
f(a) = (a1, @2,..., an) 
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for all a € G. From the definition of f, it follows that f is well defined and onto 
N, x N2x--+-N,. And from the uniqueness of the representation of a, it follows 
that f is one-one. We now show that f is a homomorphism. Let a = aja2--- an 
and b = b,bg---b, be two elements of G, where a;, b; € Ni,t € In. Now 
NiO.N; = {e} for alli #7 and so uv = vu for all u € Nj, v € N;. This implies 
that 


ab = 0102 °+++Gnb1b2- ++ bp = aybyagb2-+-anbn. 


Thus, 
f(ab) = (a,b), a2b2,..., anbn) 
= (a1, @2,..-,@n)(b1, bo,..., bn) 
= f(a)f(®) 


and so f is a homomorphism. Consequently, G ~ N, x No x-:- x Ny. 


Considering Theorem 6.1.5, let us agree to write G = Ny x No x-:- x N, 
when G is an internal direct product of a family of normal subgroups {N; | 
eT}: 


6.1.1 Worked-Out Exercises 


© Exercise 1 Let G and G; be groups and f : G — G, be a homomorphism. 
Let H be a normal subgroup of G. Suppose that fly : H — G, is an 
isomorphism of H onto G,. Prove that G = Hx Ker f. Give an example 
to show that this result need not be true if H is not a normal subgroup. 


Solution: Let a € G. Then f(a) € G; = f(H). Thus, there exists h € H 
such that f(a) = f(h). Now f(a) = f(h) implies that f(h-+a) = e; and 
hence h~!a € Ker f. Therefore, there exists b € Ker f such that b = hla 
or a = hb. Hence, G = HKer f. Suppose a € HMKer f. Then a € H and 
f(a) = e, = f(e). Since f|y is one-one, f(a) = f(e) implies that a = e. 
Therefore, HNKer f = {e}. Thus, H and Ker f are normal subgroups of G 
such that G = HKer f and HMKer f = {e}. Consequently, G = Hx Ker f. 

This result need not be true if H is not a normal subgroup of G: For let 
G = S3 and G; = (g’) be such that 0(g’) = 2, i.e., G; is a cyclic group of order 
2. Let H = ((1 2)). Define f : G — G, by f(e) =e, f(z) =e if z is an element 
of order 3, and f(r) = g/ if x is an element of order 2. Then fly : H — G} is 
an isomorphism of H onto G). Now Ker f = fe, (1 2 3), (13 2)} = ((1 2 3)). 
But G # Hx Ker f (see Exercise 14, page 188.) 


Exercise 2 Let G be a group and H and K be subgroups of G such that 
G =H x K. Let N be a normal subgroup of G such that NN H = {e} 
and NM K = {e}. Prove that N is commutative. 
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Solution: Since G = A x K, H and K are normal subgroups of G. Now 
for alln € N,h € H,k € K,nh = hn, and nk = kn by Exercise 12 (page 
137). Let a,b € N. Then there exist h € H,k € K such that b = hk. Now 
ab = a(hk) = (ah)k = (ha)k = h(ak) = h(ka) = (hk)a = ba. Hence, N is 


commutative. 


® Exercise 3 Let G be a group and A and B be subgroups of G. If 
(i) G= AB, 
(ii) ab = ba for alla € A, b € B, and 
(iii) AN B = {e}, 
prove that G is an internal direct product of A and B. 


Solution: Let us first show that A and B are normal subgroups of G. For 
this, let a € A, g € G. There exist c € A and b € B such that g = cb by 
(i). Now gag} = (cb)a(cb)~! = cbab~'c~! = cabb-!c! = cac™! € A. Hence, 
A is a normal subgroup of G. Similarly, B is a normal subgroup of G. Let 
g © G. Then g = ab for some a € A, b € B. Suppose g = a,b), where a; € A, 
b, € B. Then ab = ab, which implies that aya = )b-! © ANB = {el}. 
Thus, a = a, and 6 = 6). Therefore, we find that every element g of G can be 
expressed uniquely as g = ab, a € A, b € B. Consequently, G is an internal 
direct product of A, B. 


’ Exercise 4 Let G be a cyclic group of order mn, where m, n are positive 
integers such that gcd(m,n) = 1. Show that G ~ Z, xX Zn. 


Solution: Since m divides |G| and G is cyclic, there exists a unique cyclic 
subgroup A of G of order m by Theorem 4.2.10. Similarly, there exists a unique 
cyclic subgroup B of G of order n. Now |AM B| divides |A] = m and |ANB| 
divides |B] = n. Since gcd(m,n) = 1, |AN B| = 1. Thus, by Theorem 4.3.15, 
_ {A|[Bl _ mn 


=a a ee 


|AB| 


Since AB C G, |AB| = |G|, and G is finite, we must have G = AB. Hence, 
G = AB, ANB = {e}, and A and B are normal subgroups of G. Thus, 
G=AXBrZn X Zn. 


© Exercise 5 Let A and B be two cyclic groups of order m and n, respectively. 
Show that A x B is a cyclic group if and only if ged(m,n) = 1. 


Solution: Let A = (a) forsome a € A and B = (b) for some b € B. Suppose 
gcd(m,n) = 1. Let g = (a,b). Then g”™ = (a,b)™ = (a™, 6") = (e4, ep), 
where e, denotes the identity of A and eg denotes the identity of B. Suppose 
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o(g) =t. Then (a,b) = (e,4,eg). This implies that at = e, and b' = ey. Thus, 
m|t and nt. Since gcd(m,n) = 1, mn|t. Hence, mn is the smallest positive 
integer such that g”™” = e. Thus, o(g) = mn. Now |A x B| = mn and Ax B 
contains an element g of order mn. As a result, A x B is cyclic. Conversely, 
assume that A x B is cyclic and ged(m,n) = d #1. Let (a,b) € Ax B. Then 
o(a)|m and o(})|n. Now 77 = Fn = m7 is an integer and 7}* < mn. Also, 
(a,b)"@ =(a™d,b"@) = (e4, eR). 

Hence, A x B does not contain any element of order mn. This implies that 
A x B is not cyclic, a contradiction. Therefore, ged(m,n) = 1. 


Exercise 6 Show that |Aut(Z2 x Z2)| = 6. 


Solution: First note that Zz x Zz has four elements, e = ({0],[0}), @ = 
(1), (0]), 6 = ((0], [2]), ¢ = (f), (1), and ofa) = off) = ofc) = 2. Let f € 
Aut(Z2 x Ze). Then o( f(z)) = o(z) for all z € Zz x Zp. Hence, f maps {a, 6, c} 
onto {a,b,c}. Thus, f is a permutation of {a,b,c}. Since there are only six 
permutations of {a,b,c}, it follows that |Aut(Z2 x Ze)| < 6. Nowa+b=c, 
a+c=6b,b+c=a,anda+a=e=b6+b=c+c. Thus, any permutation of 
{a,b,c} gives rise to an automorphism of Zp x Z2. For example, let a:a—b, 
b— c,c— a, ande — e. Now a(a+b) = a(c) =a and a(a)+a(b) = b+c=a. 
Therefore, a(a+b) = a(a) +a(b). Similarly, a(a+c) = a(a)+a(c), a(b+c) = 
a(b) + a(c), a(a +a) = a(a) + a(a), a(6 +b) = a(b) + a(b), and a(e+c) = 
a(c) + a(c). Hence, a is an automorphism. Thus, |Aut(Z2 x Ze)| = 6. 


6.1.2 Exercises 


1. Prove that the direct product of two groups A and B is commutative if 
and only if both groups A and B are commutative. 


2. Let A,B,C, and D be four groups such that A ~ C' and B ~ D. Show 
that Ax Be Cx D. 


3. Let G be a group such that G = AH, x Hy x --- x Hy, where H; is a 
subgroup of G. Let K; be a normal subgroup of G such that K; C Hi, 
L<i<n. Let K = Kk, x Kox--- x K,. Show that 


4, Let G; be a group, 1 <i <n. Show that 


Z(G, x Gg X-++ X Gn) = Z(Gi) x Z(Go) x ++ x Z(G). 


6.1. 


10. 


11. 


12. 


13. 


14. 
15. 


16. 


ee 


18. 
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. Let G be a group and H and K be subgroups of G such that G= Hx K. 


Show that G/K ~ H and G/H ~ K. 


. Let G be a finite cyclic group of order mn, where m and 7 are relatively 


prime. Let H and K be subgroups of G such that |H| = m and |K| =n. 
Show that G= H x K. 


. Prove that Aut(Z2 x Z2) ~ $3. 


. Let G be a group and H and K be normal subgroups of G such that 


G= HK. Let HONK =N. Show that 


G/N ~ H/N x K[N. 


. Prove that a finite Abelian group G is the internal direct product of 


subgroups H and K if and only if (i) HONK = {e} and (ii) |G| = |A||K}. 


Show that the Klein 4-group is isomorphic to the direct product of a 
cyclic group of order 2 with itself. 


Show that a cyclic group of order 4 cannot be expressed as an internal 
direct product of two subgroups of order 2. 


Show that a cyclic group of order 8 cannot be expressed as an internal 
direct product of two subgroups of order 4 and 2, respectively. 


Can the cyclic group Zi2 be expressed as an internal direct product of 
two proper subgroups? 


Show that $3 cannot be written as a direct product of proper subgroups. 


Show that D4 cannot be expressed as an internal ditect product of two 
proper subgroups. 


Consider the groups Zz x $3, Z2 x Zg, and Z19. Are any two of these 


. groups isomorphic? Is any one noncommutative? 


Show that the additive group (Z, +) cannot be expressed as an internal 
direct product of two nontrivial subgroups. 


Show that the additive group (Q, +) cannot be expressed as an internal 
direct product of two nontrivial subgroups. 
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Heinrich Weber (1842-1913) was born on May 5, 1892, in Heidelberg, Ger- 
many. In 1860, he studied mathematics and physics at the University of Heidelberg. 
He received his Ph.D. in 1863. He was appointed as extraordinary professor at the 
University of Heidelberg in 1869 and also taught at Edgendssische Polytechnikum in 
Zurich, the University of Kénigsberg, the Technische Hochschule in Charlottenburg, 
and the universities of Marburg, Gottingen, and Strasbourg. 

Weber was a friend of Richard Dedekind and they often collaborated. Together 
they edited the work of Riemann in 1876. Herman Minkowski and David Hilbert were 
among Weber’s students. 

Weber’s main research interests were in analysis and its applications to mathemat- 
ical physics and number theory. He was encouraged by von Neumann to investigate 
physical problems and by Richelot to study algebraic functions. Along the lines of 
Jacobi, he worked on the theory of differential equations. He proved Abel's theorem in 
its most general form. He also worked on physical problems concerning heat, static and 
current electricity, the motion of rigid bodies in liquids, and electrolytic displacement. 

Weber’s most profound and penetrating work is in algebra and number theory. He, 
jointly with Dedekind, did work of fundamental importance on algebraic functions. 

In 1891, Weber gave the “modern” definition of an abstract finite group. One of 
his outstanding accomplishments was the proof of Kronecker’s theorem, which states 
that absolute Abelian fields are cyclotomic. 

Weber was an enthusiastic and inspiring teacher who took great, interest in educa- 
tional questions. He died on May 17, 1913. 


Chapter 7 


Sylow Theorems 


In general, the converse of Lagrange’s theorem does not hold (Exercise 19, page 
138). In this chapter, we prove the Sylow theorems, which are very helpful 
in determining whether a given finite group has subgroups of specific orders. 
There are several known proofs of the Sylow theorems. In this text, we give two 
different proofs of the Sylow theorems, one based on the notion of group action 
(Section 5.4) and another based on the notion of conjugacy classes (Section 
7.1). In Section 7.4, we will apply the Sylow theorems to determine certain 
simple groups. 


7.1 Conjugacy Classes 


In this section, we define an equivalence relation commonly known as a con- 
jugacy relation on a group. This relation partitions the group into disjoint 
equivalence classes, which helps us to obtain a decomposition of the order of 
a finite group. This particular decomposition of the order of a finite group is 
known as the class equation. The class equation is very useful in determining 
the nature and structure of finite groups. The results obtained in this section 
will be used throughout this chapter. 


Definition 7.1.1 Let G be a group and a be an element of G. Then the cen- 
tralizer or normalizer of a in G, denoted by C(a), is the set of all elements 
of G which commute with a, 7.e., 


C(a) = {be G | ba = ab}. 


We note that C(a) = G if and only if a is in the center of G. 

Let G be a group and a € G. An element 6 € G is said to be a conjugate 
of a in G if there exists c € G such that b = cac7!. 

In the following theorem, we prove some basic properties of the centralizer 
of an element. 
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Theorem 7.1.2 Let a be an element of a group G. Then 
(i) C(a) is a subgroup of G. 
(ii) The relation p on G defined by 


p={(a,b) €GxG | b is a conjugate of a} 


.is an equivalence relation, known as conjugacy, on G; the equivalence class 
[a] of the relation p is called a conjugacy class of a in G. We denote the 
conjugacy class [a] by Ci(a). 

(iit) The number of conjugates of a is equal to the index of C(a) in G, i.e., 
ICila)| = [Gs C@)). 


Proof. (i) Since ea = a = ae, e € C(a) and so C(a) # ¢. Let b,c € C(a). 
Then ab = ba and ac = ca. Also, ac = ca implies that ac7! = cla. Now 
a(bc~!) = (ab)c7! = (ba)e™! = b(ac™!) = b(e71a) = (be *)a. Therefore, be“! € 
C(a). Hence, C(a) is a subgroup of G by Theorem 4.1.3. 

(ii) Note that for all a € G, a = eae~!. Thus, for all a € G, a is a conjugate 
of a. Hence, p is reflexive. For symmetry, let (a,b) € p. Then there exists 
¢ € G such that b = cac”!. This implies that a = c~1be and so (b,a) € p. 
Hence, p is symmetric. To show that p¢ is transitive, let (a,b), (b,c) € p. Then 
there exist u,v € G such that b = uau~! and c = vbu~!. This implies that 
c = (vu)a(vu)~ and so (a,c) € p. Thus, p is transitive. Consequently, p is an 
equivalence relation. 

(iii) Let a € G. Let H denote the set of all distinct left cosets of C(a) in G. 
Then |H| = [G : C(a)]. Now bab! € C;(a) for all b € G. Define f : H — C)(a) 
by f(bC(a)) = bab}. Let b,c € G. Now bC(a) = cC(a) if and only if c~1b € 
C(a), which in turn is equivalent to (¢~'b)a = a(c~1b). Now (c~!b)a = a(c™ 1b) 
if and only if bab~! = cac7!. Therefore, f is a one-one function. From the 
definition of f, it follows that f maps H onto C)(a). Hence, f is a one-one 
function of H onto C;(a). Consequently, |C;(a)| = |H| = [G: C(a)]. ™ 


Corollary 7.1.3 Let G be a finite group. Then 


IG] = SIG : Ca), 


where the summation is over a complete set of distinct conjugacy class repre- 
sentatives. 


Proof. By Theorem 7.1.2(ii), G = UgC)(a), where the union runs over a 
complete set of distinct conjugacy class representatives. The corollary follows 
since the distinct conjugacy classes are mutually disjoint and |C)(a)| = [G : 
C(a)] for all a € G by Theorem 7.1.2(iii). 
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Corollary 7.1.4 Let G be a finite group. Then 


IG] =|Z(G)|+ J) [@: Ce), (7-1) 
a¢Z(G) 


where Z(G) denotes the center of G and the summation runs over a complete 
set (possibly empty) of distinct conjugacy class representatives, which do not 
belong to Z(G). 


Proof. First observe that a € Z(G) if and only if C(a) = G if and only if 
[G : C(a)] = 1. By Corollary 7.1.3 


IG] = SG : C(a)), 


where the summation is over a complete set of distinct conjugacy class repre- 
sentatives. This implies that 


IGj= SO [6:C@]+ SO (G:C). 


a€Z(G) ag¢Z(G) 


Since a € Z(G) if and only if [G : C(a)] = 1, it follows that Woezql[G : 
C(a)] = |Z(G)|. Hence, 


IG} =|Z(G@)|+ YO [G:CCa)], 
a¢Z(G) 


where the summation runs over a complete set (possibly empty) of distinct 
conjugacy class representatives which do not belong to 7(G). 


Eq. (7.1) in Corollary 7.1.4 is called the (conjugacy) class equation. 


Example 7.1.5 Consider S3. By Worked-Out Exercise 1 (page 94), it follows 
that S3 has three conjugacy classes, namely, 


(23) (05 2)-(3 23) 


The class equation reads 


il 


IS] = |Z(G)| + isc¢( 3 : :)) + i sct( 3 : ;)) 
2 3 


6. -=: ee 
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Example 7.1.6 Consider the group of symmetries of the square. The distinct 
conjugacy classes are {rigo}, {r360}, {T90, 7270}, {d1, do}, {h, v}. The class equa- 
tion reads 


IG] = |Z(@)| + + [G:C(d)} + [G:C(R)) 
8 = (141) + 2 + 2 + 2. 


Until now our discussion focused on the conjugacy class of an element of a 
group. We now extend our discussion to the conjugate subgroup of a group. 
We will be mainly interested in determining the number of distinct conjugates 
of a subgroup induced by the elements of another subgroup. We begin with 
the following theorem. 


Theorem 7.1.7 Let H be a subgroup of a group G anda € G. Then aHa™ 
is a subgroup of G, called a conjugate of H. Furthermore, H ~ aHa"!. 


Proof. By Worked-Out Exercise 1(i) (page 106), aHa~! is a subgroup of G. 
Now define f : H > aHa™! by f(h) = aha for all h € H. As in Worked-Out 
Exercise 1(ii) (page 106), f is a one-one function from H onto aHa™'. To show 
that f is a homomorphism, let hj, ho € H. Then f(hihe) = a(hihoja ! = 
(ahja~')(ahga!) = f(hi)f (he). Hence, H~aHa!. 


Definition 7.1.8 Let H be a subgroup of a group G anda € G. IfaHa™' = H, 
then H is called invariant under a. 


Definition 7.1.9 Let H and K be subgroups of a group G. Let Nx(H) denote 
the set 
Nx(H) ={k€K | kHk = H}. 


Nx(H) is called the normalizer of H in K. 


It follows that Nx(H) = Nc(H) nk. 


Theorem 7.1.10 Let H and K be subgroups of a group G. Then Nx(H) is a 
subgroup of K. 


Proof. Since e €¢ K and eHe-! = H, e € Nx(H) and so Nx(H) # @. Let 
ki, ko € Ne(H). Then ki} Hky' = H = kopHkz+. Now H = koHkz! implies 
that H = ky!Hko. Thus, 


H 


ky Hky* 
ki (ky + Hko) ky? 
(ky ky*)H(kyky*)—t. 
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Hence, kik3' € Nx(H). Thus, Nx(H) is a subgroup of G. 


When K = G, we write N(H) for Nc(H) and refer to the subgroup N(H) 
simply as the normalizer of H. By Exercise 11 (page 137), N() is the largest - 
subgroup of G in which H is normal. Of course N(H) = G when 4 is a normal 
subgroup of G or when G is commutative. 


Example 7.1.11 Consider the symmetric group $3. In Example 4.3.2, the sub- 


group 
,_ff123 i eS 
eee cael, 
is not a normal subgroup of S3. We note that N(H’) = H’. 


Theorem 7.1.12 Let H and K be subgroups of a group G. The number of 
distinct conjugates of H induced by the elements of K is equal to |K : Nx(H)), 
the index of Nx(H) in K. 


Proof. Let 7 be the set of distinct conjugates of H induced by the elements 
of K,i., T = {kHk7~! | k € K} and let S be the set of distinct left cosets 
of Nx(H) in K, ie., S = {aNx(H) | a € K}. To show that the number of 
distinct conjugates of H induced by the elements of K is equal to [K : Nx(H)], 
the index of Nx (H) in K, we need to show that there exists a one-one function 
of T onto S. 

Define f : T — S by f(aHa7!) = aNx(H) for all aHa@! € T. Let ki, 
ko € K. Then ky Hky! = koHk,! if and only if H = (ky 1k2)H(ky+k2)~!. Now 
H = (k['ko)H (kj 'k2)7? if and only if k[*ko € Nx(H) and the latter is true 
if and only if ki Nx(H) = koNx (A). Thus, we have shown that f is a one-one 
function. From the definition of f, it is immediate that f is onto S. Hence, the 
number of distinct conjugate subgroups of H by the elements of K is equal to 
the number of distinct cosets of Nx(H) in K.™ 


Corollary 7.1.13 Let H and K be finite subgroups of a group G. If H is 
invariant under n elements of K, then H has |K|/n conjugates by elements of 
K, 


Proof. By hypothesis, |Nx(H)| = n. Hence, |K| = [K : Nx(H)|-|Nx(A)| 
by Lagrange’s theorem. The corollary is now immediate by Theorem 7.1.12. Ml 
7.1.1 Worked-Out Exercises 


® Exercise 1 Let G be a finite group and a € G be such that a has only two 
conjugates. Prove that C(a) is a normal subgroup of G. 


7.1. CONJUGACY CLASSES 195 


Solution: By Theorem 7.1.2, [|G : C(a)] = |Ci(a)|. Now |Ci(a)| = 2. 
Hence, [G : C(a)] = 2, proving that C(a) is a normal subgroup of G. 


© Exercise 2 Let G be a finite group that has only two conjugate classes. 
Show that |G| = 2. 


Solution: Let |G| = n. Let a € G and a # e. Then G = Ci(e) UC; (a). 
Since |C;(e)| = 1, |Ci(a)]| =n — 1. Hence, n — 1 = |C;(a)| = [G : C(a)] divides 
|G| =n. This is possible only if n = 2. 


Exercise 3 Prove that there exists no finite nontrivial group every nonidentity 
element of which commutes with exactly half the elements of the group. 


Solution: Let G be a group of order n > 1 such that every nonidentity 
element of G commutes with exactly half the elements of G. Let a € G and 
a # e. Then |C(a)| = n/2. Hence, |Ci(a)| & [G : C(a)] = 2. Now |G] = 


ICi(e)|+ 2X aze |Ci(a)|, where the summation runs over a complete set of distinct 


conjugacy class representatives. Since |C;(e)| = 1 and |C;(a)| = 2 for all 
e £a€ G, we find that |G| is odd. But |C(a)| = } = nel shows that |G| is 


even. This contradiction shows that there cannot exist any group of this type. 


7.1.2 Exercises 


1. Let G be a group and a € G. Prove that a € Z(G) if and only if C;(a) = 
{a}. 


2. Let G be a finite group. Prove that if there exists an element a € G with 
exactly two conjugates, then G contains a nontrivial normal subgroup. 


3. Prove that a subgroup H of a group G is a normal subgroup if and only 
if H is the union of conjugacy classes of G. 


4. Let G beagroup, H a subgroup of G, anda € G. Prove that N(aHa~’) = 
aN(H)a"!. 


5. Let H and K be subgroups of a group G. Prove that H is normal in K 
if and only if HC K C Neg(H). 


6. Let G be a group and H and K be subgroups of G. Prove that if H and 
K are conjugates, then Ne¢(H) and Ng(K) are conjugates. 


7. Find the class equation for Ss. 
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7.2 Cauchy’s Theorem and p-groups 


In this section, we prove an important theorem which gives a partial converse of 
Lagrange’s theorem. This interesting theorem is due to Cauchy. First we will 
prove this theorem for finite Abelian groups and then with the help of the class 
equation extend it to any finite group. The proof of Cauchy’s theorem given in 
this book is intended to show the reader the use of the ideas of quotient groups 
and the class equation. With the help of Cauchy’s theorem, we also prove that 
the converse of Lagrange’s theorem holds for finite Abelian groups. 


Lemma 7.2.1 If G is a finite commutative group of order n such that n is di- 
visible by a prime p, then G contains an element of order p (whence a subgroup 
of order p). 


Proof. The proof is by induction on the order of G. If |G| = p, a prime, then 
every element of G, other than the identity, has order p. Thus, in particular, 
the lemma is true when |G| = 2. Now make the induction hypothesis that the 
lemma is true for all groups of order r, where 2 < r <n. Suppose G is a group 
of order n. Let a € G with a # e and let m denote the order of a. Then either 
plm or pjm. If plm, then m = pk for some positive integer k. In this case, 
(a*\P = a™ = e, from which it follows that a* 4 e and a* is an element of order 
p. Now suppose p jm. Since G is commutative, the cyclic subgroup H = (a) of 
G is of course a normal subgroup of G. Now |G| = m-[G: H]. Since p does 
not divide m, we have p|[G : H]. Hence, p divides |G/H]|. Since |G/H]| < n, 
we have by the induction hypothesis that there exists bH ¢€ G/H such that 
o(bH) = p. Now 0?H = (bH)? = H. Hence, b? € H. Thus, (b™)? = (b?)™ =e, 
so that either b” = e or b™ has order p. But b” #e else (bH)™ = A yielding 
p|m, a contradiction. Thus, 6™ has order p and so b™ is the desired element of 


GC. 


Theorem 7.2.2 (Cauchy) Let G be a finite group of order n such that n is 
divisible by a prime p. Then G contains an element of order p and hence a 
subgroup of order p. 


Proof. The proof is by induction on n. If n = 2, then G is commutative 
and the result follows by Lemma 7.2.1. Make the induction hypothesis that 
the result is true for all groups of order m such that 2 < m <n. Consider the 
class equation 
IG|=|Z@)I1+ YD (G:C) 
a€ Z(G) 


for G. If G = Z(G), then G is commutative and the result follows by Lemma 
7.2.1. If GA Z(G), then there exists a € G such that a ¢ Z(G). For such an 
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element a, G # C(a) and so [G : C(a)] > 1, whence by Lagrange’s theorem 
IG| = [@ : Ca] -|C(@)| > |C(@)]. 


If p divides |C(a)|, then by the induction hypothesis, C(a) and thus G has 
an element of order p. If p does not divide |C'(a)| for all a ¢ Z(G), then p must 
divide [G : C(a)] for alla ¢ Z(G). But in the class equation, p divides each term 
of the summation and also divides |G|. Thus, p divides |Z(G)|. Since Z(G) is 
commutative, we have again by Lemma 7.2.1 that there exists-a € Z(G) and 
hence a € G of order p. 


Next, we apply Cauchy’s theorem to prove that the converse of Lagrange’s 
theorem holds for finite commutative groups. 


Theorem 7.2.3 Let G be a finite commutative group of order n. If m is a 
positive integer such that m|n, then G has a subgroup of order m. 


Proof. If m= 1, then fe} is the required subgroup of order m. If n = 1, 
then m = n = 1 and the result follows easily. We now assume that m > 1, 
m > 1 and prove the result by induction on n. If n = 2, then m = 2 =n and 
G is the required subgroup of order m. Suppose the theorem is true for all 
finite commutative groups of order k such that 2 < k < n. Let p be a prime 
integer such that plm. Then there exists an integer m, such that m = pm). By 
Cauchy’s theorem, G has a subgroup A of order p. Since G is commutative, H 
is normal and hence G/H is a group. Now 


Iel 
1<|G/A|= < |G| 
and |G/H| = 2. Now n = mmz for some positive integer m2. Thus, |G/H| = 


see = Si akiows that m, divides |G/H]|. Hence, from the induction hy- 
pothesis, G/H has a subgroup K/H such that |K/H| = m1, where K is a 
subgroup of G. Now |K| = |K/H||H| = mip =m. Hence, K is a subgroup of 
G of order m. Hi 


We now apply Cauchy’s theorem to obtain some interesting properties of 
p-groups. 


Definition 7.2.4 Let p be a prime. A group G is said to be a p-group if the 
order of each element of G is a power of p. A subgroup H of a group G is called 
a p-subgroup if H is a p-group. 


Example 7.2.5 The group of symmetries of a square and the Klein 4-group 
are p-groups, where p = 2. In fact, any group of order p” (p a prime) is a 
p-group since the order of each element must divide the order of the group. 
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The following theorem gives a necessary and sufficient condition for a finite 
group to be a p-group. 


Theorem 7.2.6 Let G be a nontrivial group. Then G is a finite p-group if 
and only if |G| = p* for some positive integer k. 


Proof. Suppose G is a finite p-group. If q divides |G| for some prime q ¥ p, 
then by Cauchy’s theorem G has an element of order g, contradicting the fact 
that G is a p-group. Thus, p is the only prime divisor of |G|. Hence, |G| = p* 
for some positive integer k. Conversely, suppose |G| = p*. Then by Lagrange’s 
theorem, the order of each element of G is a power of p. 


In the next theorem, we prove that the center of a p-group is nontrivial. 


Theorem 7.2.7 If G is a finite p-group with |G| > 1, then Z(G), the center 
of G, has more than one element, i.e., if |G| = p* with k > 1, then |Z(G)| > 1. 


Proof. Consider the class equation 


IG) =|Z(@)|+ So [G: Ca). 
a¢Z(G) 


If G = Z(G), then the theorem is immediate. Suppose G D Z(G) and 
consider a € G such that a ¢ Z(G). Then C(a) is a proper subgroup of G so 
that by Theorem 7.2.6 and by the fact that C(a) is a subgroup of a p-group, 
p\[G : C(a)] for alla ¢ Z(G). This implies that p divides S7,¢7(qy[G : C(@)]. 
Since p also divides |G|, p divides |Z(G)|. Hence, |Z(G)| > 1. @ 


Corollary 7.2.8 Let G-be a group of order p*, where p is a prime. Then G is 
commutative. , 


Proof. By Theorem 7.2.7, |Z(G)| > 1. By Lagrange’s theorem, |Z(G)| 
divides p*. Hence, |Z(G)| = p or p?. Suppose |Z(G)| = p. Then Z(G) #4 G 
and so there exists a € G such that a ¢ Z(G). Now C(a) is a subgroup of 
G and a € C(a). Hence, Z(G) Cc C(a). This implies that |C(a)| = p* and so 
G = C(a). However, this shows that a € Z(G), a contradiction. Therefore, 
|Z(G)| = p* and so G = Z(G). Thus, G is commutative. Ml 


7.2.1 Worked-Out Exercises 


® Exercise 1 Show that every group of order pg, where p and q are primes, 
is not simple. 
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Solution: If p = g, then G is a group of order p*. Hence, G is commutative. 
Also, Cauchy’s theorem implies that G has a subgroup of order p, which must 
be normal. Therefore, G is not simple. Suppose now p # g. We may assume 
that p > q. By Exercise 8 (page 200), G has a normal subgroup of order p. 
Thus, G is not simple. 


Exercise 2 Let H and K be subgroups of a commutative group G. Suppose 
|H| =m and |K| =n. Let d = lem(m,n). Show that G has a subgroup 
of order d. 


Solution: Since G is commutative, HK is a subgroup of G, and since 
fs and K are finite, HK is finite. Now AH and K are subgroups of HK. 
Hence, m||HK| and n||HK|. This implies that d||HK]|. Since HK is a finite 
commutative group and d||HK|, HK has a subgroup of order d and so G has 
a subgroup of order d. 


© Exercise 3 Let G be a noncommutative group of order p?, p a prime. Prove 
that |Z(G)| = p. 


Solution: Write Z = Z(G). Since |G| = p*, |Z| > 1 by Theorem 7.2.7. 
Thus, |Z| = p, p® or p®. If |Z| = p?, then G = Z and so G is commutative, 
which is a contradiction. If |Z| = p*, then |G/Z| = p. Hence, G/Z is cyclic. 
But then G is commutative, again a contradiction. Thus, |Z| = p. 


Exercise 4 Let G be a finite commutative group. Prove that the number of © 
solutions of z” = e in G, where n > 0 and n divides |G], is a multiple of 
n. 


Solution: Let H = {zr | x € G, x” =e}. Then H is a subgroup of G. Since 
n divides |G| and G is commutative, there exists a subgroup K of G such that 
|K| =n. Let a € K. Then a” =e. Hence, K C H. By Lagrange’s theorem, |K| 
divides |H|. Thus, |H| = nm. Consequently, the number of solutions of z” = e 
is a multiple of n. 


© Exercise 5 Let G be a group of order p”, p a prime, and n € Zn > 1. 


Prove that any subgroup of G of order p”~! is normal in G. 


Solution: We will prove the result by induction on n. If n = 1, then 
G is a cyclic group of prime order and hence every subgroup of G is normal 
in G. Thus, the result is-true if n = 1. Suppose the result is true for all 
groups of order p™, where 1 < m <n. Let H be a subgroup of order p”~?. 
Consider N(H). If H # N(H), then |N(H)| > p®~?. Thus, |N(H)| = p” and 
so N(H) = G. Hence, in this case H is normal in G. Suppose H = N(H#). 
Then Z(G), the center of G, is a subset of H and Z(G) # {e}. By Cauchy’s 
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theorem and Theorem 7.2.7, there exists a € Z(G) such that o(a) = p. Let 
K = (a). Then K is a normal subgroup of G of order p. Now |H/K| = p”~? 
and |G/K| = p"-!. Thus, by the induction hypothesis, H/K is a normal 
subgroup of G/K. Hence, H is a normal subgroup of G. 


7.2.2 Exercises 


1. 


10. 


11. 


12. 


13. 


Show that every group of order 14 contains only one normal subgroup of 
order 7. 


. How many elements of order 7 are there in a group of order 28? 
. Show that a group of order 15 is commutative. 


. Let G be a group of order p”, where p is a prime and 7m is a positive 


integer. Show that G contains a subgroup of order p*, 0 <i <n. 


. Find all 2-subgroups and 3-subgroups of (Zi2, +12). 
. Find all 2-subgroups of Ay. 


. Show that every commutative group of order 36 contains an element of 


order 6. 


. Let G be a group of order pn, where p is a prime and p > n. Show that 


G contains a normal subgroup of order p. 


. Let G be a commutative group of order pq, where p and q are distinct 


primes. Show that G' is cyclic. Is this result true when p = q? 


For any prime p, prove that any group of order p? is either cyclic or a 
direct product of cyclic groups. 


Show that every group of order 28 with a unique subgroup of order 4 is 
commutative. 


Show that a group of order 81 contains a nontrivial normal subgroup with 
more than three elements. 

Let G be a group of order 99. Prove the following. 

(i) G has a unique normal subgroup H of order 11. 

(ii) H C Z(G). 


(iii) G has an element of order 33. 
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7.3. Sylow Theorems 


M.L. Sylow did work of fundamental importance in determining the structure 
of finite groups. We can use his results to answer the problem now posed. 

If G is a finite group of order n and if H is a subgroup of G, then we know 
by Lagrange’s theorem that the order of H divides n. In this section, we give 
some answers to the question, “If m is a positive integer, which divides n, does 
G contain a subgroup of order m?” 

It is interesting to note that Sylow’s theorem was proved by Sylow for 
permutation groups. George Frobenius established the theorem in the general 
setting. He was influenced to do so by Cayley’s theorem. 


Theorem 7.3.1 (Sylow’s First Theorem) Let G be a finite group of order 
p'm, where p is a prime, r and m are positive integers, and p and m are 
relatively prime. Then G has a subgroup of order p® for allk, O<k <r. 


Proof. First Proof of Sylow’s First Theorem: Let |G| =n = p’m. 
We prove the result by induction on n. If n = 1, then r = 0 and {e} is the 
required subgroup of order p". Suppose the result is true for all groups T of 
order less than |G|. If r = 0, then {e} is the required subgroup of order p’. 
We now assume that r > 1. First suppose p divides |Z(G)|, where Z(G) is the 
center of G. Since p divides |Z(G)|, there exists a € Z(G) such that o(a) =p 
by Cauchy’s theorem. Let H = (a). Then H is a normal subgroup of G since 
a € Z(G). Now |G/H| = p”~!m. Hence, by the induction hypothesis, G/H has 
subgroups K;/H of order p* for all i = O:2tagr—le Then (e} Ay Wigee., pcs 
are the subgroups of G of the required order. 
Now suppose p { |Z(G)|. Consider the class equation, 


IG] =|Z(G@)\+ SS [E:C(a)], 
ag Z(G) 


where the summation runs over a complete set (possibly empty) of distinct 
conjugacy class representatives which do not belong to Z(G). From the hy- 
pothesis, p divides |G|. If p|[G : C(a)] for all a ¢ Z(G), then from the class 
equation, it follows that p divides |Z(G)| , a contradiction to our assumption. 
Hence, there exists a ¢ Z(G) such that p does not divide [G : C(a)|. Now 


|G] = [G: C(a)] -|C(@)]. 


This implies that p” divides |C(a)|. Since a € C(a), |C(a)| > 1. Also, C(a) 
#G since a ¢ Z(G). Hence, |C(a)| < |G|. Thus, by the induction hypothesis, 
C(a) has a subgroup of order p* for all i, 0 <2 <r. Hence, G has a subgroup 
of order p’ for all i, 0<i<7r. 


eae 
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Second Proof of Sylow’s First Theorem: If r = 0, then {e} is the 
required subgroup of order p”. Suppose r > 1. Since p| |G], G has a subgroup 
of order p by Cauchy’s theorem. We now show that if G has a subgroup 
of order p*, then G has a subgroup order p*+!, where 1 < i < r. Suppose 
G has a subgroup H of order p*, 1 < i < r. Then H is a proper subgroup 
of G. By Worked-Out Exercise 3 (page 176), [N(H) : H] =p [G : H] and 
H # N(#). Since p|[G : H], it follows that p|[N(#) : H], i-e., p| |N(H)/H]. 
Thus, N(H)/H has a subgroup K/H of order p by Cauchy’s theorem. Now 
|K| =|K/H||A| = pp’ = p'*}. Therefore, K is a subgroup of G of order p'*?. 
The result now follows by induction. Hf 


The following corollary is immediate from Theorem 7.3.1 


Corollary 7.3.2 Let G be a finite group and p a prime. If p” divides |G|, 
then G has a subgroup of order p”. & 


Definition 7.3.3 Let G be a finite group and p a prime. A subgroup P of G 
is called a Sylow p-subgroup of G, if P is a p-subgroup and is not properly 


contained in any other p-subgroup of G, i.e., P is a maximal p-subgroup of G. 


Example 7.3.4 The symmetric group S3 has three Sylow 2-subgroups, namely 


o-{(222).G23)} 


oe 
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Hs=1( | 2 ee 3 ie 
Thus, a Sylow p-subgroup of a given group need not be unique. 


The following theorem shows the existence of Sylow p-subgroups in a finite 
group. 


Theorem 7.3.5 For each prime p, a finite group G has a Sylow p-subgroup. 


Proof. If |G| = 1 or p does not divide |G], then {e} is the required Sylow 
p-subgroup of G. If p divides |G|, then by Cauchy’s theorem, there is at leust 
one subgroup H of G of order p. Since G is finite, there are a finite number 
of subgroups of G, which contain H. Hence, one of these subgroups is a Sylow 
p-subgroup of G. @ 
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From Sylow’s first theorem, every group of order p”m (pa prime, gcd(p,m) = 
1) contains a subgroup of order p”. We now show that every subgroup of order 
p’ is a Sylow p-subgroup in G and every Sylow p-subgroup of G is of order p’. 


Theorem 7.3.6 Let G be a finite group of order p'm, where p is a prime, r 
and m are positive integers, and p and m are relatively prime. 

(i) Let H be a subgroup of G of order p’, 1 <i <r. Then there exists a 
subgroup K of G such that |K| = p'*! and H is a normal subgroup of K. 

(ii) Let H be a subgroup of G. Then H is a Sylow p-subgroup of G if and 
only if |H| =p". 


Proof. (i) By Worked-Out Exercise 3 (page 176), [N(H): H] =, [G:: H]. 
Since p|[G : H], p||N(H)/H|. Thus, N(H)/H has a subgroup K/H of order 
p by Cauchy’s theorem. Now |K| = |H||K/H| = p**!. Since H is normal in 
N(H) and K C N(#), H is normal in K. Hence, K is the desired subgroup of 
G. 

(ii) Suppose H is a Sylow p-subgroup. Then 4 is a p-subgroup of G and 
so |H| = p* for some positive integer k. Suppose k # r. By (i), there exists a 
subgroup K of G such that H C K and |K| = p*+1_ This implies that H is not 
a maximal p-subgroup of G, a contradiction. Thus, k = r. Conversely, suppose 
that |H| = p”. Since |G| = p™m and p and ™ are relatively prime, it follows 
that H is a maximal p-subgroup of G. Hence, H is a Sylow p-subgroup of G. 


Theorem 7.3.7 Let G be a finite group of order p"m, where p is a prime, 
r and m are positive integers, and p and m are relatively prime, and P be a 
subgroup of G. 

(i) If P is a p-group, then any conjugate of P is a p-group. 

(ii) If P is a Sylow p-subgroup, then any conjugate of P is a Sylow p- 
subgroup. 

(itt) If P. is the only Sylow p-subgroup of G, then P is a normal subgroup 
of G. 


Proof. (i) Since |P| = |aPa™ | and aPa™! is a subgroup of G, the desired 
result follows from Theorem 7.2.6. 

(ii) Let P bé a Sylow psubgroup. Then |P| = p”. This implies that 
\aPa—| = p” and so by Theorem 7.3.6(ii), aPa~* is a Sylow p-subgroup. 

(iii) Let a € G. Then aPa™! is a Sylow p-subgroup of G by (ii). Since P is 
the only Sylow p-subgroup of G, aPa~! = P. Hence, P is a normal subgroup 
of G. @ 


Lemma 7.3.8 Let H be a normal subgroup of a group G. If H and G/H are 
both p-groups, then G is a p-group. 
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Proof. Let a¢G. Then aH € G/H and so aH has order some power of p, 
say, p*. Thus, (aH " = H and so a?’ € H. Now every element of H has order 
a power of p. Let us say a?” has order p™. Thus, (ar*™ =eoraP”” =. 
This implies that o(a) has order some power of p. Since a was arbitrary in G, 


G is a p-group. Hl 


Lemma 7.3.9 Let G be a finite group. Let P be a Sylow p-subgroup of G and 
a€G be such that the order of a is a power of p. IfaPa-! = P, thenaé P. 


Proof. Since aPa~! = P, a € N(P). Now N(P) 2 P, so if we show that 
no element of N(P)\P has order a power of p, then a € P. Suppose there 
exists b € N(P)\P such that the order of b is a power of p. Now P is a normal 
subgroup of N(P) so that we may consider the quotient group N(P)/P and 
the coset bP. The order of bP as an element of N(P)/P divides the order of b. 
Hence, bP has order a power of p in N(P)/P. Thus, the cyclic subgroup (bP) 
of N((P)/P has order a power of p and thus is a p-group. By Corollary 5.2.12, 
there is a subgroup K of N(P) such that K D P and K/P = (bP). Since 
b6¢ P, K > P. By Lemma 7.3.8, K is a p-group since both P and (bP) are 
p-groups. However, this contradicts the fact that P is a maximal p-subgroup 
of G. Hence, no element of N(P)\P can have order a power of p. ll 


We now prove two more theorems due to Sylow. 


Theorem 7.3.10 (Sylow’s Second Theorem) Let G be a finite group of 
order p'm, where p is a prime, r and m are positive integers, and p and m 
are relatively prime. Then any two Sylow p-subgroups of G are conjugate, and 
therefore isomorphic. 


Proof. First Proof of Sylow’s Second Theorem: By Theorem 7.3.5, 
G has a Sylow p-subgroup, say, P. Let S be the set of all conjugates of P. We 
‘show that S contains all Sylow p-subgroups. Let H be a Sylow psubgroup 
of G such that H ¢ S and let Q € S. Now Q is a Sylow p-subgroup of G 
and |Q| = p”. Since Q # H, it follows that Q Z H. Thus, there exists h € H 
such that h ¢ Q. Now o(h) = p* for some positive integer k. By Lemma 7.3.9, 
hQh-! # Q. Thus, the number of conjugates of Q induced by the elements 
of H is more than 1. Hence, by Theorem 7.1.12, [H : Ny(Q)] > 1. Now 
p’ = |H| = [# : Na(Q)]|Nu(Q)| and so [H : Nx(Q)] is a positive multiple of 
D. - : 

~ Let us now define a relation p on S by p = {(A,B) €Sx S| A=hBh7 
for some h € H}. Then p is an equivalence relation on S and for all A € S, the 
equivalence class, [A], consists of all conjugates of A induced by the elements 
of H. Thus, as shown before, |[{A]| is a nonnegative multiple of p. Since S is 
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a disjoint union of such equivalence classes, it follows that |S| is a positive 
multiple of p and so p||S|. By Theorem 7.1.12, |S| = [G : N(P)]. Thus, 


m=(G:P|=(G:N(P)|[N(P): P] =|S|[N(P): P). 


From this, it follows that p]m, a contradiction. Hence, S is the set of all Sylow 
p-subgroups of G. Ml 


Second Proof of Sylow’s Second Theorem: Let H and K be Sylow p- 
subgroups of G and S be the set of all left cosets of H in G. Then |S| = [G: H]. 
Let K act on S by for alk EK, aH €S, 


k(aH) = (ka)H. 


Then S is a K-set. Let So = {aH € S | k(aH) = aH for all k € K}. By 
Worked-Out Exercise 1 (page 176), 


|So| =p |S]. 


Since H is a Sylow p-subgroup of G, |S| = [G: H] is not divisible by p. Thus, 
|So| 4 0. Let aH € So. Then k(aH) = aH for all k € K. From this, it follows 
that a~'kaH = H for all k € K and so a~'ka € H for all k € K. Therefore, 
aKa C H. Since ja“! Ka| = |K| = |H|, a7 'Ka = H. Hence, H and K are 
conjugate. il 


The following corollary is an immediate consequence of Sylow’s second the- 
orem. 


Corollary 7.3.11 Let G be a finite group and H be a Sylow p-subgroup of 
G. Then H is a unique Sylow p-subgroup of G if and only if H is a normal 
subgroup of G. 


Theorem 7.3.12 (Sylow’s Third Theorem) Let G be a finite group of or- 
der p'm, where p is a prime, r and m are positive integers, and p and m are 
relatively prime. Then the number np of Sylow p-subgroups of G is 1+ kp for 
some nonnegative integer k and np|p"m. 


Proof. First Proof of Sylow’s Third Theorem: Let S be the set 
of all Sylow p-subgroups of G and P € S. Define a relation p on S by 
p = {(A,B) € SxS | A = aBa7! for some a € P}. Then as in the first 
proof of Sylow’s second theorem, p is an equivalence relation on S and for 
all A € S, A # P, the number of elements in the equivalence class, [A], is a 
multiple of p. Now [P] = {4 €S|A=axPzx! for some z € P} = {P}. Thus, 
|[P]| = 1. Consequently, |S| = 1+ kp for some nonnegative integer k. Now by 
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Theorem 7.1.12, np = |S| = [G: N(P)]. This implies that n, divides |G|.™ 


Second Proof of Sylow’s Third Theorem: Let S be the set of all Sylow 
p-subgroups of G and P € S. Let P act on S by conjugation, i.e., for all a € P, 
QéS,a-Q=aQa7}. Let SS ={QES]a-Q=Q forallac P}={QES| 
aQa~' = Q for all a € P}. By Worked-Out Exercise 1 (page 176), 


|S| =p |Sol - 


Since P € Sp, So # ob. Let Q € So. Then Q = aQa™! for all a € P. Hence, 
P C N(Q) and so P and Q are Sylow p-subgroups of N(Q) since P and Q 
are Sylow p-subgroups of G. Thus, by Sylow’s second theorem, aQa~' = P for 
some a € N(Q). But then P = Q. Thus, So = {P} and so |So| = 1. Hence, 
|S| =p 1 and so |S| = 1+ kp for some integer k. 

Let G act on S by conjugation. By Sylow’s second theorem, any two Sylow 
p-subgroups are conjugate. Therefore, there is only one orbit of S under G. 
Let PES. Then Gp={gEG|g-P=P}={g€G|g9Pg!=P}=N(P). 
Thus, by Lemma 5.4.6, 


|S| = number of elements in the orbit of P = [G: Gp]. 


But [G : Gp] divides |G|. Consequently, the number of Sylow p-subgroups of 
G divides |G|. 


7.3.1 Worked-Out Exercises 


® Exercise 1 Show that every group of order 45 has a normal subgroup of 
order 9. 


Solution: Let G be a group of order 45 = 3*-5 and n3 denote the number 
of Sylow 3-subgroups of G. Then n3 = 3k +1 for some integer k > 0 and 73/45. 
If k = 0, then n3 = 1, which divides 45. But for any k > 1, ng does not divide 
45. Hence, G contains a unique Sylow 3-subgroup H of order 9. Consequently, 
G has a normal subgroup of order 9. 


© Exercise 2 Let G bea finite group of order pq, where p and q are relatively 
prime, and P be a subgroup of order p™, where p: is a prime. Show that 
P is the only Sylow p-subgroup of order p™ lying in N(P). 


Solution: Clearly |N(P)| = pr for some r < g and p and r are relatively 
prime. Let P’ be any other Sylow p-subgroup of G such that P’ C N(P). Then 
P and P’ are Sylow p-subgroups of N(P). Thus, there exists z € N(P) such 
that P’ = zPz7!. Since P is normal in N(P), P = xPx!. Hence, P’ = P. 
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© Exercise 3 Let G be a finite group and p a prime such that p divides |G]. 


(i) Let K be a normal subgroup of G. Show that for any Sylow p-subgroup 
P of G, PNK is a Sylow p-subgroup of K. Conversely, if B is any Sylow 
p-subgroup of K, show that there exists a Sylow p-subgroup P of G such 
that B= PO K. 


(ii) Let H be a normal subgroup of G. If P is a Sylow p-subgroup of G, 
show that PH/H is a Sylow p-subgroup of G/H. Conversely, show that 
any Sylow p-subgroup of G/H is of the form PH/H, where P is a Sylow 
p-subgroup of G. 


Solution: (i) Let |G| = p”gq, where p and q are relatively prime. Let P bea 
Sylow p-subgroup of G. Then |P| = p™. Since |PM K| divides |P|,|PN K| =p’ 
for some i < m. Hence, PK is a p-group. Let |K| = p*t, where p and ¢t are 
relatively prime and s > i. Suppose s > 7. Now |PK| = ee = ert = 
ppt = p™+), 7 = s —i > 1, which is impossible since|G| = pq and PK is 
a subgroup of G. Thus, s = i. Hence, |PM K| = p’, ie., PK is a Sylow 
p-subgroup of K. Conversely, let B be a Sylow p-subgroup of K. Let |K| = 
where p and t are relatively prime. Then |B| = p*. Now PK is a Sylow 
p-subgroup of K for any Sylow p-subgroup P of G. Then there exists a € K 
such that B = a71(PN K)a = a!Pana!Ka = QniK, where Q = a7'!Pa. 
Clearly @ is a Sylow p-subgroup of G. 

(ii) Let |G| = p™gq, where p and q are relatively prime. Let P be a Sylow 
p-subgroup of G. Then |P| = p™. Let |H| = p*t, where p and ¢ are relatively 
prime. Now Pd is a Sylow ae of H. Hence, |PM A = p*. ere 
|PH/H| = orl = De = ay = & = p™. Also, |G/H| = ft = 
a = p™-*r, Hence, PH/H is a Sylow ee of G/H. Conversely, let 
B/H be a Sylow p-subgroup of G/H. Now PH/H is a Sylow p-subgroup of 
G/H for any Sylow p-subgroup P of G. Therefore, there exists aH € G/H 
such that B/H = a~1H(PH/H)aH. Now for all b € PH, a1 HbHaH € B/H, 
and hence for all b € PH,a~!ba € B. Thus, a~!(PH)a C B. Let Q=a7'Pa. 
Then Q is a Sylow p-subgroup of G. Also, a7! Ha = H since H is normal. Now 
QH = (a~!Pa)(a-'Ha) = a }(PH)a C B. Let c € B. Then cH € B/H = 
a-1H(PH/H)aH. Therefore, cH = a~!'HbHaH = a~'baH for some b € PH. 
Let b = uv for some u € P,v € H. Then a~!ba = a7! uwva = (a~tua)(a7!va) 
€ (a-!Pa)H = QH. Now cH = a-!baH implies c!(a~!ba) € H C QH. 
Hence, c7! € QH or c € QH. Thus, B= QH. 


® Exercise 4 Let H be a normal subgroup of a finite group G and p be a 
prime dividing the order of G. If |G : H] and p are relatively prime, prove 
that H contains all Sylow p-subgroups of G. Show by an example that 
the result need not be true if H is not normal in G. 
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Solution: Let |G| = p*m, where p and m are relatively prime. Let 
|G/H| = |G: H] =q. Then it follows that g/m. Thus, p* divides |H| since 
\G| = q|H|. Hence, |H| = p*r, where p and r are relatively prime. Let P be 
a Sylow p-subgroup of H. Then |P| = p*. Hence, P is a Sylow p-subgroup of 
G. If Q is any other Sylow p-subgroup of G, then there exists x € G such that 
Q=27'Pzx. Hence, Q=27!Pxr C 2-!Ha = H. 

Consider G = $3 and let H = {e, (1 2)}. Then H is a subgroup of G, which 
is not normal. Now [G : H] = 3, p = 2 divides |G|. But H does not contain all 
Sylow 2-subgroups of G. The Sylow 2-subgroups of G are {e, (1 2)}, {e, (1 3)}, 
and {e, (2 3)}. 


® Exercise 5 Show that a group of order 96 has a normal subgroup of order 
16 or 32. 


Solution: Let G be a group of order 96 = 2°-3. Let nz denote the number of 
Sylow 2-subgroups of G. Now no = 2k+1 for some integer k > 0 and nz divides 
96. Then n2 = 1 or 3. If ng = 1, then G contains a unique Sylow 2-subgroup of 
order 32. This subgroup of order 32 must be a normal subgroup by Theorem 
7.3.7. Suppose no = 3. Then G has three Sylow 2-subgroups A, B, and C, 
each of order 32. Let us now show that |AN B| = 16. Since A # B and |AN B| 
divides |A|,|A MB] = 1, 2, 4, 8, or 16. If |AN B| < 8, then |AB| = HIF shows 
that |AB| > 3232 = 128 > 96 = |G], a contradiction. Hence, |AN B| = 16. 
Since [A : AN B] = 2 and [B: AN B] = 2, ANB is a normal subgroup of 
A and B. Thus, A,B C N(AMB). Therefore, AB C N(AN B). This implies 
that |N(AN B)| > |AB] = al = 3232 — 64. Since N(AN B) is a subgroup 
of G, it follows that |N(AN B)| = 96. Thus, N(AN B)=G and so AN Bisa 
normal subgroup of G of order 16. 


® Exercise 6 If a group G of order 52 contains a normal subgroup of order 
4, show that G is a commutative group. 


Solution: Suppose G contains a normal subgroup H of order 4. Then H is 
a commutative group. Now |G| = 13-4. Let n13 denote the number of Sylow 13- 
subgroups of G. Then nj3 = 138k+1 for some integer k > 0 and nj 3 divides 52. 
Thus, 713 = 1 and so G contains a unique Sylow 13-subgroup, say, A. Then A 
is anormal subgroup of order 13 and ANH = {e}. Since |AH| = aly = 52, we 
find that G = Ax H. Since A and H are both commutative, G is commutative. 


Exercise 7 Let G be a finite group. Suppose that every Sylow subgroup of G 
is normal in G. Prove that G is the internal direct product of its Sylow 
subgroups. 


Solution: Let |G| = pj'p;?---p;*, where p; are distinct primes. -Since 
every Sylow p-subgroup of G is normal, there exists a unique Sylow p-subgroup 
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for p = p; (i = 1,2,...,k). Let S(p;) be the Sylow p;-subgroup of G for all 
i. Then S(p;) is a normal subgroup of G and S(p;) 1 S(p;) = {e} for all 
i # j. Hence, aja; = aja; for all a; € S(p;) and a; € S(p;). Now consider, 
S(pi) M1 ($(p1) ++ S(pi-1)S(pi41) «+: S(pe)). Suppose 


a € S(pi) N (S(pi) ++ S(pi-1) S (pisi) «++ S(pe)). 
Then a € S(p;) and a € S(p1)--+ S(pi-1).S(pi41)--- S(p,). Hence, 
G@ = Q1°°*A;-10;41°-* ak, 


where a; € S(p;). Now 


Ni-1, Ni4l 


o(@)[pT ps” + Di Pigt +" Pe” 
and o(a)|p;*. Consequently, o(a) = 1, i.e., a = e. Thus, 
S(pi) N(S(p1) ++ S(pi-1) S (pit) + S(pe)) = {e}- 
This implies that |S(p1)---S(p_)| = pps? --- py* = |G| and hence 
G = S(p1) -+- S(pr). 


Thus, G = S(pi) x S(p2) x +++ x S(px). 


7.3.2 Exercises 


1. Find the Sylow 3-subgroups of $4. 


2. Prove that if G is a group of order p”, p a prime, then G contains a 
normal subgroup of order p* for every nonnegative integer t <n. 


3. Prove that a group G has only one proper subgroup if and only if G is a 
cyclic group of order p? for some prime p. 


4. Prove that for any group G, |G/Z(G)| ¥ 91. 


5. Let G be a finite group and P be a Sylow p-subgroup of G. Let H be a 
subgroup of G such that Ng(P) C H. Prove that Ng(H) = H. 


6. Let G be a finite group, P and A be subgroups of G such that P is a 
normal subgroup of H, and H is a normal subgroup of G. Show that if 
P is a Sylow p-subgroup of G, then P is a normal subgroup of G. 


7. Let G be a group of order 143. Show that Sylow 1l-subgroup of G is 
unique. Also, show that G is cyclic. 
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8. Let G be a finite group, H be a normal subgroup of G, and P be a Sylow 
p-subgroup of H. Show that G = HNg(P). 


9. Let G be a finite commutative group. Show that G is the internal direct 
product of its Sylow subgroups. 


10. Let G be a finite group and K be a normal subgroup of G. If K is a 
p-subgroup, prove that K is contained in every Sylow p-subgroup of G. 


11. Let G be a finite group and suppose |G] = p*n, where p is a prime and p 
and n are relatively prime. Prove that every p-subgroup of G is contained 
in some Sylow p-subgroup of G. 


12. Let G be a group such that |G| = p™, where p is a prime. Let H bea 
proper subgroup of G. Prove that there exists a € G, a ¢ H such that 
aHa-! = H. 


7.4 Some Applications of the Sylow Theorems 


We recall that a group G # {e} is called simple if it has no nontrivial normal 
subgroups. If G is commutative, then it follows from Lagrange’s theorem that 
G is simple if and only if G is of prime order. In Galois’s mathematical legacy 
to us, he wrote in a letter to a friend on the eve of his death stating that the 
alternating group As is the smallest noncommutative simple group. William 
Burnside conjectured in 1911 that no noncommutative simple group of odd 
order exists. The mathematicians John Thompson and Walter Feit proved in 
1963 that Burnside’s conjecture was true. John Thompson received the Fields 
Medal for his work on this and other problems. 

In this section, we apply the Sylow theorems to determine some finite groups 
which are not simple. 


Example 7.4.1 Let G be a group of order 10. Now 10 = 5-2. Let ns denote 
the number of Sylow 5-subgroups of G. From Sylow Theorem 7.3.12, n5 = 5k+1 
for some integer k > 0 and ng divides |G| = 10. Thus, n5 = 1 and so there 
exists only one Sylow 5-subgroup, say, H in G. Since H is a unique Sylow 
5-subgroup, H is a normal subgroup of G by Corollary 7.3.11, proving that G 
is not simple. Thus, no group of order 10 is simple. 


Example 7.4.2 Let G be a group of order 9. Then G is a p-group, where 
p = 3. From Theorem 7.2.7, we find that Z(G) # {e}. If G = Z(G), then G is 
a commutative group. But commutative simple groups are precisely groups of 
prime order. Hence, in this case G is not simple. Suppose Z(G) #4 G. Then 
Z(G) is a nontrivial normal subgroup of G. Thus, we find that a group of order 
9 is not a simple group. 
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In Example 7.4.2, we showed that a group of order 9 = 3? is not simple. 
In the next theorem, we prove that, in general, if G is a p-group of order p”, 
n > 1, then G is not simple. 


Theorem 7.4.3 Let p be a prime integer andn > 1 be any integer. Then no 
group of order p” is simple. 


Proof. Let G be a group of order p”. Consider the center Z(G) of G. 
From Theorem 7.2.7, it follows that Z(G) # {e}. If G = Z(G), then G is a 
commutative group. If G is simple, then |G| is prime, which is a contradiction. 
Thus, in this case G is not simple. Suppose Z(G) # G. Then Z(G) is a 
nontrivial normal subgroup of G, proving that G is not a simple group. Hl 


Theorem 7.4.4 Let p and q be two prime integers. Then no group of order 
pq is simple. 


Proof. Let G be a group of order pq. If p = q, then |G| = p? and so by 
Theorem 7.4.3, G is not simple. Suppose now p # q. Let p > q. Let np denote 
the number of Sylow p-subgroups of G. Then np = pk + 1 for some integer 
k > 0 and np divides pq. Since ged(1+ kp, p) = 1, np does not divide p. Hence, 
Ny divides q. Thus, 1+ kp < qg. But p > q. Therefore, 1+ kp < q holds only if 
k = 0. This implies that np = 1 and so G contains a unique Sylow p-subgroup 
of order p, which must be normal by Corollary 7.3.11. Hence, G is not simple. 


At this point let us recall the following result established in Worked-Out 
Exercise 5 (page 177). 

In a group G of order pn, where p is a prime and p > n, if H is a subgroup 
of order p, then H is a normal subgroup. Now from Cauchy’s theorem, any 
group of order pn, p prime, contains a subgroup of order p. Consequently, G 
contains a normal subgroup of order p. 

Let G be a group of order n < 60. Applying the above result, we find that 
if = 6 (= 352),10 (= 5-2), 14 (= 7-2), 15 (= 5- 3). 00.(= 5-4), 21 (= 753), 
22 (]11 +2), 26 (= 18 +2), 28: (= 7 -4)33. (= 113), 34\(=— 17 +2), 35 (7-5), 
38 (= 19-2), 39 (= 13-3), 42 (= 7-6), 44 (= 11-4), 46 (= 23-2), 51 (= 17-3), 
52 (= 13-4), 55 (= 11-5), 57 (= 19-3), or 58 (= 29-2), then G is not simple. 

In Worked-Out Exercise 7 (page 178), we have established that any group 
of order 2n, where n is an odd integer, contains a normal subgroup of order n. 
Using this result, we find that no groups of order 6 (= 2-3), 18 (= 2-9), 50 
(= 2-25), 54 (= 2-27), are simple. 

Next, let us recall the following result established in Corollary 5.4.10. Let 
G be a finite group and H a proper subgroup of G of index n such that |G| 
does not divide n! Then G contains a nontrivial normal subgroup. 
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Now suppose G is a group of order 12 = 2” -3. From Theorem 7.3.6, we 
find that G contains a Sylow 2-subgroup H of order 4. Thus, the index of H is 
3. Now |G| = 12 does not divide 3! Therefore, G contains a nontrivial normal 
subgroup, proving that G is not simple. Proceeding this way with the help of 
the above result, we can show that no group of order 24 (= 23-3), 36 (= 37-4), 
45 (= 3° -5), or 48 (= 24-3) is a simple group. 


Example 7.4.5 In this example, we show that no group of order 40 is simple. 
Let G be a group of order 40 = 5-8. Let ns denote the number of Sylow 5- 
subgroups of G. By Sylow Theorem 7.3.12, ns =5k+1 for some integer k > 0 
and nz divides 40. Hence, ns = 1. Thus, G has a unique Sylow 5-subgroup 
which must be normal by Corollary 7.3.11. Hence, G is not simple. 


Example 7.4.6 In this erample, we show that no group of order 56 is simple. 
Let G be a group of order 56 = 7-23. Let nz denote the number of Sylow 
7-subgroups and ng denote the number of Sylow 2-subgroups of G. By Sylow’s 
third theorem (Theorem 7.3.12), n7 = 7m+1 and no = 2k +1 for some 
integers m, k > 0. Now nz divides 56. Thus, n7 = 1 or 8. Ifn, = 1, thenG 
has a unique Sylow 7-subgroup which must be normal. Hence, G is not simple. 
Suppose nz = 8. Then G has eight Sylow 7-subgroups A,, Ag,...,As. Now 
|A;] = 7,7=1,2,...,8. Also, A;N. Aj = {e} fori #9 and for alla #e,a€ Aj, 
o(a) = 7. Thus, G contains 48 elements of order 7. Now nz =1 or 7. Ifng = 1, 
then G has a unique Sylow 2-subgroup which must be normal. Hence, G is not 
simple. Suppose no = 7. Then G has seven Sylow 2-subgroups B,, Bo,..., Bz. 
Each B; contains eight elements. Since By # Bo, |B, Bo| < 4. This implies 
that B, U Bg contains at least 12 elements, none of which is of order 7. Hence, 
IG] > 48+12 = 60, a contradiction. Thus, we find that either nz = 1 orng = 1, 
showing that G has either a normal subgroup of order 7 or a normal subgroup 
of order 8. Consequently, G is not simple. 


In Worked-Out Exercise 1 (page 216), we show that a group of order 30 
is not simple. By Theorem 7.4.3, no group of order 4 = 2°, 8 = 23, 9 = 3?, 
16 = 24, 25 = 5°, 27 = 33, 32 = 25, or 49 = 7? is simple. We now summarize 
the above results. 


Theorem 7.4.7 Let n be an integer such that 1 <n < 60 and n is not prime. 
Then no group of order n is simple. 


Let us now concentrate our discussion on n = 60. Since 60 is not prime, no 
commutative group of order 60 is simple. Now what is the answer if G is a 
noncommutative group of order 60? Recall that As is a simple group of order 
60. Hence, we find that there exists a noncommutative simple group of order 
60. Next, let us ask the following question. Is As the only (up to isomorphism) 
noncommutative simple group of order 60? To answer this question, we first 
prove the following result. 
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Lemma 7.4.8 Let G be a simple group of order 60. Then G contains a sub- 
group of order 12. 


Proof. Suppose G has no subgroup of order 12. Now |G| = 60 = 5-3-2?. 
Let ns denote the number of Sylow 5-subgroups and ng denote the number 
of Sylow 2-subgroups of G. By Sylow Theorem 7.3.12, n5 = 5m +1 for some 
integer m > 0 and ns divides 60. Thus, m5 = 1 or 6. Since G is simple, 
ns # 1. Hence, n5 = 6. Then G has six Sylow 5-subgroups A), Ao,..., Ag. Now 
|A;| = 5,4 = 1,2,...,6. Also, A; A; = {e} for i # 7 and for alle Aa Ee Aj, 
o(a) = 5. Thus, G contains 24 elements of order 5. Now no = 1, 3, 5, or 15. 
Since G is simple, no 4 1. Suppose no = 15. Let B;, i = 1, 2, ..., 15, be the 
15 Sylow 2-subgroups of G. If B;N B; = {e} for 1 <i #7 < 15, then U}S,B; 
contains 46 elements of order not equal to 5. Hence, 60 = |G| > 24+ 46 = 70, 
a contradiction. Therefore, there exist 7,7 such that B; B; # {e}. Then 
|B; B;| = 2. This implies that B; B; is a normal subgroup of B; and B;. 
Thus, B;, B; € N(B; CB) and so BB; Cc N(B; M1 B;). Hence, |N(B; NM B;)| > 
|B;B;| = 8. Since N(B; 2M B;) is a subgroup of G and |N(B;1B;)| = 8, it 
follows that |N(B; 9 B;)| = 12, 20, 30, or 60. Now |N(B, 1 B;)| 4 30 for then 
N(B;O B;) is normal in G. Also, from our assumption, |N(B;M B;)| ¢ 12. If 
|N(B; B;)| = 20, then from Corollary 5.4.10, G contains a nontrivial normal 
subgroup, which is.a contradiction. Hence, |N(B;M B;)| = 60, proving that 
B, B; is a normal subgroup of G, which is also a contradiction. Suppose 
ng = 3 or 5. Let B be a Sylow 2-subgroup of G. Then 1+ 2k = no = [(G: 
N(B)]. Thus, N(B) # B and so |N(B)| # 4. But 4 divides |N(B)| and |N(B)| 
divides 60. Hence, |N(B)| = 12, 20, or 60. Proceeding as above, we again get a 
contradiction. Consequently, G must contain a subgroup of order 12. 


Theorem 7.4.9 Any simple group of order 60 is isomorphic to As. 


Proof. Let G be a simple group of order 60. By Lemma 7.4.8, G contains 
a subgroup H of order 12. Since [G : H] = 5, it follows that there exists a 
nontrivial homomorphism f : G — Ss such that Ker f C H by Corollary 5.4.9. 
Since G is simple, Ker f = {e}. Hence, G is isomorphic to a subgroup, say, T, 
of Ss. We show that T = As. This will follow if we can show that T does not 
contain any odd permutation. Suppose T contains an odd permutation. Then 
the set of all even permutations is a normal subgroup of T of index 2. This im- 
plies that the group G, which is isomorphic to 7’, contains a nontrivial normal 
subgroup, a contradiction. Therefore, T C As. But 60 = |G| = |T| = |As|. 
Consequently, T = As andsoG~ As. 


From Theorem 7.4.9, it follows that As is the smallest noncommutative 
simple group. 
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The complete classification of simple groups was given in 1981. Hundreds of 
mathematicians contributed to this outstanding accomplishment. Two major 
contributors other than Thompson and Feit were M. Aschbacher and R.L. 
Griess. Certain troublesome groups appeared in the classification of simple 
groups. The largest of these sporadic groups was constructed by Griess. This 
group, known as the monster, has order approximately 8 x 10°%. Other names 
associated with the determination of simple groups are Emil Mathieu (1838- 
1890), F.N. Cole (1861-1927), G.A. Miller, Leonard Eugene Dickson (1874- 
1954), Jean Dieudonné, Claud Chevalley, Richard Brauer, F.A. Fowler, Daniel 
Gorenstein, and John H. Conway. 

Let us now apply the Sylow theorems to classify some groups of small order. 


Example 7.4.10 Let G be a group of order 15 = 5-3. By Sylow’s third theorem 
(Theorem 7.3.12), G has a Sylow 5-subgroup A and a Sylow 3-subgroup B. It 
is easy to check that A is a unique Sylow 5-subgroup and B is a unique Sylow 
3-subgroup of G. Hence, A is a normal subgroup of order 5 and B is a normal 
subgroup of order 3. Now AN B = {e}. Thus, |AB| = qe = 15. Hence, 
G = AB, ANB = {e}, and A and B are normal subgroups of G. Thus, 
G=AxBwZs x Z3 ~ Zi5 since gcd(3,5) = 1. Hence, G is a cyclic group. 


In the next theorem, we classify all groups of order pg, where p and q are 
distinct primes. 


Theorem 7.4.11 Let G be a group and p, q be primes with p > q. If |G| = pq, 
then G is either cyclic or generated by two elements a and b satisfying the 
following properties: bP = e, al = e, and a-‘ba = b", where p does not divide 
(r —1), but p|(r? — 1). The second possibility can occur only if q|(p — 1). 


Proof. By Cauchy’s theorem, G contains an element 6 of order p. Set 
P = (6). Since P is a Sylow p-subgroup of G, it has 1 + mp conjugates for 
some nonnegative integer m. Now 1+ mp = [G: N(P)], which divides |G| = pq. 
Since 1+ mp and p are relatively prime, (1 + mp)|g. However, g < p so that 
m. = 0. Hence, P is a normal subgroup of G. 

Now G contains an element a of order qg. Set S = (a). Then S is a Sylow 
gq-subgroup of G. Hence, [G : N(S)] = 1+ kq for some nonnegative integer k. 
As above, 1 + kq divides p. Thus, either k = 0 or q|(p — 1). If k = 0, then S is 
a normal subgroup of G so that G ~ P x S. That is, G~ Z, x Zg ~ Zpg. 

Suppose q|(p — 1). Then S is not a normal subgroup of G. However, since 
P is a normal subgroup of G, a~'ba = 6” for some integer r. We may assume 
p \(r —1) else we return to the commutative case. By induction on J, it follows 
that aba = b” . In particular, if 7 =q, we have b = 6" so that p|(r? — 1). 


Corollary 7.4.12 Let G be a group of order pq, p and q be primes with p > q. 
If q does not divide p— 1, then G is cyclic. Ml 
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In Chapter 5, we defined and studied D4, the dihedral group of degree 4. 
Let us now define the dihedral group D, of degree n > 3. 


Definition 7.4.13 A group G is called a dihedral group of degree n > 3 if 
G is generated by two elements a, b such that 

(i) o(a) =n, b? =e, and 

(ii) ba = ab. 


We denote a dihedral group of degree n > 3 by Dn. 


Example 7.4.14 Consider the symmetric group S, (n > 3). The subgroup G 
generated by 


a=(123 +n), 


is an example of a dihedral group of degree n. 
We leave the proof of the following theorem as an exercise. 


Theorem 7.4.15 Let G be a dihedral group of degree n > 3. Then G has 2n 
elements. @ 


Theorem 7.4.16 Let G be a group and p be an odd prime. If |G| = 2p, then 
G is either cyclic or dihedral. 


Proof. By Cauchy’s theorem, G contains an element a of order p and an 
element 6 of order 2. Let H = (a). Then A is a normal subgroup of G since 
[G : H] = 2. Now bab = bab“! € H. Hence, there exists a? € H such that 
bab = a’, where 0 <i < p. Now a® = (a‘)' = (bab)* = (bab-!)* = ba’d. 
Again from bab = a’, we find that a = ba’b. Hence, a = a’. This implies that 
at —! = e. Since o(a) = p, it follows that p|(z? — 1). Therefore, p|(i — 1) or 
pl(i +1) since p is prime. Suppose p|(i — 1). Then i-— 1 =0, ie., i = 1. Thus, 
bab = a, which implies ba = ab. So in this case, we find that G contains an 
element of order 2p and so G is a cyclic group. If p|(i + 1), then bab = a7!. 
Hence, G is generated by a,b such that o(a) = p, o(b) = 2, and ba = a~ 1b. In 
this case, G is the dihedral group D,. @ 


Let us now classify groups of order n < 10. 

Let G be a group of order n < 10. If n = 1, then G = {e} and thus is 
evclic. If n = 2,3,5, or 7, then G is of prime order and hence cyclic. For n = 4, 
we know that G is isomorphic to either Z4 or Zo x Zo. If n = 6, then G is 
isomorphic to either Zg or S3 ~ D3. For n = 8, if G is noncommutative, then 


7.4. SOME APPLICATIONS OF THE SYLOW THEOREMS 216 


G is isomorphic to either D4 or Qg. If G is commutative, then in Chapter 9 we 
will show that G is isomorphic to either Zg, Z4 x Zo, or Zo X Zo x Zo. 

Let us now consider the case n = 9. Then G has order 37. Since 3 is prime, 
G is commutative. Let e 4 a € G. Then o(a) = 3 or 9. If ofa) = 9, then 
G ~ Zg. Suppose G has no elements of order 9. Then o(a) = 3. Let H = {e, a, 
a*}. Then H is a subgroup of G and |H| = 3. Let b € G be such that b ¢ H. Let 
K = {e, b, b?}. Now H and K are normal subgroups of G, HN K = {e}, and 
G= HK. Hence, G=Hx K ~ Z3 x Zs. Thus, either G ~ Zg or G ~ Zy x Zs. 

Suppose now n = 10. Then from Theorem 7.4.16, it follows that either 
G ~ Zy9 or G ~ Ds. Hence, there are (up to isomorphism) two distinct groups 
of order 10. 

We summarize the above discussion in the following table: 


Order of the group Number of Groups Groups 


1 1 {e} = Zo 

2 1 Zo 

3 1 Z3 

4 2 Za, Zo X Zo 

5 1 Zs 

6 2 Ze, 93 

7 1 27 

8 5 Zs, @4 X Lo, Zo X Zo X Zo, Da, Qs 
9 2 Zo, Z3 x Z3 

10 2 Zi0, Ds 


In the Worked-Out Exercises below, we illustrate several techniques that 
can be effectively used to find the Sylow subgroups of a group. 


7.4.1  Worked-Out Exercises 
’ Exercise 1 Let G be a group of order 30. Show that G is not simple. 


Solution: Since |G| = 30 = 2-3-5, G has a Sylow 2-subgroup, a Sylow 3- 
subgroup, and a Sylow 5-subgroup. Consider Sylow 5-subgroups. The number 
of Sylow 5-subgroups is 1+ 5k, where 1+ 5k|6. Thus, & = 0 or 1. If k = 0, then 
G has only one Sylow 5-subgroup, and hence this unique Sylow 5-subgroup 
must be normal in G. Therefore, in this case, G is not simple. Suppose k = 1. 
Then G has six distinct Sylow 5-subgroups, say, H), H2,..., Hg. Now fori # J, 
|H;0H;| = 1 since H;NH; is a subgroup of H;. Thus, the six Sylow 5-subgroups 
contain 24 distinct elements of order 5. Now consider Sylow 3-subgroups. The 
number of Sylow 3-subgroups is 1+ 3k,, where 1+ 3k|10. Thus, k, = 0 or 3. If 
k, = 0, then G has a unique Sylow 3-subgroup, which must be normal in G, and 
hence, in this case, G is not simple. Suppose k; = 3. Then G has 10 distinct 
Sylow 3-subgroups. As in the case of Sylow 5-subgroups, we conclude that if 
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k, = 3, then G has 20 distinct elements of order 3. Thus, |G| > 24+ 20 = 44, 
a contradiction since G has only 30 elements. Hence, if k = 1, then k, = 0. 
Thus, G either has a Sylow 5-subgroup normal in G or a Sylow 3-subgroup 
normal in G. 


® Exercise 2 Let G be a group of order 36. Prove that G is not simple. 


Solution: (We have already established that a group of order 36 is not 
simple on page 212. Our objective here is to show some different techniques that 
can be used in other cases.) Since |G] = 36 = 27-3, G has a Sylow 3-subgroup 
of order 9. The number of Sylow 3-subgroups is 1+3k, where (1 + 3k)|4. Thus, 
k = 0 or 1. If k = 0, then G has only one Sylow 3-subgroup which must be 
normal in G. Suppose k = 1. Then G has four distinct Sylow 3-subgroups, 
say, Hi, Ho, H3,H4. Consider H, and Ha. Now H, M Ho is a subgroup of Ay 
(and also of H2). Since |.H,| = 9 and the order of H; M He divides the order 
of Hy, |H,N H2| = 1,3, or 9. If |i H2| = 9, then H, = Hz, which is a 
contradiction. Suppose |H; M He| = 1. Then | Ho| = tell = oo = 8l1,ie., 
HH» has 81 elements, which is a contradiction since G has only 36 elements. 
Hence, |H, M H2| = 3. By Worked-Out Exercise 5 (page 199), Hi 1 Ho is a 
normal subgroup of H, and Ha. Therefore, H;, Hz C N(H1 1M Hz). As before, 
H, Ho has 27 elements since H; M He has three elements. Thus, N(H 9 H2) 
has at least 27 elements. Since N(H) % H2) is a subgroup of G, the order of 
N(H1 2M He) divides the order of G. Therefore, |N(H,M H2)| = 36 and so 
N(A,M Hz) = G. Hence, H; M H2 is a normal subgroup of G and so G is not 
simple. 


® Exercise 3 Let G be a group of order 231 = 3-7-11. 
(i) Show that a Sylow 11-subgroup of G is normal in G. 
(ii) Show that a Sylow 7-subgroup of G is normal in G. 
(iii) Show that G has a cyclic subgroup of order 77. 


(iv) Let H bea Sylow 11-subgroup of G, K be a Sylow 7-subgroup of G, 
and L be a Sylow 3-subgroup of G. Show that G= HKL. 


(v) Show that H C Z(G). 


Solution: By Theorem 7.3.5, G has a Sylow 11-subgroup, a Sylow 7- 
subgroup, and a Sylow 3-subgroup. 

(i) The number of Sylow 11-subgroups is 1+ 11k, where (1 + 11k)|3 - 7. 
Hence, & = O and so the number of Sylow 11-subgroups is 1. Let H be the 
Sylow 11-subgroup of G. Since H is a unique Sylow 11-subgroup of G, H is 
normal in G. 
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(ii) The number of Sylow 7-subgroups is 1+7k, where (1+7k)|3-11. Hence, 
k = 0 and so the number of Sylow 7-subgroups is 1. Let K be the Sylow 7- 
subgroup of G. Since K is a unique Sylow 7-subgroup of G, K is normal in 
G. 

(iii) Since H and K are normal subgroups of G, HK is a normal subgroup 
of G. Now HM K = {e}. Thus, |HK| = 7-11 = 77. Since H and K are 
subgroups of order 11 and 7, respectively, H and K are cyclic groups. Note 
that gced(7,11) = 1. Hence, HK is a cyclic group of order 77. 

(iv) Let LD be a Sylow 3-subgroup of G. Then LM (HK) = {e} since non- 
identity elements in L are of order 3 and nonidentity elements in HK are of 
order 7,11, or 77. Now 


|HK|-|L| _ 77-3 


AEE ILN(HK) 1 


= 231 = |G|. 
Hence, G= HKT. 

(v) Since H and K are normal subgroups of G and HN K = {e}, hk = kh 
for all h € H, k € K. Now |G/K| =3-11. Thus, G/K is a cyclic group and 
hence G/K is commutative. Let a € L and b € H be nonidentity elements. 
Then a,b ¢ K. Since G/K is commutative, (ak)(bk) = (bK)(aK) or (ab)K = 
(ba)K. Hence, (ab)~!(ba) € K and so b-'a~!ba € K. Since H is a normal 
subgroup of G and 6 € H, b-!a~!ba € H. This implies that b-'a-!ba € HN 
K = {e}. Hence, b-!a~1ba = e and so ba = ab. Let r € G andh € H. 
Now G = HKL and so x = abc for some a € H, b € K, andc € L. Now 
zh = (abc)h = ab(ch) = ab(he) = a(bh)c = a(hb)c = (ah)be = (ha)be = ha. 
Therefore, h € Z(G). Hence, H C Z(G). 


” Exercise 4 Let G be a group of order 255. Show that G is cyclic. 


Solution: Now |G| = 255 = 3-5-17. Let H be a Sylow 17-subgroup of G. 
The number of Sylow 17-subgroups is 1+17m, where 1+17m|15. Hence, m = 0 
and so G has a unique Sylow 17-subgroup. Thus, H is a normal subgroup of 
G. Let K be a Sylow 5-subgroup of G and L be a Sylow 3-subgroup of G. The 
number of Sylow 5-subgroups is 1+ 5k, where 1 + 5k|51. Hence, k = 0 or 10. 
The number of Sylow 3-subgroups is 1+ 31, where 1 + 3/|85. Therefore, | = 0 
or 28. Suppose k = 10 and | = 28. Then G has 51 Sylow 5-subgroups and 85 
Sylow 3-subgroups. Hence, in this case G would have 51 - 4 = 204 elements of 
order 5 and 85-2 = 170 elements of order 3. This is absurd since G has only 
255 elements. Thus, either k = 0 or / = 0. 

Case 1. k =0. Then K is the unique Sylow 5-subgroup of G and so K is 
normal in G. Now HM K = {e}. Hence, ry = yx for allx € H andye K. 
Now |G/K| = 3-17. Since 3 does not divide (17 — 1), G/K is cyclic and hence 
commutative. Let a € H andb € L. Since G/K is commutative, aba~1b—! € K. 
Since H is normal and a € H, aba~'b~! € H. Hence, aba-!b-! € HN K = fe}. 
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Thus, ab = ba for alla € H andbe€ L. Clearly G = HKL. Since H is cyclic, 
H is commutative. Therefore, we have (i) H is commutative, (ii) cy = yx for 
all c € H and y € K, and (iii) ab = ba for all a € H and b € L. This implies 
that H C Z(G). Hence, |Z(G)| = 17, 51, 85, or 255 and so |G/Z(G)| = 15, 5, 
3, or 1. In either case, G/Z(G) is cyclic and hence G is commutative. Thus, G 
has a unique Sylow 3-subgroup. Since G = HK L and H, K, and LE are normal 
subgroups of G, G is a direct product of cyclic groups such that the order of 
any two factors is relatively prime and hence G is cyclic. 
Case 2. | = 0. This case is similar to Case 1. 


& Exercise 5 Let G be a group of order 455. Show that G is cyclic. 


Solution: Now |G| = 455 = 5-7-13. Let H be a Sylow 13-subgroup of G. 
The number of Sylow 13-subgroups is 1 + 13k, where 1 + 13k|35. Hence, & = 0 
and so G has a unique Sylow 13-subgroup. Thus, H is a normal subgroup of G. 
Hence, N(H) = G. Now |Aut(H)| = 12. Since N(H)/C(A) ~ to a subgroup 
of Aut(H), |N(H)/C(H)| divides 12. Also, |N(H)/C(H)| divides 455. Hence, 
|N(H)/C(H)| = 1 and so G = N(H) = C(H). Thus, H C Z(G). This implies 
that |Z(G)| = 13, 65, 91, or 455. Hence, |G/Z(G)| = 35, 7, 5, or 1. In either 
case, G/Z(G) is cyclic and hence G is commutative. It now follows that G has 
a unique Sylow 5-subgroup, say, AK, and a unique Sylow 7-subgroup, say, L. 
Clearly G = H x K x L. Since H, K, and F are cyclic groups of prime order 
and their orders are relatively prime to each other, G is cyclic. 


7.4.2 Exercises 


1. Show that every group of order 20, 28, 36, 48, or 56 contains a nontrivial 
normal subgroup. 


2. Show that no group of order 125 is simple. 

3. Show that no group of order 65 is simple. 

4, Show that a group of order 130 contains a nontrivial normal subgroup. 
5. Show that no group of order 75 is simple. 

6. Show that a group of order 96, 150, or 200 is not simple. 

7. Let G be a group of order 35. Show that G is cyclic. 

8. Let G be a group of order 133. Show that G is cyclic. 


9. Let G be a group of order 5- 7-19. 
(i) Show that G has a unique subgroup of order 5. 
(1) Show that G is cyclic. 


7.4. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 
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Let G be a group of order 100. Suppose that G has a unique Sylow 
2-subgroup. Show that G is commutative. 


Let G be a group of order 70. 

(i) Show that G has a unique Sylow 7-subgroup. 
(ii) Show that G has a unique Sylow 5-subgroup. 
(iii) Show that G has a cyclic subgroup of order 35. 


Let G be a group of order 385. Show that a Sylow 7-subgroup of G is in 
the center of G. 


Let G be a group of order 5-11-19. Show that a Sylow 19-subgroup of G 
is in the center of G and a Sylow 11-subgroup of G is a normal subgroup 


of G. 


Let G bea group of order 3-11-19. Show that a Sylow 11-subgroup of G 
is in the center of G and a Sylow 19-subgroup of G is a normal subgroup 


of G. 


Let G be a simple group of order 168. 

(i) Show that G has eight Sylow 7-subgroups. 

(ii) Let H be a Sylow 7-subgroup. Show that |N¢(H)| = 21. 
(iii) Show that G has no subgroup of order 14. 


Show that there exists (up to isomorphism) only one group of order 77. 


Let G be a group of order 123. Show that for every positive divisor n of 
123, there exists a unique subgroup of order 7 in G. 


Determine up to isomorphism all groups of order 70. 


Let G be a group of order p”m, p prime, p > m, n > 1. Show that G is 
not simple. 


Let G be a group of order pq, p and q are distinct primes. Show that G 
is not simple. 


Classify all groups of order 14. 
Prove that D,, is a noncommutative group of order 2n. 
Find Z(D,). 


Find the conjugacy classes in Do, and Dan41. 


7.4. 


25. 


26. 


27. 


28. 
29. 
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Let G be a group of order p*q?, where p and q are prime integers such 
that p > q. Prove the following. 


(i) The number of Sylow p-groups cannot be gq. 
(ii) If the number of Sylow p-subgroups is g?, then p = 3 and q = 2. 


Show that no group of order p?q?, where p and q are prime integers, is 


simple. 


Show that Zs, Z4 x Zo, Ze x Zo xX Zo, and D4 are nonisomorphic groups 
of order 8. Prove that @g is not isomorphic to the above groups. 


Show that Zio, Zo x Ze, Zo X S3, and A, are nonisomorphic groups. 


Write the proof if the statement is true; otherwise, give a counterexample. 


(i) If a prime p divides the order of a group G, then G contains a normal 
subgroup of order p. 


(ii) Let G and H be groups of order 39 and 21, respectively. These two 
groups are not isomorphic, but their Sylow 3-subgroups are isomorphic. 


(iii) There exists only one (up to isomorphism) group of order 65. 


(iv) Every group of order 76 contains a unique element of order 19. 
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Peter Ludvig Mejdell Sylow (1832 
-1918) was born on December 12, 1832, in 
Christiania (now Oslo), Norway. In 1850, 
he graduated from the Christiania Cathe- 
dral School. In 1853, he wor a mathematics 
prize contest. In 1861, he traveled to Berlin 
and Paris after being awarded a traveling 
grant. He, jointly with Sophus Lie, prepared 
a new edition of Abel’s work from 1873 to 
1881. In 1902, he and Elling Holst published 
Abel’s correspondence. 

Sylow is best known for his work in fi- 
nite group theory. In 1845, Cauchy proved 
that every finite group has a subgroup of any 
prime order dividing the order of the group. 
In 1872, Sylow published a ten-page paper extending Cauchy’s result. The theorems 
proved in that paper are known as Sylow’s theorems, which we discussed in Chapter 
7. These theorems are fundamental for structural results in finite group theory. Sylow 
died on September 7, 1918. 


Chapter 8 


Solvable and Nilpotent 
Groups 


8.1 Solvable Groups 


The purpose of this chapter is to present the Jordan-Holder theorem and the 
notion of solvable groups. The results chosen here lay groundwork for the 
determination of the solvability “by radicals” of a polynomial equation f(z) = 
0. In this regard, we show that the symmetric group S, on n symbols is not 
solvable for n > 5. 


Definition 8.1.1 Let G be a group and 
G=H) 2H, > H22:::2H,= {e} 


be a chain of subgroups of G. The chain is called a subnormal series (chain) 
if each H; is normal in H;_-,. The chain is called a normal series (chain) if 
each H; is normal in G. The chain is called a composition series if each H; 
is a maximal normal subgroup of Hi), t.e., Hi # Hy-1, and if H; C HC Hi} 
and H is normal in Hj_-1, then H = Hj-1, 1 = 1,2,...,n. The number of 
proper inclusions > in the chain is called the length of the chain. The groups 
H;-1/H; are called the factors of the chain. 


In Definition 8.1.1, if H;.1 = H;, then the group H;-1/H; consists of a 
single element and is called a trivial factor of the chain. Hence the length of 
the chain is the number of nontrivial factors H;_1/H; of the chain. 

Every group G has a normal chain, namely, G D {e}, since {e} is a normal 
subgroup of G. Furthermore, it can be shown by induction on |G] that every 
finite group G has a composition series. The reader is asked to verify this in 
the exercises. 
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We see in a composition series G = Hp D H, D Hy D--- D H, = {e} 
for a group G that the factors H;_,/H; are simple groups. In some sense, the 
examination of G has been reduced to its composition factors. 


Example 8.1.2 Consider the symmetric group S4. Set 


ane coe 3a 1234 1234 
BERNE Nye ay Ae Sata ile eg Spey ONS oe ie A” 


and 


Now S, = Ho D Hi D Ho D H3 = {e} is a subnormal chain which is not a 
normal chain since Ho is not normal in S4 even though Hz is normal in Ay. 


Example 8.1.3 Consider the group (Zi2, +12). Since Ziq is commutative, all 
subgroups are normal. Hence, the following chains are normal: 


Z12 > ([6]) > ([0)), 

Z12 D> ([3]) > ([6}) > ({0)) , 
Z12 > ([2}) > ([4]) > ({0)), 
Zi2 > ([2}) > ([6]) > ({0)). 


All chains except Z12 D ([6]) D ([0]) are composition series. 
Definition 8.1.4 Let G be a group and 
G = Hp 2 Hi D> H2 D+: D Hn-1 D Hy = {e} (8.1) 


be a subnormal series in G. A one-step refinement of this series is any 
series of the form 


Gs fio. Dy DD Ajay DA SD Hy Ds D Api DS Ae = {fe}, 


where H is a normal subgroup of H;-, and H; is a normal subgroup of H, 
i=1,2,...,n. A refinement of (8.1) is a subnormal series which is obtained 
from (8.1) by a finite sequence of one-step refinements. A refinement 


G=Kj2 K, > Ky 2---2 Kn-1 2 Km = {e} (8.2) 


of (8.1) is called a proper refinement if there exists a subgroup K; in (8.2) 
which is different from each H; of (8.1). 
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Thus, a chain of subgroups 
G=Kj 2 Ki 2 Kk22---2 Kn-1 2 Kn = {e} 
of G is called a refinement of a chain of subgroups 
G =H) DH, D Hy D---D Hy-1 D An = {e} 


of G if 
{Ho, M1, He,. . ig ttn} iS {Ko, Ky, Ko,. oe Km} 


and is called a proper refinement if 
{ Ho, HM, He,...,Hn} C {Ko, ki, Ko,..., Kin}. 
Example 8.1.5 (i) Consider the subnormal series 
Z D6Z D12Z dD 48Z D {0}. (8.3) 
The subnormal series 
Z >2Z > 6Z D12Z D 48Z D> {0} (8.4) 
is a one-step refinement of (8.3). Again the subnormal series 
Z D2Z D 6Z D12Z D 24Z Dd 48Z D {0} (8.5) 
is a one-step refinement of (8.4). From the definition, it follows that both (8.4) 
and (8.5) are proper refinements of (8.3). 
(it) In Example 8.1.3, Zi2 D ([3]) D ((6]) D ([O]) is a refinement of 
Z12 > ((6]) > ([0)) 


while Zi D ({2]) D ((4]) D (([0]) is not. 


Example 8.1.6 Consider the group (Z,+). Then Z does not have a compo- 
sition series since every subgroup of Z is cyclic and every subgroup (n) of Z 
contains an infinite chain, namely, 


(n) D (2n) D (4n) D (8n) D---. 


Theorem 8.1.7 A subnormal series in a group G is a composition series if 
and only if it has no proper refinement. 
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Proof. Let 
G =H) > Hy > Hy 2--- 2 Hn-1 2 Hy = {e} (8.6) 
be a composition series. Let 
Ga hp OH, D2 E> aD, lDahgei S he Ser. (8h) 


be a one-step refinement of (8.6). Since (8.6) is a composition series, H; is a 
maximal normal subgroup of H;_;. Thus, either H = H;_; or H = H;. Hence, 
it follows that (8.6) has no proper refinement. 

Conversely, suppose that 


G= Hy) 2M, > H22-:- 2 Hn-1 D> Hy = {e} (8.8) 


is a subnormal series, which has no proper refinement. Suppose (8.8) is not a 
composition series. Then there exists a subgroup Hj in (8.8) such that H; is 
not a maximal normal subgroup in Hj_,. Thus, there exists a subgroup H such 
that H;1 # H # H;, H is a normal subgroup of H;_1, and H; is a normal 
subgroup of H. This produces a proper refinement of (8.8), a contradiction. 
Hence, (8.8) is a composition series. Hi 


Definition 8.1.8 Two subnormal chains for a group G 
G = Hp 2 WH, 2 Hp D-:- D Ay-1 D Hn = {e} (8.9) 
G= Kp) D Ki D Kp 2D... D Ky-1 2 Km = {e} (8.10) 


are called equivalent if there is a one-one correspondence between the nontriv- 
ial factors of (8.9) and (8.10) such that corresponding factors are isomorphic. 


If the subnormal chains (8.9) and (8.10) are equivalent, then the length of 
(8.9) equals the length of (8.10). 


Example 8.1.9 Consider the subnormal series 
Z D4Z D 12Z D 24Z D 120Z D {0} (8.11) 


Z D2Z > 8Z D24Z > 120Z > {0}. (8.12) 
The factors of (8.11) are 


Z/4Z = Za, 4Z/12Z os Z3, 12Z/24Z es Zo, 
24Z/120Z ~ Zs, and 120Z/{0}~ Z 


and the factors of (8.12) are 


Z/2Z ~ Zo, 2Z/8Z ~ Zs, 8Z/24Z ~ Zs, 
94Z,/120Z ~ Zs, and 120Z/{0}~ Z. 


Hence, there exists a one-one correspondence between the factors of (8.11) and 
(8.12). Consequently, (8.11) and (8.12) are equivalent. 
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Theorem 8.1.10 (Zassenhaus Lemma) Let H’, H, K’, and K be subgroups 
of a group G such that H' is a normal subgroup of H and K’' is a normal 
subgroup of K. Then H'(H1 K’') is a normal subgroup of H’(H 1 K) and 
K'(H' K) is a normal subgroup of K'(H NK). Furthermore, 


H'(HOK) | K'(HOK) 
H(HONK') K(H'NK) 


Proof. From the hypothesis, it follows that H MK’ and H'NK are normal 
subgroups of HN K. Thus, (HM K')(H'NK) is a normal subgroup of HN K. 
Set J= (HO K’)(A' NK). 

Define the function f : H’(HK) — (HN K)/J as follows: If a € H’(HN 
K), then a = h’b, where h’ € H’ andb € HNO K. Set f(a) = Jb. Let ay, 
ag € H’(H OK). Then a1 = h1b1, a2 = hbo for some hy, hy € H’ and 6, bz € 
HK. Suppose a, = a2. Then hyb, = hob. Thus, hy th, = baby! € H’N 
(HONK) C H'NK C J. Hence, Jb} = Jbe and so f(ai) = f(a). Thus, 
f is well defined. Since H’ is a normal subgroup of H, 6; hob; * € H’. Now 
0102 = hybyhybg = hybyhby 1b bo = h’bybe, where h! = hiby hb! € H’. Hence, 
f(aiazg) = Jbjbg = Jb, Jby = f(a1)f(ag). Therefore, f is a homomorphism. 
From the definition of f, it follows that f maps H’(H 1K) onto (HN K)/J. 
Also, it is easy to verify that Ker f = H’(H 1K’). Hence, by Theorem 5.2.2, 


\ 


H(HOK) | (HK) 
H(HNK) J 


By symmetry, 
K'( HONK) i (HK) 
K'(H'OK) — J 


Finally, the desired isomorphism follows from these two isomorphisms. ll 


Theorem 8.1.11 (Schreier) Any two subnormal series 


G = Hy D Hi D He D--- D Hn-1 D Hn = {e} (8.13) 


G= Kp 2 Ki 2D Ko 2-:: 2 Kn-1 2 Km = fe} (8.14) 


of a group G have refinements which are equivalent. 


Proof. Between each H; and H;+1, insert the group Hj+1(A; Kj). j = 
0.1,2, ..., m. From the normality assertions of the Zassenhaus lemma, this 
refinement of (8.13) is a subnormal chain with mn (not necessarily strict) in- 
clusions. Between each K; and K;4, insert the group Kj41(K; 9 H;), i = 0, 
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1,2,...,n. This refinement of (8.14) is also a subnormal chain with mn inclu- 
sions. The final refinements are 


=D Ay (AN K;) D Aii(Ain Kj41) 2+: 


and 
2D Kj4i(Kj 9 Hi) 2 Ky41(Kj 9 Hiv) 2°. 


From the Zassenhaus lemma, 
Hii (A; ia) K;)/Fisi (A; N Kj41) ~ Gane: N Hy) /K541(K; N Aiy41). 
Hence, we have the desired result. 


Theorem 8.1.12 (Jordan-Hélder) Any two composition series of a group 
are equivalent. 


Proof. Since composition series are subnormal series, any two composition 
series of G have equivalent refinements. Now a composition series has no proper 
refinements. Thus, a composition series is equivalent to every refinement of it- 
self. Hence, any two composition series of a group are equivalent. 


By the Jordan-Holder theorem, we find that if a group G has a composition 
series of length n, then the length of any composition series of G must be n. 
This n is called the composition length of the group G. 

We now show that the fundamental theorem of arithmetic can be estab- 
lished from the Jordan-Hélder theorem. Let n be a positive integer greater than 
1 and consider the group (Zn,+n). Since Z, is finite, Z, has a composition 
series. Let 


Zn = Ho > Hy > He +++ > Hy1 2 He = {(0} 


be a composition series. The factors H;_)/H; are simple Abelian groups. Hence 
each factor is of prime order. Let |H;_1/H;| = p;. Now 


n=|Znl = |Ho/H1| : |Hy/H2|---|Hy_1/H;z| = P1pr++* Dp. 


This proves that every integer n > 1 can be expressed as a product of prime 
integers. The uniqueness of this factorization follows from the equivalence of 
the composition series. 


Example 8.1.13 Consider the group (Z30,+30). Then Z3o has the following 
two composition series. 


Z30 2 ([5]) > ({10]) > ([0)) 
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and 

Z30 > ([2]) > ([6]) > ({0]). 
Now 

Z30/ ([5]) # Zso/ ([2]) , 

but we have the following isomorphisms: 

Z;0/ ([5]) ~ ({6]) / ([0]) 

Z30/ (2) ~ ([5)) / ([10)) 

([2]) / (16]) = ({10]) / ([O}) - 


Definition 8.1.14 A group G is called solvable if it has a subnormal series 
G = Hp 2 Mi 2D He 2--- D An-1 D Hn = {e} 


such that H;/Hj41 is commutative, i=0,1,...,n—1. Such a subnormal series 
is called a solvable series for G. 


Every commutative group is solvable since G = Hp D H, = {e} satisfies 
the above definition. 


Example 8.1.15 Consider the symmetric group S3. Then. 


1 2 3 1 2 3 
s>fe( 3 3 ene 1 3 boca 
is a solvable series for S3. Hence, S3 is solvable. 


Example 8.1.16 Consider the symmetric group S4. Then 
12 3 4 (le: De 3). <A 1234 
83442 {6( 3 14 wee 41 all 20 1) pe 
1234 
me 14 :)foe 


ts a solvable series for Sq. Thus, S4 and Ag are solvable. 


Since. the symmetric groups Sj and S2 are commutative, they are solvable. 
Thus, S,, is solvable for n < 4. In Theorem 8.1.27 below, we show that S,, is 
not solvable for n > 4. The order of the alternating group A3 is 3. Hence, A3 
is commutative and thus solvable. By Example 8.1.16, Ag is solvable. Thus, 
An is solvable for n < 4. 

In the next few theorems, we show how the solvability of a group is associ- 
ated with the solvability of a normal subgroup and the quotient group created 
by the normal subgroup. 


Theorem 8.1.17 IfG is a solvable group, then every subgroup of G is solvable 
and every homomorphic image of G is solvable. 
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Proof. Let 


G= Ho DW, 2D Ap D+) D An-i D> Hn = {e} 


be a solvable series of G. Let K be any subgroup of G. Set K; = KM Hi, 
1=0,1,...,n. We shall show that the chain 


K=K) DK, 2 k2.D---DK,-1 D Kn = {e} 


is a solvable series for K. It follows that H;,;MK is a normal subgroup of the 
group HH; K. That is, Ki4, is a normal subgroup of K;. Now 


Kin = KO Ai = KO AN Big = Ki Hi41. 


Thus, K;/Kigi = Ki/(KiM Hii). Hence, by the second isomorphism theorem 
(Theorem 5.2.6), we have the isomorphism 


Ki / Kia & (Ki Hi41)/ Hiss. 


The quotient group (K;Ai41)/Hi41 is commutative since it is a subgroup of 
the commutative group H;/Hi41. Thus, K;/Kj41 is commutative and so K is 
solvable. 

Let f be a homomorphism of G onto a group G. Set H; = f(Hi), i = 
0,1,...,n. Since f is an epimorphism, f(H;+1) is a normal subgroup of f(H;). 
Also, H; > H;+1 implies that f(H;) > f(Hi+1). Hence, 


G = Ho 2 Ai D He 2+: 2 Bn-1 2 An = fe} (8.15) 


is a subnormal series of G. We now show that f(H:)/f(Hia1) = Hi/Hisi is 
commutative. Define g : H; > A; [Hiv by g(hi) = f(hs) Hist. Since f is an 
epimorphism, it follows that g is an epimorphism of H; onto H;/H;4,. Note 
that for any Aisi € Bini C Ai, g(higa) = FCP) Migr = f (hina) f(Aiai) = 
f(Ai4i). Hence, Hi+, C Ker g. Thus, g induces an epimorphism of H;/Hi+1 
onto H;/Hi41. Since H;/Hj4, is commutative, it follows that H;/Hj+1 is com- 
mutative. Consequently, the subnormal series (8.15) is a solvable series, proving 
that G is a solvable group. ll 


The following corollary is immediate from Theorem 8.1.17. 


Corollary 8.1.18 If G is solvable and H is a normal subgroup of G, then H 
and G/H are solvable. @ 


Theorem 8.1.19 Let H be a normal subgroup of a group G. If both H and 
G/H are solvable, then G is solvable. 
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Proof. Let 
G/H =Ky 2 Ki 2K. 2---2 Km-1 2D Km = {eH} = {H} 


be a solvable series for G/H. By Corollary 5.2.12, there are subgroups K; of 
G, i =0,1,...,m, such that K,41 is a normal subgroup of K;, K; = K./H, 
4=0,1,....m—1, G = Ko, and H = Ky. Also, Ki/Kig1 ~ Ki/Kiz1 by 
the third isomorphism theorem (Corollary 5.2.9). Since H is solvable, H has a 
solvable series, say, 


AH = Ho > Mi 2D A) 2-:- 2D An-1 D An = {e}. 
Thus, 
G=Kj 2 Ki D+: 2 Kp-1 2H DH, 2D---D An-1 2D Hn = {e} 
is a solvable series for G. That is, G is solvable. Ml 


Theorem 8.1.20 Let G # {e} be a finite solvable group. Then the factor 
groups of any composition series of G are cyclic groups of prime order. 


Proof. The proof is by induction on |G]. If |G| is a prime, then the theorem 
is valid since G D {e} is the only composition series for G. Hence, the theorem 
is valid for |G| = 2. Suppose the theorem is true for all groups of order < |G], 
where |G| > 2. If |G| is not a prime, then G has a nontrivial normal subgroup 
H. (If G does not have a nontrivial normal subgroup, then G D {e} is a 
composition series for G so that G ~ G/ (e) is commutative. Thus, G has no 
proper subgroups. Hence, |G| is a prime, a contradiction.) By the induction 
hypothesis and Corollary 8.1.18, G/H and H have the composition series 


G/H =Ky > K, 2 K2D-:-> Km_1 > Km = {e} 
and 
H=H)> 4H, > H2D-:-D Ay_-1D Hn = {e}, 


respectively, such that each K;/K;, and each H;/Hj11 are cyclic groups of 
prime order. If we choose subgroups K; of G corresponding to Kj as in Theorem 
8.1.19, then it follows by similar arguments that 


G=kKjpD Ki D-:-> Km-1 DH DH, D---D Hn_-1 D An = {e} 


is a composition series of G satisfying the conditions of the theorem. Thus, by 
the Jordan-Hélder theorem, every composition series of G satisfies the condi- 
tions of the theorem. lM - 
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We now proceed to establish the unsolvability of S,,n > 5. We first intro- 
duce the notion of the commutator subgroup of a group and obtain its basic 
properties. We also give a necessary and sufficient condition for the solvability 
of a group in terms of the commutator subgroup. We then apply these results 
to show that S,, 2 > 5, is not solvable. 


Definition 8.1.21 Let G be a group and a, b € G. The commutator of a 
and b is the element aba~'b-!. Set A = {aba~!b~1 | a,b € G} and let G’ be 
the subgroup of G generated by A. G’ is called the derived or commutator 
subgroup of G. 


If Gis commutative, then A = {e} and so G’ = {e}. Conversely, if A = G’ = 
{e}, then aba~!b~! = e for all a, b € G. Therefore, ab = ba for all a,b € G, 
i.e., G is commutative. Thus, G is commutative if and only if G’ = {e}. 


Theorem 8.1.22 The derived subgroup G’ of a group G is a normal subgroup 
of G and G/G' is commutative. 


Proof. Let a,b,g € G. Now 7 


g(aba~*b~*)g~* = (gag™*)(gbg~*)(ga~*g™*)(gb-*g"*) = ede~*d~", 


1 1 


where c = gag”~~ and d = gbg~*. This implies that for any commutator 
aba~'b-! and for any g € G, g(aba-1b-!)g7! is a commutator. From this, 
it follows that gG’g~! C G’ for all g € G. Hence, G’ is a normal subgroup of 
G. Next, we show that G/G’ is commutative. Let a,b € G. Then (ba)~!ab = 
a~'b-1ab € G’ and so abG’ = baG’, ie., aG'bG’ = bG’aG’. Hence, G/G’ is 


commutative. Hf 


Theorem 8.1.23 Let G’ be the derived subgroup of a group G and H be a 
subgroup of G. Then H 2 G’ if and only if H is a normal subgroup of G and 
G/H is commutative. 


Proof. Suppose H DG’. Leth€ H anda€éG. Then ahah eG’ CH. 
Thus, aha~! = (aha'h~!)h € H. Hence, H is a normal subgroup of G. 
Let us now show that G/H is commutative. To do this, let us consider 
two arbitrary elements aH, bH in G/H. Then (aH)(bH)(aH)"1(bH)"? = 
aHbHa-!Hb-!H = aba—!b7!H. Since aba~'b-! € G’ C H, it follows that 
(aH)(bH)(aH)~1(bH)~-! = H. Therefore, aHbH = bHaH, proving that G/H 
is commutative. Conversely, suppose H is normal in G and G/H is com- 
mutative. Let a, b € G. Then (aH)(bH) = (bH)(aH). This implies that 
a~'b-lab € H. Hence, G’C H. 8 
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Definition 8.1.24 Let G’ be the commutator subgroup of a group G. Set 


GM — G’ and define inductively 
Gilet) =A Git) 


the commutator subgroup of G), k > 0. For any positive integer k, G*) is 
called the kth commutator subgroup of G. 


The following theorem gives a necessary and sufficient condition for a group 
to be solvable in terms of a commutator subgroup. 


Theorem 8.1.25 Let G be a group. Then G is solvable if and only if there is 
a positive integer m such that G™) = {e}. 
Proof. Suppose G”) = {e}. Then by Theorem 8.1.22, the chain 

GIG su DG YaE™ = fe} 


is a solvable series. Thus, G is solvable. Conversely, suppose G is solvable. 
Then G has a solvable series, say, 


GH]ht 2h). 2 AyD Aya 2] Ae =e}. 


Since H;4 1 is normal in H; and H;/H;41 is commutative, we have by Theorem 
8.1.23 that the commutator subgroup Hj of H; is contained in Hii. Thus, 


H, 2 Hj=G, H, 2H, >G®,...,{e} =H, 2 Hi, 2G™. 
Hence, G™ = {e}. 
Lemma 8.1.26 Let S,, be the symmetric group on n symbols. If n > 5, then 


gh*) contains every 3-cycle of S, fork =1,2,.... 


Proof. Let 7 = (a bc) be any 3-cycle in S,. Since n > 5, there exist symbols 
d, f such that a, b, c, d, f are distinct. Set a= (abd) and @=(ac f). Let H 
be any subgroup of S,, with the property that H contains every 3-cycle of Sp. 
Then 7,a,@ € H. Hence, 


(abc)=(abd)o(acf)o(adb)o(afc)=aGa'B" EH’, 


where H’ is the derived subgroup of H. From this, it follows that gs) contains 
every 3-cycle of S,. We can employ induction to obtain the desired result. 


In the next theorem, we show that S,, is not solvable for n > 5. 


Theorem 8.1.27 The symmetric group S, on n symbols is not solvable for 
n> 5. 
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Proof. Since si) contains every 3-cycle of S, for k = 1,2,..., there does 
not exist a positive integer m such that so) = {e}. Thus, by Theorem 8.1.25, 
S,, is not solvable. 


8.1.1 Worked-Out Exercises 


® Exercise 1 Let G be a group of order pqr, where p,qg,r are primes and 
p>q>r. Show that G is solvable. 


Solution: The number of Sylow p-subgroups is 1+kp, where 1+ kp divides 
qr. Suppose k # 0. Since p > gq > r, 1+ kp = qr. The number of Sylow gq- 
subgroups is 1 + k’g, where 1 + k’q divides pr. Suppose k’ 4 0. Since g > 1, 
either 1 + k’g = p or pr. In either case, 1+ k’g > p. The number of Sylow 
r-subgroups is 1+ k”r, where 1+k”r divides pg. Suppose k” 4 0. Then either 
1+k’r = q or p or pq. Hence, in either case, 1+k”r > q. Thus, G has gr(p—1) 
elements of order p, at least p(q — 1) elements of order g, and at least g(r — 1) 
elements of order r. Since G has pr elements, pgr > gr(p — 1)+ p(q — 1)+ 
q(r — 1) +1. This implies that 0 > pqg-~p—q+1or0 > (p—l1)(q-1). 
Therefore, (p — 1)(q¢ — 1) = 0, which implies that either p = 1 or g = 1l,a 
contradiction. Thus, either k = 0 or k' = 0 or k” = 0. Suppose k = 0. Then G 
has a unique Sylow p-subgroup, say, H. Now H is a normal subgroup of G and 
G/H is of order gr. By Exercise 11 (page 238), we find that G/H is solvable. 
Since H is of order p, H is solvable. Hence, by Theorem 8.1.19, G is solvable. 
Similarly, if either k’ = 0 or k” = 0, then G is solvable. 


© Exercise 2 Let H # {e} be a subgroup of a solvable group G. Prove that 
H’  H. 


Solution: Suppose H’ = H. Then H@) = (H’)' = H'’ = H # {e}. Now 
by induction, we can show that H™ = H # {e} for any positive integer n. 
On the other hand, H is a subgroup of a solvable group and so H is solvable. 
This implies that there exists a positive integer n such that H™) = {e}, a 
contradiction. Hence, H’ 4 H. 


Exercise 3 Let G be the group of all n x n invertible matrices over R, n > 3. 
Show that G is not solvable. 


Solution: Let E£,; be the n x n matrix whose (7,7) entry is 1 and all other 
entries are zero. Then 


Eis if j = 
BiBa={ Oia. 
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Now for the identity matrix J and fori # j, 1] + Ei; € Gand J+ Ej) 1 = 
I —£;,;. Let T be the subgroup generated by {J + Ej; |i #7}. Since n > 3, we 
can find an integer & such that 1<izxk 4 j<n. Now 


(I+ Bix) (I + Eng) + Eig) 1 + Eng)? = (1 + Exe) (1 + Exj) 
(I — Bix) — Ex;) 

= (phe Bet ee) 
( 
( 


I- ae Ein + Fiz) 


Therefore, (I + Fi;) € T’, proving that T CT’. As a result T = 7". Thus, T is 
not solvable and so G is not solvable. 


© Exercise 4 Let GL(2,R) be the group of Example 2.1.10. Prove that the 
derived subgroup of GL(2, R) is the subgroup 


sug.) ={| ¢ i € GL(2,R) | ad ~be= 1}. 


Solution: Let R* be the multiplicative group of nonzero real numbers. 
Define f : GL(2,R) — R* by 


for all ; ; € GL(2,R). Now f is an epimorphism with Ker f = SL(2, R). 


Hence, SL(2,R) is a normal subgroup of GL(2,R) and 
GL(2,R)/SL(2,R) ~ R’. 


This implies that GL(2, R)/SL(2,R) is a commutative group and (GL(2, R))’ 
b 


C SL (2, R). Let us now show that SL(2,R) C (GL(2,R))’. For this, let | . d 


€ SL(2,R). Then ad — bc = 1. If c 4 0, then 


STP IE ¥] 


Now for any r € R, 


foi} = [07] [0 


Nie © NiF © 
——SSsae | 
— as | 
or 
rR 
—— | 
oT 
Or 
No © 
ee | 


€ (GL(2,R))' 


lI 
- ¥ 
or 
| 
thy 
———— | 
“a ee 
ore 
—S 
T——— 4 
Or 
=r 
3 
_— es | 
uy 
i ——1 
or 
NIFH! © 
en: | 
A 
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and 
fe o}e[2 2]/2 2] [2 f]ecexe.mn 
Hence, fe € (GL(2,R))’. 


Suppose c = 0. Then ad = 1. Thus, a # 0 and 


Beresice 


ak 2 
fot} i olla S][t c][ PB ]eorom 


a 


_——— } 


b 
d 


4 
Also, from above, Fi | € (GL(2,R))’. Asa result, | : | € (GL(2, R))’. 
Consequently, SL(2,R) =(GL(2, R))’. 


Exercise 5 Prove that in a group G, any refinement of a solvable series is a 
solvable series. 


Solution: Let 
G = Hp 2 A, D Hp D--- D Hy_-1 D Hn = {e} (8.16) 
be a solvable series in G and let 


G=H)D-:-DHiH-1D HDA; D--:D An-1 D Hn = {e} (8.17) 


be a one-step refinement of (8.16). From (8.16) H;1/H; is commutative. Now 
the group H/H,; is asubgroup of H;_,/H;. Hence, H/H; is commutative. Again 


(Hi-1/Hi)/(H/ Hi) ~ Ai-1/H 


implies that H;_,/H is commutative. Thus, (8.17) is a solvable series. Hence, 
any one-step refinement of (8.16) is a solvable series. By induction, any refine- 
ment of (8.16) is a solvable series. 


© Exercise 6 Find all composition series of the group Z/ (42). Verify that 
they are equivalent. 


Solution: Now the subgroups of Z/ (42) are Z/ (42) 2Z/ (42) , 3Z/ (42), 
6Z/ (42) , 7Z/ (42) , 14Z/ (42) , 21Z/ (42) , and {(42)}. Hence, the composition 
series are 


Z/ (42) D 2Z/ (42) D 6Z/ (42) Dd {(42)} 


8.1. 
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Z/ (42) > 2Z/ (42) > 14Z/ (42) > {(42)} 
Z/ (42) > 3Z/ (42) D 6Z/ (42) D {(42)} 
Z/ (42) > 3Z/ (42) D 21Z/ (42) d {(42)} 
Z/ (42) > 7Z/ (42) > 14Z/ (42) > {(42)} 
Z/ (42) > 7Z/ (42) D 21Z/ (42) D {(42)}. 


Each of the above six composition series has three factors. These factors are 
nothing but the groups Z2, Z3, and Z7. Hence, all these composition series are 
equivalent. 


8.1.2 Exercises 


1. 


10. 


Let G be the group of symmetries of the square. Prove that the following 
series are composition series for G : 
G D {riso, 7360, 2, v} D {r360,h} D {360} 
and 
G D {riso, 7360, 41, d2} > {r3s0,d1} D {rse0o}- 


Establish the equivalence of these composition series. Verify that {r3¢o0, di} 
is normal in {r1g0, 7360, d1,d2}, but not normal in G. 


. Find all composition series of the group Z/ (66). Verify that they are 


equivalent. 


. Find all composition series of Zao. 
. Write all composition series of $3, 54, Aq, D4, and Ze x Zo. 
. Prove that every finite group has a composition series. 


. Let G be a commutative group. Show that G has a composition series if 


and only if G is finite. 
1 


. Let G be a group. Show that G’ = {@1@9°*+Gn0, a --azl | a € 


G,n > 2}. 


. Show that a group G is commutative if and only if G’ = {e}. 
. Let H be a subgroup of G. Show that H’ C G’. 


Let N be a normal subgroup of a group G such that NMG" = {e}. Show 
that : 


(i) NC Z(G), 
(ii) Z(G/N) = Z(G)/N. 


8.1. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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Let G be a group of order pq (p,q primes). Show that G is solvable. 
Let G be a group of order p*q (p,q primes). Show that G is solvable. 
Let G be a group of order pq? (p,q primes). Show that G is solvable. 
Write a solvable series of S3 x S3. 

Let G be a simple and solvable group. Show that G is commutative. 


Prove that a finite direct product of solvable groups is solvable. Hence, 
show that S3 x Z is an infinite noncommutative solvable group. 


Let H be a normal subgroup of a group G. Prove that G has a composition 
series if and only if both H and G/H have composition series. Also, show 
that G has a composition series containing H. 


Prove that a finite group G is solvable if and only if H’ # H for any 
subgroup H # {e} of G. 


Let G be a solvable group with a composition series. Show that G is 
finite. 


Prove that a group G is solvable if and only if G/Z(G) is solvable. 


Let A and B be subgroups of a group G. If A and B are solvable and A 
is normal in G, prove that AB is a solvable subgroup of G. 


For the following statement, write the proof if the statement is true; 
otherwise, give a counterexample. 


(i) If G F {e} is a solvable group, then Z(G) # {e}. 


(ii) Let G be a solvable group of order m. Then for every positive divisor 
n of m, G has a subgroup of order n. 


ii) Every group of order 15 is solvable. 
iv) Every solvable group has a composition series. 


(v) Every solvable series is a composition series. 
(vi) Every composition series is a solvable series. 


vii) If two groups have equivalent composition series, then the groups 
are isomorphic. 
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8.2 Nilpotent Groups 


In this section, we study another class of groups called nilpotent groups. We 
show that the converse of Lagrange’s theorem also holds for such groups. 


Definition 8.2.1 A chain Go C Gi C Go C--: C Gp of normal subgroups 
of a group G is called a central series if Gi41/G; C Z(G/G;) for alli = 
0,1,...,»—-1. 


Definition 8.2.2 A group G is called nilpotent if G has a central series 
GoCGi ©G2C---CGn 
such that Go = {e} and G, =G. 


From the definition of a nilpotent group and from the commutative property 
of Z(G/G;), it follows that every nilpotent group is solvable and also that every 
commutative group is nilpotent. 


Example 8.2.3 The symmetric group S3 has only two normal series, 


{e} C $3 


ee 2 es 


For the first series, S3/{e} ~ S3 Z Z(S3/{e}) = {e}. For the second series, 


let 
123 1 23 
a=te(3 3 one 1 ae 


Now H/{e} Z Z(S3/{e}). Hence, S3 is not a nilpotent group. However, S3 is 
solvable. 


Finite p-groups are the most important examples of nilpotent groups. 


Theorem 8.2.4 Every finite p-group is nilpotent. 


Proof. Let G bea finite p-group. If |G] = 1, then G is nilpotent. Suppose 
IG| > 1. Then Z; = Z(G) F {e} by Theorem 7.2.7. If G # Z;, then |G/Z,| > 
1 and hence by Theorem 7.2.7, |Z(G/Z,)| > 1. Now there exists a normal 
subgroup Z2 of G such that Z; C Z2 and Z_/Z, = Z(G/Z)). Thus, we have 
fe} C Z, C Zo. If G F Zo, we repeat the above process and obtain a normal 
subgroup Z3 of G such that Z3/Z. = Z(G/Z2) and {fe} C Z, C Zo C Zz. 
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Since G is finite, this process must terminate after a finite number of steps. 
We obtain the normal series 


fe} CZ, C 22 C---C4,=G 

such that 241/Z; = Z(G/Z;). Hence, G is nilpotent. Ml 
For a group G, let us define Z;(G) as follows: 

Z(G) = fe}, 2 (G) = Z(G). 
Now Z(G) is a normal subgroup of G and Z(G/Z,(G)) is a normal subgroup 
of G/Z;(G). Hence, there exists a unique normal subgroup Z2(G) of G such 
that Z(G) C Z(G) and Z2(G)/Z1(G) = Z(G/Z1(G)). Suppose Z;(G), i > 1, 
has been defined, i.e., Z;(G) is the normal subgroup of G such that 

Zi-1 (G) Cc Zi(G) and Zi(G)/Zi-1(G) a Z(G/Z;~1(G)). 
There exists a unique normal subgroup Z;,41(G) of G such that 
Zi(G) © Zi41(G) and Zi41(G)/Z,(G) = Z(G/Z,(G)). 

Thus, we have the chain of normal subgroups 


{e} = Z(G) C Z(G) CZ(G)C-.-CZ(QC-- 


and Z;41(G)/Z:(G) = Z(G/Z;(G)), « > 0. This chain of normal subgroups is 
called the ascending central series of G. 


Theorem 8.2.5 Let G be a group such that Z,(G) = G for some nonnegative 
integer n. Then G is nilpotent. 


Proof. We have the normal series 
{e} = Z(G) S Z(G) C A(G) C-:-C Z(G) =G 


such that 241(G)/Z;(G) = 2(G/Z;(G)), i = 0,1, .... n — 1. Hence, G is 
nilpotent. Hl 


Let G be a group and a,b € G. We denote by [a,6| the commutator - 
aba~1b-1. Let A and B be subgroups of G. We denote the subgroup gener- 
ated by elements [a,b], for all a € A, b € B, by [A, B). 


Lemma 8.2.6 Let A and B be subgroups of a group G and A be normal in G. 
Then [B,G] C A if and only if AB/A C Z(G/A). 
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Proof. Suppose [B,G] C A. Then for all b € B, g € G, bgb tg 1 EA. 
This implies that AbAg = AgAb. Thus, Ab € Z(G/A). Let a € A and b € 
B. Then Aab = AaAb = AAb = Ab € Z(G/A). Hence, AB/A C Z(G/A). 
Conversely, suppose AB/A C Z(G/A). Let b € B, g € G. Then Abgb-'g-! = 
AbAgAb-1Ag™! = A since’ Ab € Z(G/A). This implies that [b,g| € A. Thus, 
[B,G]C A! 


Theorem 8.2.7 Let G be a nilpotent group. Then there exists a nonnegative 
integer n such that G = Z,(G). 


Proof. Since G is nilpotent, there exists a normal series 
Pacer errewees=¢ 


such that G;/G;-1 © Z(G/G,_-1), t = 1,2,...,n, for some n. We now prove 
by induction on i that G; C Z;(G) for alli = 0,1,...,n. If i = 0, then Gp = 
{e} = Z(G). Suppose that G; C Z;(G) for some 2 > 0. Since G;Gi41/Gi = 
Gi41/Gi © Z(G/Gi), we have by Lemma 8.2.6 that [Gi41,G] C G; © Z(G). 
Thus, by Lemma 8.2.6, 


Zi(G)Gis1/Zi(G) © 2(G/Zi(G)) = Zi41(G)/Zi(G). 


This implies that Gi41 C Z:(G)Gi41 C Zi41(G). Hence, by induction, G; ¢ 


Z(G) for alli =0,1,...,n. Since G, = G, Z,(G) = G. 8 


Let G be a group. Define the subgroups Gl! of G inductively as follows: 
Gl = G, G’l = [ga], ..., GU = [G!-), G, i > 1. It can be easily seen 
that 

G=Gl a Gels Gbl's.. 


is a central series. ‘This series is called the descending central series of G. 


Theorem 8.2.8 A group G is nilpotent if and only if there exists a nonnegative 
integer n such that Git) = {e}. 


Proof. If Gi"+4] = {e} for some nonnegative integer n, then G has a central 
series 


eve Getlcgelec...cquag. 


Hence, G is nilpotent. Conversely, suppose that G is nilpotent. Then there 
exists a central series 


{fe} = Go CG1 CG2C-:-CG,=G 


of G. We now show that Gl C G,_j4) for alli = 1,2,...,n +1. Clearly, GU 
G = Gy. Suppose Gl! C Gpiyi for some i, 1 <i < n+ 1. Now Gi4i/Gi 


IN Nt 
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Z(G/G;), i = 0,1,...,n —1. Therefore, by Lemma 8.2.6, [Gi41,G] C Gi, 
i=0,1,...,n—1. This implies that Gl+4] = (GU, G) C [Gn_i41, G] © Grea. 
Thus, by induction, G4 C G,_441 for all i = 1,2, ..., n +1. Consequently, 
Gim+ll C Go = {e}. 


Theorem 8.2.9 Let G be a nilpotent group. Then every subgroup of G is 
nilpotent. 


Proof. Let H be a subgroup of G. There exists a positive integer n such 
that Girt = {e}. Now HU = HC G = GUI. Suppose H! C Gl for 1 <i< 
n+1. Then Hi+ = [Hl, A] Cc [GU,G] = G+". Therefore, by induction, 
Hl c Gl for all i = 1,2,..., n +1. Hence, Hit c Gr+ = {e}, proving 
that A is nilpotent. Hi 


Lemma 8.2.10 Let G, H, and K be groups such that G = H x K. Then 
Z(G) = Z(H) x Z,(K) for alli =1, 2,.... 


Proof. Fori=1, 7(G) = Z(G) = Z(H x K) = Z(H) x Z(K) = Z(H) x 
Z\(K). Thus, the lemma is true for i = 1. Suppose Z;(G) = Z;(H) x Z;(K) for 
some i > 1. Now Z41(G) is the unique normal subgroup of G such that Z;(G) C 
Ziai(G) and Zi41(G)/Z;(G) = Z(G/Z;(G)). Consider the isomorphism w : 
H/Z,(H) x K/Z,(K) > (H x K)/Z;(H x K). Now 


Z(G/Z;(G)) Z((H x K)/Z;(H x K)) 
= Z((HxK)/Z,(H) x Z;(K)) (by the 
induction hypothesis) 
Z(y((H/Z,(A)) x (K/Z;(K)))) 
= ~$(2((1/2Z;(H)) x (K/Z(K)))) 
= ¥(2Z(A/Z;(H)) x Z(K/Z;(K))) 
= W((Zi41(4)/Zi(A)) x (Zi41(K)/Zi(K))) 
= (Zi41(A) x 2:41(K))/(Zi(A)  Z:(K)) 
= (Zii(A) x Zi41(K))/Z(A x K) 
= (441(8) x Zi41(K))/Zi(G). 


Hence, 2i41(G) = Zi41(H) x 2:41(K). Mf 


Il 


Lemma 8.2.11 The direct product of two nilpotent groups is a nilpotent group. 


Proof. Let H and K be two nilpotent groups. Then there exists a positive 
integer n such that Z,(H) = H and Z,(K) = K. Hence, Z,(H x K) = 
Zn(H) X Zp(K) = H x K by Lemma 8.2.10. Thus, H x K is nilpotent. Hl 


Theorem 8.2.12 Let G;,i = 1,2,...,n, be a nilpotent group. Then G, x Go x 
+++ Gy ts nilpotent. 
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Proof. The desired result follows by Lemma 8.2.11 and induction. Hl 


The following theorem gives several equivalent conditions of a finite group 
to be a nilpotent group. In particular, the following theorem describes all 
finite nilpotent groups in terms of p-groups. It is an analogue of the primary 
decomposition theorem for finite Abelian groups. 


Theorem 8.2.13 Let G be a finite group. Then the following conditions are 
equivalent. 

(i) G is nilpotent. 

(ii) If H is a proper subgroup of G, then H C Ne(H). 

(it) Every mazimal subgroup of G is a normal subgroup of G. 

(iv) Every Sylow subgroup of G is a normal subgroup of G. 

(vu) G is isomorphic to a direct product of p-groups. 


Proof. (i)=+(ii) Since G is nilpotent, G has a central series 
{e} = Go C G1 C Go C+: CG, =G. 


Now Go C H C G = Gy. Hence, we can find an integer m > 0 such that 
Gm C H, but Gm41 Z H. Thus, there exists a € Gm4i such that a ¢ H. Now 
aGm € Z(G/Gm). Therefore, for all h € H, (aGm)(hGm) = (AGr)(aGn). 
This implies h-'a~'ha = (ah)tha € Gm C H. Hence, a~'ha € H, and so 
a~!Ha C H. Similarly, aHa~! C H. Thus, H = a~!(aHa~')a C a !Ha CH 
and so a~'Ha = H. Hence a € N(H). Consequently, H # N(H). 

(ii)=>(iii) Let H be a maximal subgroup of G. Then H Cc N(#) CG. Since 
H is maximal, N(H) = G. Thus, H is normal. 

(iii)>(iv) Let P be a Sylow p-subgroup of G such that P is not normal. 
Since G is finite, there exists a maximal subgroup H of G such that N(P) C H. 
By (iii), H is a normal subgroup of G. Let a € G. Then aPa~! C aN(P)a? C 
aHa-! = H. Hence, P and aPa™! are Sylow psubgroups of H. Thus, there 
exists h € H such that h(aPa7!)h7! = P. Therefore, ha € N(P) C H. This 
implies that a = h~!(ha) € H. Hence, G = H, a contradiction. Thus, P is a 
normal subgroup of G. 

(iv)=(v) By Worked-Out Exercise 7 (page 208), G is a direct product of its 
Sylow p-subgroups. Since every Sylow p-subgroup is a p-group, G is a direct 
product of p-groups. 

(v)=>(i) The result here follows by Theorems 8.2.4 and 8.2.12. Ml 


We conclude this section by showing that the converse of Lagrange’s theo- 
rem holds for finite nilpotent groups. 3 


Theorem 8.2.14 Let G be a nilpotent group of order m. If n > 0 and n|m, 
then G contains a subgroup of order n. 
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Proof. If m = 1, then the result is trivially true. Suppose m > 1. There 
exist distinct prime integers p), po,..., px such that m = pj! py? --- p.*, where 
r; are positive integers. Let H; be the Sylow p-subgroup for p = p; (i = 
1,2,...,k) in G. Thus, by Theorem 8.2.13 and Worked-Out Exercise 7 (page 
208), G = H, x H2x---x Hy. Since n|m, there exist integers t1, tz, ...,t, such 
that n = p;) pe +: pi Now |H;| = p;' and so by Theorem 7.3.1, H; contains 
a subgroup A; of order pe fori =1,2,...,k. Thus, B= Ay x Ag x--- x Ag is 
a subgroup of G of order n. Hf 


8.2.1 Worked-Out Exercises 


® Exercise 1 Find a central series Go C G] © --- C Gy in Dg such that 
Go = {e} and G, = Dg. 


Solution: D4 = (a,b) such that o(a) = 4, o(b) = 2, and ba = a3b. Now 
{e} = Gp C Gy = {e,a”} C Ge = {e,0,a7,0°} C Gp = Da 


is a normal series in Dg. Since |D4/Gi| = 4 and |Da/Go| = 2, it follows 
that D4/G, and D4/G2 are commutative groups. Thus, Go/Gi C D4/G, = 
Z(Da/G1) and D4/G2 © Z(D4/G2) = D4/Go. Since Z(D4) = {e, a7} = Gi, it 
follows that G1/Go C Z(Da/Go). Hence, {e} € {e,a”} C {e,a,a?,a*} C Dz is 
a central series. 


© Exercise 2 Give an example of a group G such that G is not nilpotent, but 
G contains a normal subgroup H such that H and G/H are nilpotent. 


Solution: The symmetric group $3 is not nilpotent. Now A3 is a normal 
subgroup. Since |A3| = 3, A3 is commutative and hence nilpotent. Also, 
|53/A3| = 2. Thus, $3/A3 is commutative and so is nilpotent. 


8.2.2 Exercises 
1. Prove that a homomorphic image of a nilpotent group is nilpotent. 
2. Prove that a group of order 65 is nilpotent. 


3. Show that D,, is nilpotent if and only ifn = 2™ for some positive integer 
m. 


4. Find ascending central series for S3 and $3 x Zo. 


5. Is $3 x $3 nilpotent? 
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Camille Jordan (1838-1921) was 
born on January 5, 1838 in Lyons, France, 
into a well-to-do family. At the age of seven- 
teen he entered the Ecole Polytechnique to 
become an engineer. During his time as an 
engineer, he had ample opportunity to carry 
out his mathematical research and to write 
most of his 120 papers. He retired as an 
engineer in 1885. From 1873 until 1912 he 
taught at the Ecole Polytechnique and the 
Collége de France. 

Jordan was a universal mathematician. 
He published :papers in all branches of math- 
ematics of his time. In analysis, he orig- 
inated the concept of a bounded function. 
In topology, he showed that a plane can be decomposed into two regions by a simple 
closed curve. 

Primarily, Jordan was an algebraist. He became famous at the age of 30 and for 
the next 40 years he was considered the master of group theory. He was the first to 
develop the theory of finite groups and its applications in the direction of Galois. He 
originated the concept of composition series and proved the first half of the famous 
Jordan-Hélder theorem. He studied solvable groups in a very general sense. In 1870, he 
collected all his results on permutation groups for the previous ten years in Traité des 
substitutions. His Traité des substitutions became a bible in all areas of group theory. 
Jordan’s deepest, results in algebra were his finiteness theorems. He was joined by 
Felix Klein and Sophus Lie in the study of groups of movements in three-dimensional 
space. 

His Course d’analyse, published in the early 1880s, had a great influence on math- 
ematics and set the standard for rigor. In this book, he showed how multiple integrals 
can be evaluated by successive integrations. 

In his study of solvable groups, he made extensive use of concepts such as normal 
subgroup, homomorphic images of a group, and quotient groups. He was the first one 
to use the term “simple group.” 

He died on January 22, 1921. 
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Otto Ludwig Holder (1859-1937) 
was born on December 22, 1859, in Stutt- 
gart, Germany. His father was a professor of 
French. He received his early education in 
Stuttgart. On a colleague’s suggestion, his 
father sent him to Berlin in 1877. At that 
time, Weierstrass, Kronecker and Kummer 
were teaching there. 

In his dissertation, presented in 1882, 
Holder developed the continuity condition 
for volume density that bears his name. He 
gave the first complete general proof of Weier- 
strass’s theorem and also examined the con- 
vergence of the Fourier series of a function, which was not assumed to be either con- 
tinuous or bounded. 

After receiving his doctorate, Hélder attended Kronecker’s and Klein’s seminar and 
became interested in group theory. He completed the proof of the so-called Jordan- 
Holder theorem on composition series by showing the uniqueness of the factor group, 
which is now a fundamental concept in group theory. He also studied simple groups. 
Other than the known simple groups of order 60 and 168, he showed that there is no 
other simple group of composite order less that 200. He also investigated the structure 
of groups of orders p, pq*, pgr, p*, and n, where p,q,r are primes and n is a square 
free integer. He also worked on geometry and number theory. Holder died on August 


29, 1937. 


Chapter 9 


Finitely Generated Abelian 
Groups 


The second source in the evolution of group theory, namely, number theory, 
led to the specialized theory of Abelian groups. 

In this chapter, we determine the structural properties of finite Abelian 
groups and finitely generated Abelian groups. In Section 4.2, it was shown 
that every cyclic group is Abelian. In Section 5.1, it was proved that any two 
finite cyclic groups of the same order are isomorphic and thus for any positive 
integer n, Z, is the only cyclic group of order n (up to isomorphism). That 
an infinite cyclic group is isomorphic to Z was shown in Section 5.1. Hence, 
all cyclic groups have been determined. In this chapter, it is proved that 
any finitely generated (and hence any finite) Abelian group can be expressed 
as a direct sum of cyclic groups. Thus, the structural properties of a finitely 
generated (finite) Abelian group can be determined from those of cyclic groups. 

In this chapter, we use additive notation for the group operation. 0 will 
denote the identity element and —a will denote the inverse of an element a. 
The direct product (internal or external) G x H of groups (subgroups) will be 
written as G @ Hi and called the direct sum of G and H. 

Let G be an Abelian group. By Theorem 6.1.4, G is the direct sum of 
subgroups Gj, Go, ...,Gn if and only if 

(i) G=G,+Go+---+ G, (ie, for allg € G,g = gi +92 +--+ +n for 
some 9; € Gj, t= 1,2,...,n) and 

(ii) Gin (Gi +-+--+ Gi-1 + Giz +--+ + Gn) = {0} for alli =1,2,...,n. 

If G is a direct sum of subgroups Gj, Go,...,Gn, then we write 


G=G,6G2@:-:@G. 


IfG=G,@G2@--:-@G, and G; ~ H;, where H; is a group, i = 1,2,...,n, 
then 
G~H,6H28---® Hp. 
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9.1 Finite Abelian Groups 


Given a positive integer n, the cyclic groups of order n have been completely 
determined. We can determine the subgroups, homomorphic images, and gen- 
erators of such groups. Now every cyclic group is Abelian, but not conversely. 
Given any positive integer n, what can we say about an Abelian group of order 
n? How many different Abelian groups of a given order are there? What can 
we say about the subgroups of such groups? In this section, we attempt to 
answer such questions. The main theorem of this section is that every finite 
Abelian group is a finite direct sum of a finite number of cyclic p-groups. We 
will use this theorem to answer some of the above questions. We begin with 
the following definition. 

Let G be an Abelian group and A be a subgroup of G. Then A is called a 
direct summand of G if there exists a subgroup B of G such that 


G=AOB. 
We leave the proof of the following theorem as an exercise. 


Theorem 9.1.1 Let G be an Abelian group. Let r € Z and p be a prime. 

(i) Let G[r] = {g € G | rg = 0}. Then G[r] is a subgroup of G. 

(ii) Let rG = {rg |g € G}. ThenrG is a subgroup of G. 

(iti) Let G(p) = {9 € G | g ts of order p® for some s > 0}. Then G(p) is a 
subgroup of G. 

(iv) G/G|r] ~rG. @ 


Definition 9.1.2 The subgroup G(p) of Theorem 9.1.1 is called a p-primary 
component of G. 


Let G be a finite Abelian group of order p! for some | € N. Since the order 
of each element of G divides the order of G, the order of each element is p” for 
some Tr, 0 <r <1. Therefore, there exists a € G such that o(a) > o(d) for all 
b € G. Hence, the corresponding cyclic subgroup (a) is of maximal order in G. 
In the next theorem, we show that (a) is a direct summand of G. 


Theorem 9.1.3 Let G be a finite Abelian group of order p' for some EN, 
p a prime. Let a € G be such that o(a) = p* is the largest in G. Then (a) 
is a direct summand of G, t.e., there exists a subgroup B of G such that G = 
(a) © B. 


Proof. Let 042 € G. Since |G| = p!, o(x) = p' for some positive integer t. 
Also, o(a) > o(x) and so t < k. Therefore, p*x = 0 for all z € G. Let 


C = {B| B isa subgroup of G and (a)N B = {0}}. 


9.1. FINITE ABELIAN GROUPS 249 


Since {0} € C,C # . Also, C contains only a finite number of subgroups. 
Hence, C has a maximal element, say, B. We anew that G = (a) @B. Suppose 
there exists g € G such that g ¢ G ) ® B. Since p*g = 0 € (a) @ B, there exists 
a positive integer s such that p°g € (a) ® B. Let n be the smallest positive 
integer such that p”g € (a) @ B, i.e., p"g € (a) @B, but p®1g ¢ (a) OB. 
Write d = p”'g. Then d ¢ (a) @ B and pd € (a) @ B. Now pd = tat+b 
for some t € Z and b € B. Therefore, 0 = p*-1pd = p*-lta + p*-1b. Thus, 
peta = —p*-1b € (a) NB and so p*-!ta = 0. Then o(a) = p* must divide 
ptt and so pit. Let t = pr and a’ = ra € (a). Then pd = pa’ +b or p(d—a’) = 
b € B. Write c = d—a!. Then x = d—a’ = d-ra ¢ B and this shows 
that (a) N (B,z) # {0}, Hence, there exist m,s € Z and 6; € B such that 
“02 ma = by + sz. If eed(p; s) #1, then s = pq for some q € Z. Since pz € B, 

ma = b;+4(px) € B, which contradicts the fact that (a) B = {0}. Therefore, 
gcd(p,s) = 1, which implies that there exist u,v € Z such that 1 = us + up. 
Thus, z = u(sz)+v(pzr) = u(ma—b;)+v(pr) = uma+(—ub|+u(pzr)) € (a)@B, 
ie., d—a' = x € (a) @B. But then d = d—a' +a’ € (a) @B, which is a 
contradiction since d ¢ (a) @ B. Hence, G = (c)@ B.S 


Example 9.1.4 Let G be a noncyclic group of order p?. Since |G| = p*, G is 
Abelian. By Cauchy’s theorem, there exists a € G such that o(a) = p. Since G 
is not cyclic, G does not contain any element of order p?. Therefore, o(a) is 
the largest in G. Thus, there exists a subgroup B of G such that 


G= (a) OB. 


Since |G| = |(a)|-|B|, it follows that |B| = p. This shows that B is a cyclic 
group of order p and (a) ~ Zp ~ B. Hence, 


G~Z,@Z,. 


In the next theorem, we prove that any nontrivial Abelian p-group can be 
expressed uniquely as a direct sum of nontrivial cyclic p-groups. 


Theorem 9.1.5 Let G be a finite Abelian p-group, p a prime. Then G is 
a direct sum of cyclic p-groups. Furthermore, if G = G; 6 Go@®---®G, 
= H, @H2®---@H;, where G; and H; are cyclic p-groups, |Gi| > |G2| > 

- > |G,| > 1, end |H\| > |He| > --- > |As| > 1, thenr = 8 and G; ~ Hi, 
l<i<r. 


Proof. Let |G| = p”. We prove the result by induction on n. If n = 1, then 
G is a cyclic group of order p and so in this case the result is trivially true. 
Suppose the result is true for all p-groups of order less than the order of G. 
Let a € G be such that o(a) is the largest in G. Then by Theorem 9.1.3, there 
exists a subgroup B of G such that G = (a) ®@ B. Now B is a p-group and 
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|B| < |G|. Therefore, by the induction hypothesis, B is a direct sum of cyclic 
p-groups and therefore G is a direct sum of cyclic p-groups. We now prove the 
uniqueness part. 

We first note that G[p] and G,[p] are subgroups of G and Gj, respectively. 
Let a € G[p]. Then a = a] +a2+-:-+a, for some a; € Gi, 1 <i <r. Now 
pa, + pag +---+ par = pa = 0. Hence, pa; = 0 for all 1 <i <r. Thus, a; € 
G,[p] for alll <i <r. Therefore, G[p] = Gi[p] @ G2[p] ®--- ®G,[p]. Since Gi[p] 
is a cyclic group such that every nonidentity element is of order p, |G,[p]| = p 
for all 1 <i<r. Thus, 


IG[p]| = |Gr[p]l |Go[p]| --- |G-[p]| = v”- 


By asimilar argument, |G[p]| = p* since G = H, ®H2@---@®H,. Thus, p” = p® 
and so r = s. Now since cyclic groups of the same order are isomorphic, in order 
to show that G; ~ H;, 1 <i <r, it suffices to show that |G;| = |H;|, 1 <i<r. 
We prove this by induction on n. If n = 1, then the result is trivially true. 
Suppose that the result is true for all p-groups of order less than p”, where 
n > 1. By Theorem 9.1.1(iv), Gi/G,[p] ~ pG;. Since G; is cyclic, G;[p] is cyclic. 
Also, since every nonidentity element of G;[p] is of order p, |G;[p]| = p. Thus, 
|pG;| = Weal |G;|. This implies that pG; = {0} if and only if |G;| = p. Now 
if pG; = fo}, then pG; = {0} for ali <1 <r. Thus, pG = pG, @--- @pGn, 
where m <r, pG; # {0}, 1 <i <™m, and pG; = {0}, m+1<1 <r. Similarly, 
pG = pH, ®---@® pHi, where t < r, pH; 4 {0}, 1 <1 <t and pH; = {0} for 
allt+1<1<r. Since |pG| < |G], m=t and |pG;| = |pH;| for all 1 <i<™m, 
by the induction hypothesis, and therefore |G;| = |H;| for all 1 < 1% < m. 
Also, |G;| = p = |Hj| for all m+ 1 <i <r. Consequently, |G;| = |H;| for all 
1l<i<r0 


Example 9.1.6 Let G be an Abelian group of order 8. Since 8 = 2°, G is a 
2-group. There exists a € G such that o(a) is the largest in G. By Cauchy’s 
theorem, G has an element of order 2. Thus, o(a) > 2 and so o(a) = 2, 4 or 
8. If o(a) = 8, then G ~ Zs. If o(a) = 4, then GY Z4 ® Zo. Now suppose that 
o(a) = 2. By Theorem 9.1.3, there exists a subgroup B of G such that 


G = (a) @B. 


Then |B| = 4 = 2°, proving that B is a 2-group. Since o(a) is the largest in G, 
B has no element of order 4. Thus, B ~ Z2 @ Zo. Hence, 


G ~ Zo @ Zo Zo. 


Now Zg has an element of order 8, Z4 ®@ Zo has no element of order 8, but has 
an element of order 4 and Zz ® Zo ® Zo has no element of order 4 or 8. Thus, 
Zs, Z4 ® Zo and Zo @ Zo @ Ze are nonisomorphic groups. Hence, there are 
exactly three (up to isomorphism) Abelian groups of order 8. 
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The next theorem is called the fundamental theorem of finite Abelian 
groups. 


Theorem 9.1.7 Let G be a finite Abelian group. Then G is a direct sum of 
cyclic p-groups. Furthermore, any two decompositions of G as a direct sum 
of nontrivial cyclic p-groups are the same except for the order in which the 
summands are arranged. 


Proof. If |G| = 1, then the result follows easily. We now assume that 
|G| > 1. Let |G| = pf'p5?--- pr’, where the p;’s are distinct primes and the 
n,’s are positive integers. By Theorem 7.3.5, G has a Sylow p;-subgroup, say, 
G; for alli = 1,2,...,1. Since G is Abelian, G; is a normal subgroup of G and 
hence G; is unique for all i = 1,2,...,1. From Worked-Out Exercise 7 (page 
208), it follows that G is the internal direct sum of G;, 1 = 1,2,...,1. However, 
since we are using additive notation, we give details of the proof for the sake 
of completeness. 

Now |G;| = py for all i = 1,2, ..., U. Hence, G; 9G; = {0} for all zt # j. 
We now show that 


Gin(Gi +-+-+ Gi-1+ Gir +--+: + Gi) = {0} 


for alli = 1,2,..., 1. Suppose a € GgN (Gi +--- + Gi-1 + Giga +++» + Gi). 
Then a@€ G; anda € Gy 4+--:4+ Gi_-1 + Gini +++: + G. Hence, 


Q=ayte +a-1t 4p te Tay, 


where the a; € G;. Now for all 7 4 i, o(a;) = p for some 7;,0 < rj < nj. Let 


— r1 ee Ti-1 Ti+] eee a! 
T= Py Pi_-1 Pisi Pr: 


Then ra = 0. Thus, (a) divides r. Since a € Gi, o(a) divides p?*. But r and 
py are relatively prime. Therefore, o(a) = 1. This implies that a = 0. Hence, 
Gin (Gi ++:-+ Gi + Gini +++: +G)) = {0}. 

From this, it follows that 
|G1 +++ + Gil = [Gi] ---|Gi] = pty}? ---pr" = |G]. 
Thus, 
G=G,2G.0::-@G). 


Now each G; is an Abelian p-group. Hence, by Theorem 9.1.5, G; is a direct 
sum of cyclic p-groups, whence G is a direct sum of cyclic p-groups. 

We now prove the uniqueness of the direct summands. We prove the result 
by induction on J, the number of distinct primes in the factorization of |G|. I! 
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1 = 1, then G is a p-group and the result is true by Theorem 9.1.5. Suppose 
the result is true for all nonzero finite Abelian groups H such that the number 
of distinct primes in the factorization of |H| is less than J. 
Let 
G=G,0G20::-6G,=41@H2@:--- 8H 


be two decompositions of G as a direct sum of nontrivial cyclic p-groups. Since 
for groups A® B ~ B@A, we may assume by rearranging if necessary that the 
summands Gj, Go2,...,Gm and Hy, H2,...,H, (m <r, s < t)are the cyclic p 
groups for the prime pj, the groups Gr41,...,G, and H541,..., He are cyclic 
p-groups for the primes p different from pi, |Gi| > |G2| > --- > |Grl, and 
| Hy| > | H9| aed |H,| .Let A= G1 @Go8:::-OGm, B= WH, 0 A2®::-OHs, 
C=Gmii®-:-@G,, and D= H,41@---@ Hj. Then 


G=AGC=BOoD. 


We now show that A = B. First note that the order of a nonzero element of 
A and the order of a nonzero element of C are relatively prime. Similarly, the 
order of a nonzero element of B and the order of a nonzero element of D are 
relatively prime. Let a € A,a #0. Thena€G=B@D. Thus, a= 6+d for 
some b € B andd € D. Ifa—b #0, then the order of a — b is some positive 
multiple of p; whereas the order of d is different from any positive multiple of 
pi. Therefore, we have a contradiction and soa —b=0Oora=b0e€ B. This 
implies that A C B. Similarly, B C A and so A = B. A similar argument 
shows that C = D. Now A = B is a p-group and hence by Theorem 9.1.5, 
m= sand G; ~ Hj, i = 1,2,...,m. Now C = D is an Abelian group of 
order p5?---p;'. Hence, by the induction hypothesis, it follows that the two 
decompositions Gm41@---®@G, and H,41 ®--: ® A; of the group C are the 
same except for the order in which the summands are arranged. Consequently, 
the above two decompositions of G are also the same except for the order in 
which the summands are arranged. Hf 


From Theorem 9.1.7, it follows that for any finite Abelian group G # {0} 


there is a list of positive integers p{',p5”,...,p,", which are unique except 
for their order, where pi, p2,...,p% are primes (not necessarily distinct) and 
N1,N2,...,M are positive integers such that 


Gx Zim @ Z,na B-- GZ rx. 
The numbers p?!,p5?,...,p;* are called the elementary divisors of G. 
Example 9.1.8 Let G be the group Z4 @ Ze ® Zo. Now 
G ~ Z. © Z3 © Zz © Z32 ~ ZL. @ Zy2 @ Z3 @ Z32. 


Hence, the elementary divisors of G are 2,2*,3,3?. 
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In Section 7.2, we proved by using Cauchy’s theorem that the converse of 
Lagrange’s theorem holds for finite Abelian groups. Next, we prove the same 
result by using the results developed in this chapter. 


Corollary 9.1.9 If G is a finite Abelian group of order n and m is a positive 
divisor of n, then G has a subgroup of order m. 


Proof. Ifn=1, then m=1 and {e} is the subgroup of order m. Suppose 
1 > 1. By Theorem 9.1.7, there exist prime integers p1,p9,...,pk and positive 
integers n1,79,...,M% such that G ~ Zon @ Zo @:---@ Zire: This implies 
chat n = pj'p5?---py*. Since mln, there exist integers 0 < m; < ni, i = 1,2, 

_ k such that m = p75? ---py’*. Since p;*|p;* for all i, by Theorem 4.2.10, 
he eevee group Z pf has a unique Suberous G; of order p;“ for all 7. Thus, 
G:+Got+-: bees = Gy@Go@-* -®G;, is a subgroup of Z aft eZ, m2 @:- ‘OZ, re 
of order pf" py; ---py* = 
order m. 


=m. From this, it follows that fe has 5 Sibeeus. er 


Let G be a finite Abelian group of order n = pi?! p?---py*, where the 
p,’s are distinct primes and the n,;’s are nonnegative integers. Consider the 
subgroup G; (as defined in the proof of Theorem 9.1.7). Now |G;| = p?'. From 
this, it follows that G; C G(p,;). Thus, |G(p,)| > p?*. Since G(p;) is a pi-group, 
iG(pi)| = pt for some integer t. Hence, t > n;. Suppose t > n;. By Lagrange’s 
theorem, |G(pi)| oud |G|. This implies that p’| p7! p>? --- p,*, which in turn 
implies that p{~™| p? ---pi a \pert* + pr, a contradiction, since the p,’s are 
distinct primes. Hones, t =n, and so G; = G(p,). From this, we conclude that 
G is a direct sum of its p-primary components. 


Consider the cyclic group Z,. There exist distinct poe D1,P2,-+-,Pp and 
positive integers m1,72,...,n% such that n = p['p5?---p,*. For p = pj, the 


p-primary component of Z,, is Zr. Hence, it follows ae 
Zn ~ Zn @ Zn e:--@ Zink: 


Example 9.1.10 (i) Let G = Z1.. Now 12 = 2? -3 and so by the previous 
paragraph, G ~ Zo ® Z3 = Z4 SZ3. Now G(2) ~ Z4 and G(3) ~ Zs. Hence, 
the primary components are Za and Zs. 
(ii) Let G = Zio ® Zig Zep. Now 12 = 27-3, 18 = 2-37, and 60 = 273-5. 
Thus, 
G 


Zi2 © Zig B Leo 
(Z4 © Z3) © (Ze © Za) B (Z, © Zs © Zs) 
(Za ® Za @ Zo) & (Zo © Z3 © Z3) Zs. 


This implies that G(2) ~ Z4 @ Zs @ Zo, G(3) ~ Zo @ Zz G Zs, and G(5) ~ Zs. 
Hence, the primary components are Z4 ® Za ® Zo, Zo © Z3 @ Zs, and Zs. 


I2 le 
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Definition 9.1.11 Let G be a finite Abelian p-group of order p® (n > 0). 
IifG = Gi @G2®---@Gz, where each G; is a cyclic group of order p™ 
with ny > ng > +--+: > ny > 0, then the integers nj, n2,..-,;m, are called the 
invariants of G and the k-tuple (nj, no, ...,n~) is called the type of G. 


We know that any two cyclic groups of the same order are isomorphic. 
However, this result does not hold for Abelian groups. For example, Zg and 
Z4@Zs4 are nonisomorphic Abelian groups of order 8 = 2°. In the next theorem, 
we obtain a necessary and sufficient condition for two finite Abelian p-groups 
of the same order to be isomorphic. 


Theorem 9.1.12 Two Abelian p-groups of order p” (n > 0) are isomorphic if 
and only if they have the same invariants. 


Proof. Let Gand H be two Abelian p-groups of order p” (n > 0). Suppose G 
and H have the same invariants n1,2,...,74, where ny > >--- > ny > 0. 
Then G = G, ® G2 ®--: ® Gy, where each G; is a cyclic group of order 
pi, 1 <i< k, and H = Hi ® Ho @---@ Hx, where each H; is a cyclic 
group of order p™, 1 <1 < k. Since cyclic groups of the same order are 
isomorphic, G; ~ Hj, 1<1i< k. Hence, G ~ H. Conversely, suppose G ~ H. 
Let G = G, ® G2 ®--- ® Gg, where each G; is a cyclic group of order p™, 
1l<i<kn>n>-:-> ny, > 0, and H = #, @ Ao @G---@ AM, where 
each H; is a cyclic group of order pJ, 1 <j St,71. > 72 >--+ > 1% > 0. Let 
f :G—H be an isomorphism of groups. Then f~1(H;) is a cyclic subgroup 
of G of order p™ and also G = f~!(H,) @ f-1(H2) @---@ f-!(Hi). Hence, by 
Theorem 9.1.5, it follows that t= k and p% = |f—1(H;)| =p%,1<i<k.l 


Example 9.1.13 Z,@ Zz and Z2@ Z2@ Zz are 2-groups of order 23. Now the 
invariants of Za @ Zo are 2,1 and the invariants of Zo ® Zo @ Zo are 1, 1, 1. 
Hence, Z4 @ Zo and Zo ® Zo ® Zo are nonisomorphic groups. 


Let n be a positive integer. A partition of n is an s-tuple (1, 7n2,..., 7s) 
of positive integers such that n = nj +ng+--:+n, and ny > no >-:+- > ng. 

We find that any finite Abelian p-group G of order p” (n > 0) can be 
decomposed uniquely as G = G; ® Go @--- ® Gg, where each G; is a cyclic 
group of order p™, 1 <i< k, andny > ng >--: > ng > O. It is also true 
that n =n, +no4+---+ng. Therefore, n1,72,...,;, determine a partition of 
n. Next, let n = ny + ng +--+: +n, where each n; is a positive integer and 
my 2g 2-+-+ Sng. Then G = Zpnr © Zpra @ + GB Zp is an Abelian p-group 
of order putr2t"t7k — py” such that the invariants of G are nj, n2,..., Me. 
It now follows that the number of nonisomorphic Abelian p-groups of order p” 
(n > 0) is equal to the number of partitions of n. 
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Example 9.1.14 Let p= 2 and n= 4. In this example, we want to describe 
all Abelian groups of order 24. Now1+1+1+1,2+141, 341, 2+2, and 
4 are all the partitions of 4. Thus, there are five nonisomorphic Abelian groups 
of order 2‘. They are 

Zi6 

Z3 © Zo 

Za B Za 

Zs ® Zo @ Ze 

Zo @ Zo @ Zz B Zp. 


9.1.1 Worked-Out Exercises 
Exercise 1 Describe all Abelian groups of order 2°. 


Solution: 5=14+14+14+14+1=2414141=3414+1=441=2= 
3+2=2+2+1. Thus, there are seven partitions of 5 and so there exist seven 
nonisomorphic 2-groups of order 2°. They are 


Z32 

Zi¢ B Ze 

Zg @ Za 

Zs © Zo © Zo 

Za ® Z4 © Zo 

Za ® Zo © Zo @ Ze 

Zo @ Zq @ Zo @ Zo B Zo. 


& Exercise 2 Find all Abelian groups of order 20. 


Solution: Let G be an Abelian group of order 20. Now 20 = 27-5. By 
Theorem 7.3.5, G has a Sylow 5-subgroup, say, G(5) and a Sylow 2-subgroup, 
say, G(2). Since G is Abelian, G(2) and G(5) are normal subgroups of G and 
hence are unique. Now G(2) 1 G(5) = {0}. This implies that |G(2) + G(5)| = 
|G(2)| - |G(5)| =4-5 = 20. Thus, G = G(2) + G(5). Hence, G = G(2) @ G(5). 
Now G(5) ~ Zs. Since |G(2)| = 4 = 2?, either G(2) ~ Z4 or G(2) ~ Zo @ Zo. 
Therefore, either G ~ Zs @ Za or G ~ Zs © Zo @ Zo. Thus, there are two 
Abelian groups of order 20 (up to isomorphism). 


& Exercise 3 Find all Abelian groups of order 63, which contain an element 
of order 21. 


Solution: Let G be an Abelian group of order 63 = 32-7. Then G = 
G(3)®G(7), where G(3) is a 3-group of order 3? and G(7) is a 7-group of order 
7. Now 2 = 1+ 1 shows that either G(3) ~ Z32 or G(3) ~ Z3 ® Z3. Hence, 
Z9 ® Z; and Z3 © Z3 ® Zz are the only two nonisomorphic Abelian groups of 
order 63. Now in Zg®Zz, ((3], [1]) is an element of order 21 and in Z39Z3@Z7, 
((0], [1], [1]) is an element of order 21. 
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© Exercise 4 Find all Abelian groups of order 360. 


Solution: Let G be an Abelian group of order 360 = 23 . 3-5. Now G has 
a unique Sylow 2-subgroup, say, G(2), a unique Sylow 3-subgroup, say, G(3), 
and a unique Sylow 5-subgroup, say, G(5). Thus, G = G(2) 6 G(3) @ G(5) and 
|G(2)| = 23, |G(3)| = 3°, and |G(5)| = 5. Now 3 =14+1+1=2+1 and so 
there are three partitions of 3. This implies that there are three nonisomorphic 
Abelian groups of order 23. Hence, 


G(2) ~ Zs or G(2) ~ Za © Zo or G(2) ~ Ze @ Zo @ Zo. 
Similarly, since 2 = 1+ 1, there are two partitions of 2. Therefore, 
either G(3) ~ Zg or G(3) ~ Z3 @ Zs. 
Since |G(5)| = 5, 
G(5) ~ Zs. 


Hence, G is isomorphic to one of the following groups 


Zg & Zo O Zs 

Za ® Zo © Zg © Zs 

Z2 ® Z2 © Zo © Zo © Zs 

Zs ® Z3 © Z3 ® Zs 

Zq @ Zz © Z3 © Z3 © Zs 

Zo 8 Zo © Zo © Z3 © Z3 @ Zs. 


None of these groups is isomorphic to each other. Consequently, there are six 
Abelian groups of order 360 (up to isomorphism). 


® Exercise 5 Find the elementary divisors of the group Zoo @ Zg G Zso. 


Solution: Let G = Zoo @ Zs @ Zs. Then 


G Z29 ® Zs © Zso 
(Zs ® Za) @ Zs ® (Zs, ® Z2) 
Zs @ Zo2 @ Los @ Zaz @ Zo 


Zo @ Zo2 © Los © Zs OB Zs2. 


2 [2 le I 


Hence, the elementary divisors are 2, 2°, 2°,5,5?. 


© Exercise 6 Let G and H be finite Abelian groups. 


(i) Let f : G — H be a homomorphism. Show that f(G(p)) C H(p) for 
all primes p. 


(ii) Prove that G ~ H if and only if G(p) ~ H(p) for all primes p. 


9.1. FINITE ABELIAN GROUPS 257 


Solution: (i) Let a € G(p). Then p*a = 0 for some k > 0. Thus, 0 = 
f(pka) = p*f(a). Hence, f(a) € H(p). Thus, f(G(p)) ¢ H()- 

(ii) Suppose G ~ A and let f : G — H be the isomorphism of G onto 
H. Let p be a prime and a = f\gpy, i-e., a is the restriction of f to G(p). 
By (i), a : G(p) — H(p). Clearly a is a monomorphism. Let h € H(p). 
There exists a € G such that f(a) = h. Also, p*h = 0 for some k > 0. 
This implies that f(p*a) = p* f(a) = p*h = 0, which in turn implies that 
p*a = 0 since f is one-one. Hence, a € G(p) and so h = f(a) = a(a). Thus, a 
is an isomorphism of G(p) onto H(p), proving that G(p) ~ H(p). Conversely, 
suppose that G(p) ~ H(p) for all primes p. Let G = G(p1) BG(p2) B--- PG (px) 
and H = H(p,) ® H(p2) @--- @ H(px). Then G(p;) ~ H(p;) for all 2. Let 
fi : G(p;) + H(p;) be an isomorphism of G(p;) onto H(p;). Define f : G — H 
by f(gitget-:-+ge) = filgi)+ fo(ge)+---+ fe(ge). Then f is an isomorphism 
of G onto H. Hence, G ~ H. 


9.1.2 Exercises 


1. Let G be an Abelian group of order pq, where p and q are distinct primes. 
Show that G ~ Zp © Zg. 


2. Find all Abelian groups of orders 9, 16, 27, and 32. 

3. Find all Abelian groups of orders 15 and 21. 

4. Find all Abelian groups of orders 60, 80, 240, and 540. 

5. Prove that if G is an Abelian group of order 3- 7-11, then G is cyclic. 


6. Find the elementary divisors of the following groups. 
(i) Zic ® Zi44 B Zp. 
(ii) Zio @ Z30 ® Zi20- 


7. Let A, B, and C be finite Abelian groups such that A®B~r AOC. 
Prove that BY C. 


8. Let G be an Abelian group such that G = G, @ G2, where G, and G2 
are subgroups of G. Suppose that G = H, ® Ho, where H; is a subgroup 
of G;,i = 1,2. Prove that H; = G;, i=1,2. 


9. Determine all Abelian groups of order p*, where p is a prime. 
10. Find all Abelian groups of order p°q?, where p and q are distinct primes. 


11. Find all Abelian groups of order 72 which contain exactly three subgroups 
of order 2. 
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12. Prove that an Abelian group of order 8 is cyclic if and only if it has only 
one subgroup of order 2. 


13. Prove that a finite Abelian group is cyclic if and only if all of its Sylow 
subgroups are cyclic. 


14. Prove that a finite Abelian group of order n is cyclic if n is not divisible 
by p? for any prime p. 


15. Find the number of elements of order 3 in a finite Abelian group of order 
120. 


16. Show that every Abelian group of order 28 has an element of order 14. 
17. Find all Abelian groups of order 81 that have an element of order 27. 


18. Which of the following statements are true? Justify your answer. 
(i) There is only one (up to isomorphism) Abelian group of order 35. 
(ii) The groups Zs @ Z3 ® Zs ® Z3 and Zs @ Zs @ Zg are isomorphic. 


(iii) The number of nonisomorphic Abelian groups of order 34 is the same 
as the number of nonisomorphic Abelian groups of order 7}. 


9.2 Finitely Generated Abelian Groups 


A finite direct sum of cyclic groups need not be a cyclic group. For example, 
Zo ® Ze ® Z is not a cyclic group. This group has elements of finite as well as 
of infinite orders. However, it is an Abelian group. Now 


({1], [0], 0), ({0], [1], 0), ({0], [0], 1) € Z2 ® Zp OZ 


and any element of this group can be expressed as 
mi ([1]; [0], 0) + r2((0], [1], 0) + m3 ([0], [0], 1) 


for some integers n1, 22, 23. A group of this kind is called a finitely generated 
Abelian group and is the subject of this section. Since a finite Abelian group 
has only finitely many elements, a finite Abelian group is obviously a finitely 
generated Abelian group. The main objective of this section is to give a com- 
plete description (up to isomorphism) of all possible types of finitely generated 
Abelian groups. 


Definition 9.2.1 A group G is called finitely generated if there exists a 
finite nonempty set X C G such that G = (X). In this case, we call X a 
generating set for G. 
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Let G be a finitely generated Abelian group generated by X, where X = 
{a1,@2,..., ae}. Then G = {nja] + ngag t+ +++ +npax | ng € Z, 1 <i < kth. 


Definition 9.2.2 Let G be an Abelian group. Let X = {a1,a2,...,ax} be a 
finite nonempty subset of G. X is called a basis for G if G = (X) and for all 
nm €Z,1<i<k, nya, +nqag+---+ngay = 0 implies thatn; =0,1<i<k 
(i.e., X is linearly independent). 


An Abelian group G is called a finitely generated free Abelian group 
if G has a finite basis. 


Theorem 9.2.3 Let G be an Abelian group. Then the following conditions are 
equivalent. 

(i) G has a finite basis. 

(ti) G is the finite (internal) direct sum of a family of infinite cyclic sub- 
groups. 

(iti) G is isomorphic to a finite direct sum of finite copies of Z. 


Proof. (i)= (ii): Let X = {a1,a2,...,a,} be a basis of G. Let na; = 0 for 
some n € Z. Then 0a; +--: + na; +---+ Oa, = 0. Hence, n = 0. This implies 
that a; is of infinite order and (a;) is an infinite cyclic group, 1 <7 <k. It is 
easy to verify that G = (a1) @--+ ® (ax). 

(ii)=(iii): Let G = G, ®--- @ Gy, where G; is an infinite cyclic subgroup 
of G,1<i<k. ThenG;~Z,1<i<k. Hence, G2 Z@-:-@Z. 

(iii)> (i): Suppose G ~ Z@--- @Z is a finite direct sum of k copies of 
Z. Let Z*) denote Z@---@Z and f : G — Z) be an isomorphism. Let 
u; = (0,...,0,1,0,...,0) € Z, with the ith component 1,1 <i < k. Then 
since f is onto Z(*) there exists a; € G such that f(a;) = ui, 1 <i < k. Now 
it is easy to verify that X = {a1,a9,...,a,} is a basis of G. Hl 


From the above theorem, it follows that in a finitely generated free Abelian 
group every nonzero element is of infinite order and that a finite Abelian group, 
though finitely generated, cannot be a finitely generated free Abelian group. 
Also, from the above theorem, we can draw an interesting conclusion that for 
every positive integer n, there exists a finitely generated free Abelian group 
with a basis consisting of n elements. 

Consider the finitely generated free Abelian group Z®Z. Now {(1,0), (0, 1)} 
and {(—1,0), (0, —1)} are two different bases of Z@Z. Thus, a finitely generated 
free Abelian group may have more than one basis. However, the number of 
elements in each basis is the same as proved in the next theorem. 


Theorem 9.2.4 Let F be a finitely generated free Abelian group. Then any 
two bases of F have the same number of elements. 
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Proof. Let X = {a1,@2,...,a,} and Y = {by,bo,...,b,} be two bases of 
F. Then F ~ Z®---@ Z is a finite direct sum of k copies of Z. Now 2F is a 
subgroup of F and 2F' ~ 2Z @--- © 2Z. Hence, 


BSD spall 
2F 22 ~ 22 27, 
— ee” 


k summands 


This implies that |F/2F| = 2". Similarly, since Y is a basis of F, |F/2F| = 2". 
Thus, 2* = 2" and sok=r. 


Let F be a finitely generated free Abelian group. The number of elements 
in a basis of F, which is unique by Theorem 9.2.4, is called the rank of F. 


Theorem 9.2.5 Every finitely generated Abelian group is a homomorphic im- 
age of a finitely generated free Abelian group. 


Proof. Let G be a finitely generated Abelian group generated by X = 
{a1,@2,...,a~}. Let F be a finitely generated free Abelian group of rank k and 
let {21,22,..., 2%} be a basis for F. Define 


fi Pe 


by 
f(myey + ngrg +-+- + MpeR) = 141 + Ngaq +--+ + EAE 


for alln; EZ, 1<i<k. Let nj,m; € Z,1<i<k be such that nyz1 + nero + 
NACE = MT] + M2LQ +--+ + MpLE. Then (ny — m1)x1 + (ng — M2)zrq + 
+ (Nr — Mz) L~ = 0. Hence, ni — m; = 0 for all 1 <2 <kand so n; = ™, for 
all 1 <i<k. Thus, f is well defined. Also, f is an epimorphism and hence G 
is a homomorphic image of F. 


Lemma 9.2.6 Let F = (x), x © F, be a free Abelian group. Then for all 
m€EZ,m>0, 


F/ (mz) © Zm. 
Proof. Define 
fi: FZ, 
by 
f(ne) = {n} 


for all n € Z. Let nyx = nox. Then (n; — ne)x = 0 and so ny = ng. Hence, 
[ny] = [n2]. Therefore, f is well defined. It is easy to verify that f is an epi- 
morphism. Now nz € Ker f if and only if f(nx) = [0] if and only if [n] = (0] if 
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and only if m|n if and only ifn = ms for some s € Z if and only if nz = msa 
for some s € Z if and only if nz € (mz). This implies that Ker f = (mz) 
Thus, F/ (mz) ~ Zm. 


The proof of the following lemma is straightforward and we leave it as an 
exercise. 


Lemma 9.2.7 Let F be a free Abelian group of rank k.- Let {iy 23, tee} be 
a basis of F andn € Z. Then for alli #4 j, 1 < i,j <k, ABP aaa 
Xj +N, L541,..., Lx} ts also a basis of F. Hl 


Consider the group Z. Now Z is a free Abelian group of rank 1 and {l} isa 
basis of Z. Every nonzero subgroup of Z is finitely generated and is generated 
by n for some positive integer n. Hence, every nonzero subgroup of Z is also 
free. We extend this result to any finitely generated free Abelian group in the 
next theorem. 


Theorem 9.2.8 Let F be a free Abelian group of rank k and H be a nonzero 


subgroup of F. Then there exists a basis {£1,22,...,2%} of F, an integer r 
(1 <r<hk), and positive integers m,,mz2,...,m, such that m-ilm;,2<i<r 
such that {m1 21,m222,...,m,z,} is a basis of H. 


Proof. The proof is by induction on k. If k = 1, then F = (x1) and since a 
subgroup of a cyclic group is cyclic, H is cyclic. Clearly H = (m,21) for some 
m, > 0. Suppose now that the theorem is true for all free Abelian groups of 
rank < k. Let 


S = {mé€Z|m>0 and there exists a basis {y1,.--, ye} of F 
such that my, + nayo +---+ ney, € H, for some no,...,n_ € Z}. 


Since H # {0}, § # ¢. Thus, S' contains a smallest positive integer, say, m1. 
This implies that there exists a basis {y1, yo, ..., yz} of F such that my + 


neyot:--+neye € H for some ng,...,n,_ € Z. Also, for any basis {21, 22,..+, Ze} 
of Fy if 8121 + 8222 + +--+ sz, € H for some sj, ...,8,% € Z, $1 > 0, then 
my <8). Leth =miyit+noyo+---+neye € H. Now by the division algorithm, 


there exist q;,7; © Z such that 
mM=GM +7, OST, <m, t= 2,3,...,k. 


‘rom this, it follows that h = mi(yit+qoyo+---+9eye)troyot+:: -+rpyp. Since 
(Yi t+qoyo+::-+KYk, Y2,---) Yk} is a basis of F, we find that 7; = 0,2<i<k, 
oy the choice of m,. Hence, mir] = h € H, where x1 = Yr + Gayo +--+ + GEYe. 
wet K = (y2,...,Ye). Then K is a free Abelian group of rank k — 1 and 
F = (21) @ K. We now claim that H = (m,z1) @(H NK). Let a € H. Then 
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a=2,+toyq+---+tey, for some t; € Z, 1 <i<k. By the division algorithm, 
there exist q1,71 € Z such that t; = qimz +71, 0 <1, <m,. This implies that 
710, + toyet---+tey, = a—qim,r, € H and so r; = 0 by the minimality of 
my. Thus, tayo +-::+tey, € H. Therefore, 


a = qi(m 421) + toyo +--+ teye € (421) + (HONK). 
It now follows from F = (z1) @ K that 
A= (m 121) @ (HK). 


If HN K = {0}, then H = (m2) and the theorem is true. Suppose that 
Hoa K # {0}. Then HK is a nonzero subgroup of the finitely gener- 
ated free Abelian group K. Hence, by the induction hypothesis, there ex- 
ists a basis {xo,...,2,} of K and positive integers 7,m2,...,m, such that 
{m222,...,M,rZr} is a basis of HM K and m_,|m;, 3 < i < r. Clearly 
{x1,...,¢,} is a basis of F and {m)21,mo2o, ..., mMpt,} is a basis of H. 
It only remains to be shown that m,|mg. By the division algorithm, there exist 
q,r € Zsuch that mz = qm, +17, 0 <1 < my. Now {xo,21 +422, 3,.--, 2x} is 
a basis of F' and rogtm, (21 +qz2) =m, 2, +mMer9t+0m3r34+---+0mzr, € H. 
Thus, by the minimality of m,, r = 0, proving that m|mo. EL. 


The next theorem is called the fundamental theorem of finitely gen- 
erated Abelian groups. 


Theorem 9.2.9 Let G be a finitely generated nonzero Abelian group. Then G 
is isomorphic to a finite direct sum of cyclic groups, where the finite summands 
(if any) are of orders m1,mo2, ..., Mr, M1 > 1, and m; divides mi41, 1 <i < 
r—l. 


Proof. Let G be generated by k elements. By Theorem 9.2.5, G is a 
homomorphic image of a free Abelian group F of rank k. Let f: F ~ G bea 
homomorphism of F onto G. Then F/Ker f ~ G. If Ker f = {0}, then 


GrFoZ@---OZ. 
—S ——" 


k copies 
Suppose now that Ker f 4 {0}. By Theorem 9.2.8, there exists a basis {r1, x2, 
...,Z,} of F, an integer r (1 <r <k), and positive integers m ,mz,...,™Mp 
such that mj;—y|mi, 2<i<r, and {m721,..., m,rr} is a basis of Ker f. Now 
F = (x1) ®---@ (z,) and Ker f = (mix) ®--- ® (m,z,) . Hence, 
G~ F[Kef ~ Sd e---6 fy ola) O---@ (a) 


(mj21) 


Zin, @-:-OLm,OZO--OZ. ml 


2 


Recall that a group G is torsion free if and only if every nonidentity element 
of G is of infinite order. 
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Theorem 9.2.10 A finitely generated Abelian group G # {0} is torsion free 
if and only if G is a finitely generated free Abelian group. 


Proof. Suppose that G is a finitely generated free Abelian group. Then 
there exists a positive integer r such that 


GroZ@eZeo:--OZ. 
——$—— 


T copies 


Now every nonidentity element of Z®Z@---@Z is of infinite order. Hence, G 
is torsion free. Conversely, suppose that G is a finitely generated torsion free 
Abelian group. Then by Theorem 9.2.9, 


——— 


$ copies 


for some positive integers m1, ™me2,...,m, and a nonnegative integer s. If r 4 0, 
then Zm, ®-:-@Zm,0 Z ®--- ® Zand so G contains a nonzero element of finite 
—$_ — <<” 


Ss copies 


order, which contradicts the hypothesis. Hence, r = 0. Thus, G2Z@--:@Z, 
—_—— 


S copies 


proving that G' is a finitely generated free Abelian group. Hf 
Theorem 9.2.11 Let G be an Abelian group. Let 
T(G) = {a€G| o(a) is finite}. 
Then T(G) is a subgroup of G. Suppose G is finitely generated. If G/T(G) # 


{0}, then G/T(G) 1s a fimtely generated free Abelian group. 


Proof. Clearly T(G) is a subgroup of G. It is also a simple exercise to show 
that G/T(G) is finitely generated. Suppose G/T(G) # {0}. Let a+ 7T(G) € 
G/T(G). Now n(a+T(G)) = 0+ T(G) if and only if na € T(G) if and only 
if m(na) = 0 for some positive integer m if and only if a € 7(G) if and only 
ifa+T(G) =0+T7(G). Hence, G/T(G) is torsion free. By Theorem 9.2.10, 
G/T(G) is a finitely generated free Abelian group. 


Definition 9.2.12 Let G be an Abelian group. The subgroup T(G) in Theorem 
9.2.11 is called the torsion subgroup of G. 


Theorem 9.2.13 Let G be a finitely generated nonzero Abelian group. Let 


GrZm, 8:::@2Zm,0Z20---OZ 
— ———"” 


rT copies 
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and 
GrZn,8::-O2Z,,0Z29-:-OZ, 
ere, red 
$ copies 
where m, > 1, m divides mi41, 1 <i<k-—1, 7m, >1, and n; divides njii, 
l<i<gq-1l. Thenk=q,r=s, andm=n,1<i<k. 


Proof. Let 
G1 =Zm, 8+: OLZm,626--:02 
r copies 
and 


Go = Zn, 0---OZ,,0 ZQ---@Z. 
— SS 
s copies 
We first show that the torsion subgroup T(G)) is isomorphic to Zm, @---®Zm, 
and the torsion subgroup T'(G2) of G2 is isomorphic to Zn, @-:- @ Zn,. Let 
a € G\. There exists r; € Zm,,1 = 1,2,...,k and yj € Z, 7 = 1,2,...,7, such 
that a can be written uniquely as 


a= (Bi oy ao Ves is Udy es ay Yr) 


Let m! € N. Then m’a = (m'x1,m!x2,...,m'az,m'y1,m’yo,...,m'yr). Since 
yy € Z, we find that m’y; = 0 if and only if y; = 0. Again for m = 
M1M2Q*'+Mp, MX; = 0,1 = 1,2,...,k. Thus, it follows that o(a) is finite if 
and only if y, = yo = --- = y, = 0 and so T(G)) is the set of all elements 
a = (Z1,22,...,2%,0,0,...,0) € G;. Consequently, T(G1) ~ Zm, ®--- PB Zm,. 
Similarly, T(G2) ~ Zn, ®-+- BZn,- 

Next, let us show that k = q and m; = n;,i1=1,2,...,&. Since for groups 
Aand B, A®B ~ BOA, we find that Z,,, @---OZmn, ~ Zm, B-::OLZm,. For 
convenience, let us write t) = mx,...,t, = mj, and set G3 = Zi, @---@ Zy,, 
where ¢; are positive integers, t, > 1 and t;41\t;, 7 = 1,2,...,k — 1. Similarly, 
Zn,B°:+*OLZn, ~ Zn, B:*+OZn,. For convenience, let us write 7) = 1g,.--,% = 
mn, and set Gg = Zr, @---@® Zrq- For x € G3 there exist 2; € Z;:, such that 
z= (Vives Biel: Now |Z:, | = t; and t,|t1, t = 1,2,...,k. Also, note that 
tia; = 0,2 = 1,2,...,k. Hence, t1a = 0 for all a € G3. Again in Z;,, there 
exists an element x; of order ¢;, which implies that a = (21,0,...,0) is an 
element of order ¢, in G3. Similarly, we can show that G4 contains an element 
b such that o(b) = r; and r,y = 0 for all y € Gq. Since G3 ~ G4, there exists an 
isomorphism, say, f : G3 — G4. Now o(f(a)) = t; and also 7, f(a) = 0. Thus, 
t; <r ,. A similar argument shows that rj < ¢, and so 7; = t,. Suppose now 
that ro = to,...,7%-1 = ti_1, but r; 4 tj, where 1 <i < min(k,q). Let tj < r; 
and let K = {t;2 | z € G3}. It can be shown that K is a subgroup of G3 and 
if Z,, = (a;),i1 = 1,2,...,k, then 


K = (tja1) © (tia) ® +++ © (tia) 
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and hence 


[AS Se laa) ols 
gcd(o(ai),ti) ged(o(a2),ts) ; gcd(o(ax),ts) 


es eee ee ae) eee 

ged(t1 ti) ged(ta,fs) sed (tees) (9.1) 
— hto., beri tis tk on : 
= FE 7a eae (since tj43|t;,i = 1,2,...,k—1) 

hte... fa2 

ti tj tet 


Now f(K) = {tif (zr) | LE G3}. If Zr; = (dj) ) j = 1, 2, ---5q; then 


F(K) = (tidy) © (tiba) ® +--+ B (tidy) - 


Hence, 
as o(b1) o(b2) o(bg) 
If (K)| = ATIC tj gedaan) *"* ged(o(bg), ti) 
== ns ue oe oe ig 
ged(r1 ti) gcd(r2,t i) Bed(rg ti ) (9 2) 
he pap ee es pe ig ; 
“  ged(ty,¢;) godt; 1,t:) ged{rsti) gcd(rq,t) 
tig |. ted $ 
t,t; Ste dG ti) aaa a t3)* 


Since |K| = |f(K)|, it follows from Eqs. (9.1) and (9.2) that 


ee ee er 
gcd(r;,ti)  gcd(rq, ti) . (2.3) 


Since t; < r;, gcd(ri, t;) < r; and hence Za > 1. Thus, we find that the 
left-hand side of Eg. (9.3) is greater than 1, whereas the right-hand side of 
Eq. (9.3) is 1. This is a contradiction. This contradiction implies that t; ¢ 7;. 
Similarly, r; ¢ t;. Hence, t; = r;. But G3 ~ G4 implies that |G3| = |G4| and so 
titg:--t) =7T1r2---Tg. Note that t;, and r; are positive integers greater than 1. 
Ifk <q, then t; =7;,4=1,2,...,k and hence l =r,4,-- Tq, which is not true. 
S0 k ¢ q. Similarly, g ¢ k. Consequently, k = q and t; = r;,i = 1,2,...,k. 

Finally, let us show that r = s. From the assumption and from the above 
proof, it follows that 

. GrHOFLHOF, 


where # is a finite direct sum of finite cyclic groups and F and F’ are finitely 
generated free Abelian groups of rank r and s, respectively. The restriction 
of the isomorphism G ~ H © F maps T(G) onto H. Hence, G/T(G) ~ F, 
which shows that G/T(G) is a finitely generated free Abelian group of rank 
r. Similarly, G/T(G) ~ F" implies that G/T(G) is a finitely generated free 
Abelian group of rank s. Thus, r = s. Hf 


Corollary 9.2.14 Let G be a nonzero finite Abelian group. Then there exists 
a unique list of positive integers (not necessarily distinct) mj,m2,...,M_ such 
that m,; > 1, mi\mini, +=1,2,...,k-1, andGr Zm, ®-:*BZm,. 
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Theorems 9.2.9 and 9.2.13 give a complete system of invariants for finitely 
generated Abelian groups. That is, the number r of Theorem 9.2.13 together 
with the integers m ,™mo,...,M, are invariants for finitely generated Abelian 
groups in the sense that any two finitely generated Abelian groups with these 
numbers must be isomorphic. 

Let G be a finitely generated Abelian group. Then the unique number r of 
Theorem 9.2.13 is called the betti number of G and the integers m), mo,..., 
Mz, which are uniquely determined for the group G, are called the torsion 
coefficients of G. 


9.2.1 Worked-Out Exercises 


© Exercise 1 Show that (Q,+) is not finitely generated. 


Solution: Suppose (Q, +) is finitely generated. Then there exists a finite 


set 
a, ao =} 
by’ by’? by 
of rational numbers such that Q = (2, $,---, 2). Now we can find a prime 
1 2 mn 


p such that p does not divide 6), b2,...,b6,. Let x € Q. There exist integers 
11,79,.++,7 such that 


RS a er c 
gern—tr— te tr, = 
1b 2s "Op, bibg+ ++ by 
for some integer c. Since p does not divide b1, bg, ..., bn, we find that p does 
not divide bibo---b,. Hence, p does not divide the denominator of any rational 
number (expressed in lowest terms) of (2, Boyes ga) . This implies that 7 ¢ 
ce Eee 4 ) , a contradiction. Thus, (Q,+) is not finitely generated. 


© Exercise 2 Let G be a nonzero finitely generated Abelian group such that 
every nonzero element of G is of order p, where p is a prime. Show that 
|G| = p® for some positive integer p. 


Solution: By Theorem 9.2.9, G ~ Zm, ®::-@2Zm,0 ZO-:-OZ .T 
Se 
T copies 
r #0, then G contains elements of infinite order. Hence, r = 0 and so G = 
Zm, ®--- ® Zm,. Since each nonzero element of G is of order p, we find tha: 
m, =+++ =m, =p. Thus, G ~ Z) @--- ® Z, and so |G| = p*. 


& Exercise 3 Show that the torsion subgroup, T(G), of G = Z, @ZOZs OZ: 
is a cyclic group. Find |T(G)|. 
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Solution: Recall that Zinn ~ Zm ® Zp if and only if gcd(m,n) = 1. Now 


G = 462025023 
~ 74025; 0Z23;0Z 

Z20 © Z3 ® Z 

Zeo © Z. 


Hence, T'(G) ~ Ze and so T(G) is a cyclic group. Also, |T(G)| = |Zso| = 60. 


I2 le 


© Exercise 4 Show that there are integers dj,... , dy such that d; > 1,d;\d;41, 
4=1,2,...,k-—1, and Zyo2 © Z34 © Z3 @ Zs2 @ Zo ~ Za, @Za, B+ +: @Za,. 


Solution: Let G = Zo © Z31 @ Z3 © Zs2 © Zz. Then 


G ~ Zo ® Zoe @ Z3 @ Zg1 @ Zs. 


Thus, the elementary divisors of G are 2, 2°, 3,34, and 5. We form the following 


table: 
2: 3 


De Tae ube 
From this table, we arrange the summands in the following way: 


G (Ze ® Z3) ® (Zo2 @ Za @ Zz) 
Ze © Zsi00. 


Hence, d; = 6 and dy = 8100. 


I2 [2 


9.2.2 Exercises 
1. Show that the group Z @ Ze is finitely generated, but has no basis. 


2. Let G be a finitely generated nonzero Abelian group in which every non- 
identity element is of order 2. Show that |G| = 2* for some positive integer 
k. 


3. Show that the torsion subgroup, T(G), of G = Zs ® Z7 @Z OZ O® Zo is 
a cyclic group. Find |T(G)|. 


4. Find the torsion coefficients and the betti number of the group Za9 @Z® 
Z@ Zi5 © Ze. 


5. Find the elementary divisors of the group G = Zo2®Z15®Zag and find the 
positive integers d,,d2,...,d, such that dy > 1, dj|dji1,i = 1,2,...,k-1, 
and GEeZa @ Za, B+ @Za,. 


6. Find all Abelian groups of order 540. Express them as a direct sum of 
Abelian groups of the form Za, ® Za, ®:--® Za, such that dj, do,..., dz 
are positive integers and d,; > 1, dj|d;,;,i=1,2,...,k—1. 
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10. 


11. 


12. 


13. 


. Are the following pairs of groups isomorphic? 


(i) Zoo ® Z75 B Zoo and Zi29 © Los B Zaz. 
(ii) Z15 ® Zi2 @ Z30 © Z GZ and Zyog @ Zsq @ ZO Z. 


. Show that the group Zo09 ® Z30 @ Z36 is isomorphic to Z199 @ Zig @ Zico. 


. Let G be a finitely generated Abelian group generated by n elements. 


Let H be a subgroup of G. Prove that A is also finitely generated and H 
may be generated by m elements, where m <n. 


Let H be a subgroup of an Abelian group G. If 7 is finitely generated 
and G/H is finitely generated, prove that G is finitely generated. 


Prove that every homomorphic image of a finitely generated Abelian 
group is finitely generated. 


Prove that two finitely generated free Abelian groups are isomorphic if 
and only if they have the same rank. 
Prove or disprove: 


(i) In a finitely generated free Abelian group G of rank n, any linearly 
independent subset of n elements is a basis of G. 


(ii) In a finitely generated free Abelian group G of rank n, any linearly 
independent subset of m elements, m <n, can be extended to a basis of 


G. 
(iii) Every finite Abelian group is a finitely generated free Abelian group. 


Chapter 10 


Introduction to Rings 


In the previous chapters, we investigated mathematical systems with one binary 
operation. There are many mathematical systems, called rings, with two binary 
operations. The notion of a ring is an outgrowth of such mathematical systems 
as the integers, rational numbers, real numbers, and complex numbers. 

Although David Hilbert coined the term “ring,” it was E. Noether who, 
under the influence of Hilbert, set down the axioms for rings. In 1914, Fraenkel 
gave the first definition of a ring. However, it is no longer commonly used. 

As we shall see, a ring is a particular combination of a group and a semi- 
group. Hence, our previous work will prove helpful in our examination of rings. 
However, it is not enough to examine a set with two independent binary oper- 
ations. In order to obtain the full power of the axiomatic approach, we need a 
dependency between the two operations—in particular, the distributive laws. 


10.1 Elementary Properties 


This section parallels Chapter 2. First we give a definition of a ring, followed 
by examples and elementary properties. We introduce several notations and 
definitions which will be used throughout the text. 

The two binary operations that we consider on a nonempty set are usually 
denoted by + (addition) and - (multiplication). 

A ring is a mathematical system (R,+,-) such that (R, +) is a commutative 
group, (R, -) is a semigroup, and the distributive laws hold, i-e., for all a, 8, 
ceé R, 

a-(b+c)=(a-6)4+(a-c), 


(b+c)-a=(b-a)+(c-a). 


We denote the identity of (R,+) by the symbol 0. The additive inverse of 
an element a € R is denoted by —a. 
We now give a complete definition of a ring. 
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Definition 10.1.1 A ring is an ordered triple (R,+,-) such that R is a nonem- 
pty set and + and - are two binary operations on R satisfying the follounng 
aZLoms. 

(R1) (a+b) +c=a+4 (b+c) for alla,b,ce R. 

(R2)a+b=b+a for allabeER. 

(R3) There exists an element 0 in R such thata+0=a for alla€é R. 

(R4) For alla € R, there exists an element —a € R such that 


a+(-a) =0. 


(R5) (a-b)-c=a-(b-c) for alla,b,cEe R. 
(R6) a-(b+c) =(a-b)+(a-c) for alla,b,c € R. 
(R7) (b+ c)-a=(b-a)+(c-a) for alla,b,ceE R. 


We call 0, the zero element of the ring (R, +, -). 
During the development of the theory of rings, we will use the following 
conventions. 


1. Multiplication is assumed to be performed before addition. 
2. We write ab for a- b. 
3. We write a — b for a+(—d). 


4. We refer to a ring (R,+, -) asa ring R. 


Accordingly, ab + c stands for (a- 6) +c, ab + ac stands for (a- 6) + (a-c), 
ab — ac stands for (a-b) + (—(a-c)), where a,b,c € R. 


Example 10.1.2 Consider Z, the set of integers, together with the usual ad- 
dition, +, and multiplication, -. By Example 2.1.3, (Z,+) is a group. Now 
multiplication of two integers is an integer and associativity holds for -. Fi- 
nally, we know that the distributive laws hold for the integers. Thus, (Z,+,-) 
is a ring. 


The ring of Example 10.1.2 is called the ring of integers. This ring plays 
an important role in the study of ring theory. One of the basic problems in 
ring theory is to determine rings, which satisfy the same type of properties as 
the ring of integers. 


Definition 10.1.3 A ring R is called commutative if ab = ba for alla,b € R. 
A ring R which is not commutative is called a noncommutative ring. 
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From the above definition, it follows that a ring R is commutative if and only 
if the semigroup (R,-) is commutative. The ring of integers is a commutative 
ring. 

For a ring R, the set C(R) = {a € R | ab = ba for all b € R} is called the 
center of R. It follows that R is commutative if and only if R = C(R). 


Example 10.1.4 Let Mo(Z) denote the set of all 2 x 2 matrices over the ring 
of integers. Let + and - denote the usual matrix addition and multiplication, 
respectively. Since addition (multiplication) of 2x 2 matrices over Z is a2 x 2 
matriz over Z, it follows that + and- are binary operations on Mo2(Z). It is now 
easy to show that (Mo(Z),+,-) is a ring. Now | : : | ; | : : | € M2(Z) 
and 


122 5 6} | 19 22 ze 23 34] | 5 6 Le 2 
3.4 7 8} | 43 50 31 46]/ | 7 8 3 4 |" 
Therefore, Mo(Z) is not a commutative ring. 


In a ring R, an element e € R is called an identity element if ea = a = ae 
for alla € R. An identity element of a ring FR (if it exists) is an identity 
element of the semigroup (R,-). Therefore, a ring cannot contain more than 
one identity element (Theorem 1.6.11). The identity element of a ring (if it 
exists) is denoted by 1. 


Definition 10.1.5 A ring R is called a ring with identity if it has an iden- 
tity. 


Example 10.1.6 The ring Z of integers is a ring with identity. The integer 1 
as the identity element of Z. 


Example 10.1.7 The ring Mp(Z) of Example 10.1.4 is a ring with identity. 
The identity element of M2(Z) is : , : 
Example 10.1.8 Let R denote the set of all functions f: RR. Define +, 
- on R by for all f, g € R and for alla ER, 


(f + 9)(a) = f(a) + g(a), 
(f -9)(@) = f(a)g(a). 


From the definition of + and ., it follows that + and - are binary operations 
on R. Let f,g,h € R. Then for alla € R, we have by using the associativity of 
R that ((f + ¢) + h)(a) = (f + a)(a) + h(a) = (f(a) + a(a)) + h(a) = fla)t+ 
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(9(a)+h(a)) = fla)+(9+h) (a) = (f+(9+h))(a). Thus, (f+g)+h = f+(g+h). 
This shows that + is associative. In a similar way, we can show that the other 
properties of a ring hold for R by using the fact that they hold for R. Thus, 
(R,+,-) is a ring. We note that the function ig: R > R, where io(a) = 0 for 
alla ER, is the additive identity of R and the element i, € R, where i;(a) = 1 
for alla € R, is the identity of R. Also, for all f,g € R and for alla € R, 
(f-a)(a) = f(a)o(a) = o(a) f(a) = (9-f)(@). Thus, for all f,9 ER, f-g=9-f. 


Consequently, (R,+,-) is a commutative ring with identity. 


The addition and multiplication on R in Example 10.1.8 are the same as 
those encountered by the student in calculus. 


Example 10.1.9 Let (G,*) be a commutative group and Hom(G, G) be the 
set of all homomorphisms of G into itself. Now the composition of two homo- 
morphisms of G 1s again a homomorphism of G and so o is a binary operation 
on Hom(G,G). Also, o is associative by Theorem 1.5.13 and ig € Hom(G,G) 
is the identity. Thus, (Hom(G,G), 0) is a semigroup with identity. We now 
define a suitable + on Hom(G, G) so that (Hom(G, G),+, 0) becomes a ring 
with identity. Define + on Hom(G,G) by for all f, g € Hom(G, G), 


(f + 9)(a) = f(a) * g(a) for alla eG. 


Let f,g € Hom(G,G). From the definition of +, it follows that f +g is a 
mapping from G into G. Let a,b € G. Then 


(f + g)(ab) F(ab) * g(ab) 

(f(a) * f(8)) * (g(a) * 9(6)) 
= f(a) * g(a) * f(b) * 9(d) 

(f + 9)(a) * (f +49)(6). 


This shows that f + g is a homomorphism from G into G. We omit the rou- 
tine verification that + is associative. The identity of (Hom(G,G), +) is the 
homomorphism that maps every element of G onto the identity of G. For any 
f € Hom(G,G), the mapping —f defined by (—f)(a) = f(a)7} for allaecG 
is the additive inverse of f. Thus, (Hom(G,G),+) is a group. We now show 
that the left distributive law holds. For anya €G and any elements f, g, hE 
Hom(G,G), [fo(g+h)](a) = f((g+h)(a)) = f(g(a) *h(a)) = f(g(a)) * f(A(a)) 
= (fog)(a)*(foh)(a) = (fog+foh)(a). Hence, fo(gt+h) = (fog) +(foh). 
The right distributive law holds similarly. Consequently, (Hom(G, G),+, 0) is 
a ring. 


I) 


We now prove some elementary properties of rings. 


Theorem 10.1.10 Let R be a ring and a,b,c € R. Then 
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(i) a0 = 0a = 0, 

(ii) a(—b) = (~a)b = —(ab), 

(itt) (—a)(—8) = ab, 

(iv) a(b — c) = ab— ac and (b—c)a = ba — ca. 


Proof. (i) Observe that a0+a0 = a(0+0) = a0. Thus, (a0+a0)+(—(a0)) = 
a0 + (—(a0)) and so a0 + (a0 + (—(a0))) = 0. Hence, a0 + 0 = 0 or a0 = 0. 
Similarly, 0a = 0. 

(ii) ab + a(—b) = a(6+ (—b)) = a0 = 0 = a0 = a(—b + 5) = a(—b) + ab. 
Since the additive inverse of an element is unique, a(—b) = —(ab). Similarly, 
-—a) b= —(ab). 

(iii) Using (ii), we have (—a)(—b) = —(a(—b)) = —(—ab) = ab. 

(iv) Since b—c = b+(—c), a(b—c) = a(b+(—c)) = ab+a(—c) = ab+(—(ac)) 
‘by (ii)) = ab — ac. Similarly, (6 — c)a = ba — ca. 


Corollary 10.1.11 Let R be a ring with 1. Then R & {0} if and only if the 
elements 0 and 1 are distinct. 


Proof. Suppose R # {0}. Let a € R be such that a # 0. Suppose 1 = 0. 
Then a = al = a0 = 0, a contradiction. Thus, 1 4 0. The converse follows 
since R has at least two distinct elements 0 and 1. Ml 


Convention: From now on, we assume that the identity element 1 (if it 
exists) is different from the zero element of the ring. 

From this convention, it follows that if R is a ring with 1, then R has at 
least two elements. 

Let R be a ring with 1. An element u € R is called a unit (or an invertible 
element) if there exists v € R such that uv = 1 = vu. We note the following 
properties of invertible elements. 


Theorem 10.1.12 Let R be a ring with 1 and T be the set of all units of R. 
Then 

(i) T #4, 

(ii) O¢T, and 

(iii) ab € T for alla,b € T. 


Proof. (i) Since 1-1=1=1-1,1¢€T. Hence, T # ¢. 

(ii) Suppose that 0 € T. Then there exists v € R such that Ov = 1 = v0. 
However, Ov = 0 and so 0 = 1, which is a contradiction. Thus, 0 ¢ T. 

(iii) Let a,b € T. There exist c,d € R such that ac =1=ca and bd =1= 
db. Now (ab)(dc) = a(bd)c = alc = ac = 1 and (dc)(ab) = d(ca)b = d1b = db = 
1. Hence, (ab)(dc) = 1 = (dc)(ab). Thus, abd is a unit and so ab € T. 
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Definition 10.1.13 (i) A ring R with 1 is called a division ring (skew- 
field) if every nonzero element of R is a unit. 
(ii) A commutative division ring R is called a field. 


Note that a ring R is a division ring (or skew-field) if and only if (R\{0},-) 
is a group. Therefore, if R is a division ring, then for alla € R, a # 0, there 
exists a unique element denoted by a7! € R such that aa~! = 1 = a~!a. We 
call a~! the multiplicative inverse of a. Similarly, a ring FR is a field if and only 
if (R\{0},-) is a commutative group. 


Example 10.1.14 (i) The ring Z of integers is not a field. In Z, the only 
invertible elements are 1 and —1. 

(ii) From Example 2.1.3, (Q,+,-) is a field, where + and - are the usual 
addition and multiplication, respectively. Q is called the field of rational 
numbers. 

(iit) From Example 2.1.3, (R,+,-) is a field, where + and - are the usual 
addition and multiplication, respectively. R is called the field.of real num- 
bers. 

(iv) From Example 2.1.3, (C,+,-) is a field, where + and - are the usual 
addition and multiplication, respectively. C is called the field of complez 
numbers. 


The following example is due to William Rowan Hamilton. Due to physical 
considerations, Hamilton constructed a consistent algebra in which the com- 
mutative law of multiplication fails to hold. At the time, such a construction 
seemed inconceivable. His work and H.G. Grossman’s work on hypercomplex 
number systems began the liberation of algebra. Their work encouraged other 
mathematicians to create algebras, which broke with tradition, e.g., algebras 
in which ab = 0 with a 40, b #0 and algebras with a” = 0, where a # 0 and 
n is a positive integer. 


Example 10.1.15 Let Qr = {(a1,@2,a3,a4) | a € R, i = 1,2,3,4}. Define 
+ and- on QR as follows: 


(a1, @2,@3,@4) + (61,62, 63, b4) = (a, + 61, a2 + bz, a3 + bg, aq + 64) 


(a1, @2,@3,@4) - (b1, bz, b3, b4) = (a,b) — agbg — a3b3 — agba, a1b2 + aad; 
+agzb4 — a4b3, a1b3 + a3b, + a4b2 — agba, ab4 + agb3 — a3b2 + aby). 


From the definition of + and -, tt follows that + and - are binary opera- 
tions on QR. Now + is associative and commutative since addition is asso- 
ciative and commutative in R. We also note that (0,0,0,0) € Qr is the ad- 
ditive identity and if (a1,a2,a3,a4) € Qpr, then (—a1,—a2,—-a3,—a4) € QR 
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and —(a1,@2,03,a4) = (—a@),—a2,—a3,—a4). Hence, (Qr,+) is a commu- 
tative group. Similarly, - is associative and (1,0,0,0) € Qpr is the mul- 
tiplicative identity. Let (a,,a2,a3,a4) € QR be a nonzero element. Then 
N =a? + a3 +.a%+ a} 40 and NER. Thus, (a,/N,—a2/N, —a3/N, —a4/N) 
€ Qr. We ask the reader to verify that (a;/N,—a2/N,—a3/N,—a4/N) is the 
multiplicative inverse of (a1,a2,a3,a4). Thus, Qp is a division ring and is 
called the ring of real quaternions. However, Qp is not commutative since 
(0, 1,0, 0)(0,0,1,0) = (0,0,0,1) # (0,0,0,—1) = (0,0,1,0)(0,1,0,0). There- 
fore, Qr is not a field. 


A nonzero element a in aring R is called a zero divisor if there exists b C R 
such that b # 0 and either ab = 0 or ba = 0. We do not call 0 a zero divisor. 
An element cannot be a unit and zero divisor at the same time (Worked-Out 
Exercise 1, page 279). Thus, a field has no zero divisors. 


Definition 10.1.16 Let R be a commutative ring with 1. Then R is called an 
integral domain if R has no zero divisors. 


The ring of integers Z is an integral domain. The ring Mo(Z) is not an 
integral domain since it is noncommutative. Also, M2(Z) has zero divisors. For 


eample | 5 9 |[5 o|em@ara|o o|[5 o[=[ 0 |-% 


also note that every field F is an integral domain since every nonzero element 
of F is a unit. 


Example 10.1.17 Z[/3] = {a+ bV3 | a, b € Z} is an integral domain, where 
the operations + and - are the usual operations of addition and multiplication. 
0+ 073 is the additive identity of Z[V3] and 1+ 0/3 is the multiplicative 
identity of Z[\/3]. Suppose V3 is a unit in Z[V3]. Then (\/3)-! = a+ bv3 for 
some a,b € Z. Ifa =0, then (/3)7! = bV3 or 1 = 3b, which is a contradiction 
since this equation has no solution in Z. Therefore, a #0 and so 1 =aV/3+3b 
or V3 = aras EQ, a contradiction. Hence, V/3 is not a unit, proving that 
Z|[V3] is not a field. 


By arguments similar to the ones used in Example 10.1.17, we can show 
that the following sets are integral domains under the usual addition and mul- 


tiplication. 
Z[/n] = {a+ b/n|a,be€ Z} 
Zli/n| = {at bin | a,be Z} 
Zi] = {a+bi|a,be Z} 
Qlvn] = {a+b/n|a,b€ Q} 
Qliva] = {a+bivn| abe Q} 
Qf] = {a+bi| abe Qh, 
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where n is a fixed positive integer and i? = —1. In fact, it can be shown that 


Qin], Q{i.,/n], and Q{:] are fields. 


Example 10.1.18 The ring of even integers E 1s a commutative ring, without 
identity, and without zero divisors. 


The ring appearing in the following example is sometimes useful in the 
construction of counterexamples. 


Example 10.1.19 Let (R,+) be a commutative group. Define multiplication 
on R by ab = 0 for all a,b © R, where 0 denotes the identity element of the 
group (R,+). Then (R,+,-) ts a ring called the zero ring. If R contains more 
than one element, then R is a commutative ring without 1 and every nonzero 
element of R is a zero divisor. 


The following theorem establishes a relation between zero divisors and the 
cancellation property of a ring. 


Theorem 10.1.20 Let R be a ring. If R has no zero divisors, then the can- 
cellation laws hold, i.e., for all a,b,c € R, a # 0, ab = ac implies b = c (left 
cancellation law) and ba = ca implies b = c (right cancellation law). If 
either cancellation law holds, then R has no zero divisors. 


Proof. Suppose Ff has no zero divisors. Let a, 6, c € R be such that 
ab = ac and a # 0. Then ab — ac = 0 or a(b— cc). = 0. Since R has no zero 
divisors and a 4 0, we have b-—c=0 or b =c. Hence, the left cancellation law 
holds. Similarly, the right cancellation law holds. Conversely, suppose one of 
the cancellation laws hold, say, the left, i.e., if a, b, ce R, a #0, then ab = ac 
implies b = c. Let a be a nonzero element of R and b € R. Suppose ab = 0. 
Then ab = a0, from which b = 0 by canceling a. Suppose ba = 0 and b 0. 
Then ba = 60 and by canceling 6, we obtain a = 0, a contradiction. Therefore, 
b = Q. Hence, R has no zero divisors. Similarly, the right cancellation law 
implies that R has no zero divisors. Hi 


Definition 10.1.21 A ring R is called a finite ring if R has only a finite 
number of elements; otherwise R is called an infinite ring. 


The rings Z and Mo(Z) are infinite. 


Example 10.1.22 Consider Z, together with the binary operations +,and -n, 
as defined in Examples 2.1.5 and 2.1.6. By Example 2.1.5, (Zn, +n) is a@ com- 
mutative group and by Example 2.1.6, -n is associative and commutative, and 
[1] is the multiplicative identity of (Zn, +n,:n). Now for all [a], [b], [c] € Zn, 
[a] -n ([6] +n [cl) = [a] -n [6 +e] = [a6 + e)] = [ab + ac] = [ab] +, [ac] = 


10.1. ELEMENTARY PROPERTIES 277 


[a] -n [6] +n [a] -n [c]. Sémilarly, ([6] +n [e]) -n [a] = [5] -n [a] +n [e]-n [a]. Hence, both 
distributive laws hold. Thus, (Zn, +n, ‘n) 18 @ commutative ring with 1, called 
the ring of integers mod n. From Example 2.1.6, not every nonzero element 
of Zn has an inverse. For erample, suppose n is not prime, say, n = 6. Then 
[4] has no multiplicative inverse in Ze. Also, Ze has zero divisors. We have 
[3] 4 [0] # [2]. Since [3] -6 [2] = [6] = [0], 2 follows that [3] and [2| are zero 
divisors. Thus, Ze is not an integral domain and thus not a field. We can also 
conclude that [2] and [3] do not have multiplicative inverses since they are zero 
divisors. 


The above example shows that for every positive integer n, there exists a 
commutative ring R with 1 such that the number of elements in R is rn. 

In the following result, we assume that the ring R is commutative. This 
assumption can be removed and the conclusion that R is a field remains valid. 
However, we have not developed the appropriate results to remove this as- 
sumption. We will prove the theorem in its most general form in Chapter 


24. 


Theorem 10.1.23 A finite commutative ring R with more than one element 
and without zero divisors is a field. 


Proof. We must show that R has an identity and that every nonzero element 
of Ris a unit. Let a1,a9,...,@, be the distinct elements of R. Let a € R, 


a # 0. Now aa; € R for all i and so {aaj, aag,..., aan} C R. If aa; = aa;, 
then by Theorem 10.1.20, a; = a;. Therefore, the elements aaj, aa2,..., aan 
must be distinct and so R = {aaj,aa2,...,aa,}. This implies that one of the 


products must be equal to a, say, aa; = a. Since R is commutative, we also 
have aja = aa; = a. Let b be any element of R. Then there exists a; € R such 
that b = aa;. Thus, 


ba; = a,b (since R is commutative) 
= a,(aa;) (substituting for b) 
= (aa)a; 
= aa; 
= 0b. 


This implies that a; is the identity of R. We denote the identity of R by 1. Now 
1 € R= {aaj,aa2,...,aa,} and so one of the products, say, aa;, must equal 
1. By commutativity, aja = aa; = 1. Hence, every nonzero element is a unit. 
Consequently, F is a field. 


The following corollary is immediate from above theorem. 


Corollary 10.1.24 Every finite integral domain is a field. 
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In Example 2.1.6, we showed that a nonzero element [a] of Z,, has an inverse 
if and only if gcd(a,n) = 1. Thus, the following corollary is an immediate 
consequence of this fact. We leave the details as an exercise. 


Corollary 10.1.25 Letn be a positive integer. Then Z, is a field if and only 
ifn is prime. 


Let R be a ring and a € RA. Then for any integer n, define na as follows: 


Qa = 0 
na = at+(n-lja ifn>0 
na = (—n)(-a) ifn <0. 


We emphasize that na is not a multiplication of elements of R since R may 
not contain Z. We have the following properties holding for any a,b € R and 
any m,neéZ: 


(m+n)ja = ma+na, 
m(a+b) = ma+mb, 
(mn)ja = m(na), 
m(ab) = (ma)b=a(mb), 
(ma)(nb) = mn(ab). 


The proofs of the above properties can be obtained by induction and the 
defining conditions of a ring. 


Definition 10.1.26 If there exists a positive integer n such that for alla € R, 
na = 0, then the smallest such positive integer is called the characteristic of R. 
If no such positive integer exists, then R is said to be of characteristic zero. 


Example 10.1.27 The rings Z, Q, R, C have characteristic 0. The ring Zp, 
(n = 1,2,3,...) has characteristic n. Note that in Ze, 3{2] = [6] = [0] and 
2/3] = [6] = [0]. However, 6 is the smallest positive integer such that 6[a] = [0] 
for all a] € Ze. In particular, {1] has additive order 6. 


Example 10.1.28 Let X be a nonempty set and P(X) the power set of X. 
Then (P(X), A, N) is a commutative ring with 1, where A is the operation 
“symmetric difference.” In this example, A acts as + and” acts as-. Now for 
all AE P(X), 2A = AAA = (A\A)U (A\A) = 6. Thus, P(X) has character- 


astic 2. 


Theorem 10.1.29 Let R be a ring with 1. Then R has characteristic n > 0 if 
and only if n is the least positive integer such that nl = 0. 
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Proof. Suppose F has characteristic n > 0. Then na = 0 for alla € R 
and so, in particular, nl = 0. If ml = 0 for 0 < m <n, then ma = m(la) = 
(ml1)a = 0a = 0 for all a € R. However, this contradicts the minimality of 
n. Hence, n is the smallest positive integer such that nl = 0. Conversely, 
suppose n. is the smallest positive integer such that nl = 0. Then for alla € R, 
na = n(la) = (nl)a = 0a = 0. By the minimality of n for 1, n must be the 
characteristic of R. 


Theorem 10.1.30 The characteristic of an integral domain R is either zero 
or a prime. 


Proof. If there does not exist a positive integer n such that na = 0 for 
all a € R, then R is of characteristic zero. Suppose there exists a positive 
integer n such that na = 0 for all a € R. Let m be the smallest positive integer 
such that ma = 0 for all a € R. Then ml = 0. If m is not prime, then there 
exist integers m1, m2 such that 0 < mj,m2 < m and m = mj mp. Hence, 
0 = (mymp2)1 = (m,1)(m21). Since R has no zero divisors, either m,1 = 0 or 
m2] = 0. This contradicts the minimality of m. Thus, m is a prime. 


10.1.1 Worked-Out Exercises 


© Exercise 1 Let R be a ring. An element a € R is called idempotent if 


a” — a and nilpotent if a” = 0 for some positive integer n. 


(i) Let a € R be a nonzero idempotent. Show that a is not nilpotent. 


(ii) Let R be with 1. Let a € R be such that a has an inverse. Show that 
a cannot be a zero divisor. 


(iii) Let R be with 1 and suppose F has no zero divisors. Show that the 
only idempotents in R are 0 and 1. 
Solution: (i) From the hypothesis, a? = a. By induction, a” = a for 
all positive integers n. Suppose a is nilpotent. Then a™ = 0 for some positive 
integer m and so a = a” = 0, which is a contradiction and so a is not nilpotent. 

(ii) There exists 6 € R such that ab = 1 = ba. Suppose that a is a zero 
divisor. Then there exists c € R, c # 0, such that ac = 0. Thus, 0 = 00 = 
b(ac) = (ba)c = c, which is a contradiction. Hence, a is not a zero divisor. 

(iii) Clearly 0 and 1 are idempotent elements. Let e € R be an idempotent. 
Then e? = e and so e(e — 1) = 0. Since FR has no zero divisors, either e = 0 or 
e—-1=0,ie., either e =0 or e=1. Therefore, the only idempotents of R are 
0 and 1. 


© Exercise 2 Determine positive integers n such that Z, has no nonzero 
nilpotent elements. 


10.1. ELEMENTARY PROPERTIES 280 


Solution: We claim that n is a square free integer, i.e., 2 = p1p2°-:Dk, 
where the p,’s are distinct primes. 

Suppose that n = pipo---pz, p;’s are distinct primes. Let [a] € Z, be 
nilpotent. Then [a]™ = {0] for some integer m. Hence, n divides a” and so 
pip2+::p, divides a™. Then p,;ja™ for alli = 1,2,...,k. Since the p,’s are prime, 
pila for alli = 1,2,...,k. Since p1, po,..., pp are distinct primes, we must have 
Pip2--- pra, i.e., nla and so [a] = [0]. This implies that Z, has no nonzero 
nilpotent elements. Conversely, suppose that Z, has no nonzero nilpotent 
elements. Let n = pi'tp;?---p,*, where the p,’s are distinct primes and 
m, > 1. Let m = max{m,mz,...,mx}. Now [pip2--- pel” = [pi py: - pe] = 
[0] since n|(pi'py--- px). Also, since Z, has no nonzero nilpotent elements, 
[pip2--- pe] = [0]. Hence, n|(p1 --- pg) and so (py"'p)"? ---p,"*)|(Pi --- pe). Thus, 
m,; <1 for alli =1,2,...,k. Hence, m; = 1 for alli =1,2,...,k andsonisa 
square free integer. 


® Exercise 3 Show that the number of idempotent elements in Zmn, where 
m>1,n> 1, and m and n are relatively prime, is at least. 4. 


Solution: Clearly, [0] and [1] are idempotent elements. Since m and n 
are relatively prime, there exist integers a and } such that am+ bn = 1. We 
now show that n does not divide a and m does not divide b. Suppose that nla. 
Then a = nr for some integer r. Thus, n(rm +b) = nrm+nb=am+nb=1. 
This implies that n = 1, which is a contradiction. Therefore, n does not divide 


a and similarly m does not divide b. Now m?a = m(1 — nb). This implies 
that [m2a] = [m]. Hence, [ma]? = [ma]. If [ma] = [0], then mn|ma and so 
nla, which is a contradiction. Consequently, [ma] 4 [0]. If [ma] = [1], then 


mn|(ma — 1). Hence, ma + mnt = 1 for some integer t. Thus, m(a + nt) = 1. 
This implies m = 1, which is a contradiction. Hence, [ma] # [1]. Thus, [ma] 
is an idempotent such that [ma] 4 [0] and [ma] # [1]. Similarly, [nb] is an 
idempotent such that [nd| ¢ [0] and [nb] ¥ [1]. Clearly [ma] 4 [nd]. Thus, we 
find that [0}, [1], [ma], and [nb] are idempotent elements of Zmn. 


© Exercise 4 Determine the positive integers n such that Z, has no idempo- 
tent elements other than [0] and [1]. 


Solution: We show that n =p" for some prime p and some integer r > 0. 

First assume that n = p” for some prime p and some positive integer r and 
[z] € Z, be an idempotent. Then [x]? = [z]. Thus, p”|(z? — x) or p”|x(a — 1). 
Since z and x — 1 are relatively prime, p”|z or p”|(z — 1). If p"|z, then [z] = [0] 
and if p’|(x — 1), then [x] = [1]. Thus, [0] and [1] are the only two idempotent 
elements. Conversely, suppose that [0] and [1] are the only two idempotent 
elements. Let n = p{'p5? ---p,'*, where the p,’s are distinct primes, m; > 1, 
and k > 1. Let t = pj and s = py?---p)*. Then ¢ and s are relatively 
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prime and n = ts. By Worked-Out Exercise 3, Z, = Z,,; must have at least 
four idempotents, which is a contradiction. Therefore, k = 1. Thus, n = p” for 
some prime p and some positive integer r. 


Exercise 5 Let R bearing. Show that the following conditions are equivalent. 
(i) R has no nonzero nilpotent elements. 


(ii) For alla € R, ifa? =0, then a =0. 


Solution: (i)=>(ii) Let a € R and a? = 0. If a ¥ 0, then a is a nonzero 
nilpotent element of R, a contradiction. Thus, a = 0. 

(ii)=>(i) Let a € R be such that a” = 0 for some positive integer n. Suppose 
a # 0. Let n be the smallest positive integer such that a” = 0. Suppose n is 
even, Say, n = 2m for some positive integer m. Then (a?) =a?” = 0 and 
so a’ = 0, contradicting the minimality of n. Suppose n is odd. If n = 1, 
then a = 0, a contradiction. Therefore, n > 1. Suppose n = 2m +1. Then 
m+1 <n. Thus, a?”+? = a?™+1q = aa = 0. This implies that a+! = 0, 
which is a contradiction of the minimality of n. Hence, R has no nonzero 
nilpotent elements. 


© Exercise 6 An element e¢ of a ring R is called a left (right) identity, if 
ea = a (ae = a) for all a € R. Show that if a ring R has a unique left 
identity e, then e is also the right identity of R and hence the identity of 
R. 


Solution: Let e be the unique left identity of R. Then er = ¢ forallz € R. 
Let x € R. Now (re—2+e)¢ = rer —2r+er = xx —rr+2 =. This implies 
that re—z+e is a left identity. Since e is the unique left identity, re—r+e =e 
and so re = x. Thus, e is a right identity. 


Exercise 7 Let R be a commutative ring with 1 and a,b € R. Suppose that a 
is invertible and } is nilpotent. Show that a+ 6 is invertible. Also, show 
that if R is not commutative, then the result may not be true. 


Solution: There exists c € R such that ac = 1 = ca and there exists a 
positive integer n such that b” = 0. Let d= c—c7b+c3b? +---+(—1)?*1e7b"1, 
Now (a+b)d = ac—ac?b+ acéb? +---+(—1)"*1ac"b"-! +be— be? b+ bed hb? +--+ + 
(—1)"41be"b"-! = L-cbte7b? +--+ (1)? Fe?! bP be —c7b? + CBbF +--+. + 
(—1)"*1¢"b" = 1. Similarly, d(a + b) = 1. Hence, a + 6 is invertible. 

0 -1 0 1 


Consider the ring Mo(Z). Let a = Sis | and 6 = 0 0 | . Then 


0 O 
-1 0 
nonzero nilpotent element. Hence, a + 0 is not invertible. 


a is invertible and 6 is nilpotent. Now a+b= . Clearly a+bisa 


10.1. 
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10.1.2 Exercises 


1. 


10. 


11. 


12. 


In the rings Zg and Ze, find the following elements: 


(i) the units, (ii) the nilpotent elements, and (iii) the zero divisors. 


. Let R be the set of all 2 x 2 matrices over the field of complex numbers 


21 22 


eee where Z denotes the complex conjugate of the 
2g 24 


of the form 


complex number z. Show that (R,+,-) is a division ring, where + and - 
are the usual matrix addition and matrix multiplication, respectively. Is 


Ra field? 


. Let A be a ring with 1. Prove that 


(i) (—1)a = —a = a(—1) and (—1)(-1) = 1, 


(ii) if a is a unit in R, then —a is a unit in R and (—a)~! = —(a7!). 


. Prove that a ring R is commutative if and only if (a+b)? = a? +2ab+b? 


for all a,b € R. 


. Prove that a ring R is commutative if and only if a? —b? = (a+ b)(a—b) 


for all a,be R. 


. Let R be aring. If a3 =a for alla € R, prove that R is commutative. 


. Let R be a commutative ring and a,b € R. Prove that for alln € N, 


(a+b)” =a" + (Temteeen (Marries & aor +6", 


. Ifa and 6 are elements of a ring and m and n are integers, prove that 


(i) (na)(mb) = (nm) (ab), 
(ii) n(ab) = (na)b = a(nb), 
(iii) n(—a) = (—n)a. 


. If Ris an integral domain of prime characteristic p, prove that (a+b)? = 


a? + bP for alla, bE R. 


Let R be a ring with 1 and without zero divisors. Prove that for all 
a,b € R, ab=1 implies ba = 1. 


Let R be a ring with 1. If a is a nilpotent element of R, prove that 1—a 
and 1+ a are units. 


Let A be a division ring and a,b € R. Show that if ab = 0, then either 
a=Oorb=0. 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 
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. Let a € R be an idempotent element. Show that (1 — a)ba is nilpotent 
for all b € R. . 


. Find all idempotent elements of the ring M2(R). 


. Let R be a ring with 1. Let 04 a € R. If there exist two distinct elements 
b and c in R such that ab = ac = 1, show that there are infinitely many 
elements z in R such that az = 1. (American Mathematical Monthly 


70(1961) 315). 


Let R be an integral domain and a,b € R. Let m,n € Z be such that m 
and n are relatively prime. Prove that a” = b™ and a” = b” imply that 
a=b. 


Let R and R’ be rings. Define + and: on R x R’ by for all (a,b), (c,d) € 
Rx R 


(a,b) + (c,d) = (a+c,b+d) and (a, 6) - (c,d) = (a-c,b-d). 


(i) Prove that (R x R’,+, -) is a ring. This ring is called the direct sum 
of R and R’ and is denoted by R@ R’. 


(ii) If R and R’ are commutative with identity, prove that R @ R’ is 
commutative with identity. 

Extend the notion of direct sum in Exercise 17 to any finite number of 
rings. 

Prove that the characteristic of a finite ring R divides |R|. 


Let R be a ring with 1. Prove that the characteristic of the matrix ring 
Mo2(R) is the same as that of R. 


If p is a prime integer, prove that (p — 1)! =, —-1. 
In the following exercises, write the proof if the statement is true; other- 
wise, give a counterexample. 


(i) In a ring R, if a and 6 are idempotent elements, then a + 6 is an 
idempotent element. 


(ii) In aring R, if a and b are nilpotent elements, then a+b is a nilpotent 
element. 


(iii) Every finite ring with 1 is an integral domain. 
(iv) There exists a field with seven elements. 


(v) The characteristic of an infinite ring is always 0. 
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vi An element of a ring R which is idempoter it, but not a zero divisor 
g Pp ? 
is the identity element of R. 


vii) If a and 6 are two zero divisors, then a + 6 is also a zero divisor in 
aring R. 

viii) In a finite field F, a? + b? = 0 implies a = 0 and b = 0 for all 
a,be F. 

ix) Ina field F, (2 +6)~! =a~1 +57! for all nonzero elements a,b such 
thata+b0. 

x) There exists a field with six elements. 


10.2 Some Important Rings 


In this section, we introduce two important rings and study some of their basic 
properties. 


10.2.1 Boolean Rings 


We recall that in Worked-Out Exercise 1 (page 279), an element z of a ring 

R is called an idempotent element if z* = z. The zero element and identity 

element of a ring are idempotent elements. In the ring Z, the only idempotent 

elements are 0 and 1. There exist rings, which contain idempotent elements 
1 0 


different from 0 and 1. For example, in Mo(Z), 2 0 


is an idempotent 
element. 


Definition 10.2.1 A ring R with 1 is called a Boolean ring if every element 
of R is an idempotent. 


Example 10.2.2 (i) Zo is a Boolean ring. 
(ii) The ring P(X) of Example 10.1.28 is a Boolean ring since for all A € 
P(X), ANA=A. 


Theorem 10.2.3 Let R be a Boolean ring. Then the characteristic of R is 2 
and R is commutative. 


Proof. First we show that # is of characteristic 2. Let zc € R. Now x+2= 
(ata) =(x+2)(xt+2) =2(z+2z)4+2(r+2) =2°+22 +e? +2? =xct+ar+242. 
This implies that 2% = 47 and so 0 = 2z. Hence, 2-1 = 0 since x was arbitrary. 
It follows that the characteristic of R is 2 by Theorem 10.1.29. To show R 
is commutative, let z,y € R. Thenz+y = (r+y)? =(ex+y)(rt+y) = 
et+acytyety? =2+a2yt+yrt+y. This implies that 0 = zy + yz. Hence, 
ry=aytO0=ryt+zyt+ yt or ry = 2zy + yr = yx since 2ry = 0. Thus, R is 
commutative. Hi 
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10.2.2 Regular Rings 


An element z of a ring R is called a regular element if there exists y €¢ R 
such that x = rym. 


Definition 10.2.4 A ring R is called a regular ring if every element of R is 
regular. 


In the ring Z, the only regular elements are 0,1, and —1. Thus, Z is not a 
regular ring. 


Example 10.2.5 Let R be a division ring andz € R. Ifa =0, thenz = xrxz. 
Suppose x #0. Then xx! =1 and sox =az~!z. Thus, R is a regular ring. 


From the definition of a Boolean ring, it follows that every Boolean ring is 
a regular ring. The field R is a regular ring, but not a Boolean ring. 


Example 10.2.6 Consider R, the field of real numbers and 
Rx R={(z,y) | zy € R}. 
Define + and- on Rx R by 


(x,y) + (z,w) a (c+z,y+w) 
(z,y)-(Z,w) = (xz, yw) 


for alix,y,z,w € R. Then Rx R is a commutative ring with identity. Now 
(1,0),(0,1) € RxR and (1,0)(0,1) = (0,0). This shows that R x R con- 
tains zero divisors and so Rx R is not a field. We claim that R x R is 
regular. Let (x,y) € RxR. fxr =0 = y, then (z,y)(z,y)(z,y) = (2, y). 
If c £ 0 and y F 0, then (2,y)(x71,y71) (x,y) = (2,y). If x = 0, but y # 
0, then (z,y)(z,y!)\(z,y) = (x,y). Similarly, if x # 0 and y = 0, then 
(x, y)(z~1,y)(z,y) = (z,y). Thus, in any case, (x,y) is a regular element. 
Hence, Rx R is a regular ring. 


Example 10.2.7 Let M2(R) be the set of all 2 x 2 matrices over R. Now 
M2(R) is a noncommutative ring with 1, where + and - are the usual matrix 
addition. and multiplication, respectively. We show that M2(R) ts a regular 


ring. Let A= | : i | € M)(R). 


Case 1: rw-— zy # 0. Then B= es ee | € Mo(R) and A= 
ABA. 


Case 2: cw — zy = 0. 


10.2. SOME IMPORTANT RINGS 286 


Subcase 2a: z,y,z,w are all zero. In this case, A= | 


any B € M2(R), ABA= A. 


Subcase 2b: x,y,z,w are not all zero. Suppose r # 0 and let B = 


1 0 
z 
i 0 . Then 

0 zy 
0 Zz w 
y 
w 
x 
Zz 


-[2 2] 


since cw —zy = 0 and x £0 implies w = *£. If y #0, then let B = 
Then 


0 0 
0 ” and so for 


ABA = 


NR ose 


NR B alee &’B 
aye COR 


el © 
oo 
——) 


ABA = 


x & ero 


easier 8 6 


y}_|@ey 
w zw 


Similarly, if z 40 or w #0, then we can find B such that ABA = A. Thus, 
Mo(R) is a regular ring. 


Since M2(R) is not a division ring, it follows that a regular ring need not be 
a division ring. However, a division ring is a regular ring as shown in Example 
10.2.5. In the next theorem, we show that a regular ring under a suitable 
condition becomes a division ring. 


Theorem 10.2.8 Let R be a regular ring with more than one element. Suppose 
for all x € R, there exists a unique y € R such that x = ryr. Then 

(i) R has no zero divisors, 

(ii) fx #0 andz=cyz, theny=yry for allz,y € R, 

(tit) R has an identity, 

(iv) R is a division ring. 


Proof. (i) Let z be a nonzero element of R and rz = 0 for some z € R. 
Now by hypothesis, there exists a unique y € R such that ryx = zx. Thus, 
x(y —z)z = xyz — xzx = ryz. Hence, by the uniqueness of y, y — z = y and so 
z= 0. This proves that R has no zero divisors. 
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(ii) Let c £0 and cyz = x. Then x(y — yry) = ry — ryzy = zy — ry = 0. 
Since R has no zero divisors and z 4 0, y — yry = 0 and so yry = y. 

(iii) Let 0 # x € R. Then there exists a unique y € R such that ryz = z. 
Let e = yx. Ife = 0, then 2 = zyx = 0, which is a contradiction. Therefore, 
e #0. Also, e? = yryr = y(xyr) = yr = e. Let z € R. Then (ze — z)e = 
ze* — ze = ze — ze = 0. Thus, by (i), either ze — z = 0 or ze = z. Similarly, 
e(ez — z) = 0 implies that ez = z. Hence, e is the identity of R. 

(iv) By (iii), R contains an identity element e. To show R is a division ring, 
it remains to be shown that every nonzero element of R has an inverse in R. 
Let z be a nonzero element in R. Then there exists a unique y € R such that 
zyx = x. Thus, ryr = ze, i.e., c(yx — e) = 0. Since R has no zero divisors and 
xz #0, ye —e = Oand so yx =e. Similarly, ryxr = ex implies zy = e. Therefore, 
ry =e= yz. Hence, R is a division ring. 


10.2.3. Exercises 


1. Prove that a Boolean ring RF is a field if and only if R contains only 0 
and 1. 


2. Prove that a ring R with 1 is a Boolean ring if and only if for all a,b € R, 
(a + b)ab = 0. 


3. Let R be a Boolean ring with more than two elements. Find all zero 
divisors of R. 


4. Let T = {f | f : R — Zo}. Define + and - on T by for all f,g € T, 


(f + 9)(a) = f(z) + g(2) and (f9)(2) = f(z)9(z) for all 2 € R. Show 
that (T,+,-) is a Boolean ring. 


5. Prove that a nonzero element of a regular ring with 1 is either a unit or 
a zero divisor. 


6. Prove that: the center of a regular ring is regular. 


7. Let R be a ring in which each element is idempotent. Let R = R Xx Zp. 
Define + and - on R by (a, [n]) + (6, [m]) = (a +8, [n + m]) and (a, [n)) - 
(6, [m]) = (na + mb + ab, [nm}) for all (a, [n]), (6, [m]) € R. Show that + 


and - are well defined on R and R is a Boolean ring. 


8. Let R be a regular ring with 1. 


i) Prove that for any a € R, there exists an idempotent e € R such that 
p 
Ra= Re. 


(ii) Prove that for any two idempotents e, f € R, there exists an idem- 
potent g € R such that Re+ Rf = Ro. 
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William Rowan Hamilton (1805- 
1865) was born on August 4, 1805, in Dublin, 
Ireland. He was the fourth of nine children. 
His early education from the age of three 
was provided by his uncle. By the age of 
five, he was proficient in Latin, Greek, and 
Hebrew. 

Hamilton started reading Newton’s Prin- 
cipia when he was about 15 and became in- 
terested in astronomy. In 1822, he discov- 
ered an error in Laplace’s Mécanique céleste, 
which was conveyed to John Brinkley thro- 
ugh a friend. Brinkley later helped Hamil- 
ton in getting appointed as his successor at Dunsink Observatory. 

On April 23, 1827, while still an undergraduate at Trinity College, Hamilton pre- 
sented his paper, “Theory of Systems of Rays,” to the Royal Irish Academy. This paper 
is responsible for creating the field of mathematical optics. Hamilton introduced the 
characteristic function, his first discovery. On June 10, 1827, he was appointed as- 
tronomer royal at Dunsink Observatory and professor of astronomy at Trinity College, 
even though he did not have a degree. 

Hamilton’s major contributions were in the algebra of quaternions, optics, and 
dynamics. He gave few examples to illustrate his concepts and so his papers were hard 
to read. He spent most of his life on the study of quaternions. 

Hamilton was interested in three-dimensional complex numbers, which he called 
“triplets.” He had little success in this area, as he was able to add, but could not find 
a suitable multiplication rule. He then considered the so-called quaternions. While he 
was walking along the Royal Canal on October 16, 1843, the discovery of the quater- 
nions flashed in his mind. He immediately scratched the multiplication formula for the 
quaternions on the stone of a bridge over the canal. Hamilton discovered that he could 
give up the commutative law of multiplication and still have a meaningful algebraic 
system. The geometric significance of the quaternions was realized when Hamilton and 
Cayley independently showed that the quaternion operators rotated vectors about a 
given axis. In 1837, Hamilton corrected Abel’s proof of the impossibility of solving the 
general quintic equations. 

Hamilton’s name is associated with concepts such as Hamiltonian functions, Hamil- 
tonian-Jacobi differential equations, Hamiltonian path in graph theory, and the Cayley- 
Hamilton theorem in linear algebra. He coined the terms “vector,” “scalar,” and 
“tensor.” Hamilton died on September 2, 1865. 


Chapter 11 


Subrings, Ideals, and 
Homomorphisms 


The most important substructure of a ring is a particular subset called an 
“ideal.” The term ideal was coined by Dedekind in honor of Kummer’s work 
on ideal numbers. This notion of Kummer and Dedekind was used to ob- 
tain unique factorization properties. Kummer introduced the idea of an ideal 
number in his work on Fermat’s last theorem. Noether followed with some 
important results on the theory of ideals. Some of her ideas were inspired by 
the work not only of Dedekind, but also of Kronecker and Lasker. 


11.1 Subrings and Subfields 


In this section, we introduce the idea of a subring of a ring. This concept is 
analogous to the concept of a subgroup of a group. 


Definition 11.1.1 Let (R,+,-) be a ring. Let R’ be a subset of R. Then (R’, 
+, -) is called a subring of (R, +, -) if (R’, +) is a subgroup of (R, +) and 
forallz,yER,c-yeR. 


Let (R’, +, -) be a subring of the ring (R, +, -). Since R’ C R and since the 
associativity for - and the distributive laws are inherited, (R’, +, -) is itself a 
ring. We will usually suppress the operations + and - and call R’ a subring of 
R. When R’ and R are fields, R’ is called a subfield of R. 

The following theorem gives a necessary and sufficient condition for a subset 
to be a subring. With these conditions it is easy to verify whether a nonempty 
subset of a ring is a subring or not. 


Theorem 11.1.2 Let R be a ring. A nonempty subset R’ of R is a subring of 
R if and only ifx-—y € R' and zy € R’ for all z,y € R’. 
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Proof. First suppose that R’ is a subring of R. Then RF’ is a ring and so for 
all x,y € R, x—y, ry € R’. Conversely, suppose z — y € R’ and ry € R’ for 
all x,y € R’. Since x —y € R’ for all x, y € R’, (R’, +) is a subgroup of (R, +) 
by Theorem 4.1.3. By the hypothesis, zy € R’ for all 7, y € R’. Hence, R’ is a 
subring of 2. 


Example 11.1.3 (2) The ring E of even integers is a subring of Z. E is without 
1. 

(ii) Consider the subset Eg = {(0], [2], [4], [6]} of Zg. Then Eg is a subring 
of Zs. Hence, Eg is commutative. However, Eg has no identity and Eg does 
have zero divisors, namely, [2], [4], and [6]. 


Example 11.1.4 Let Qz = {(a1,a@2,a3,a4) | a; € Z, i = 1,2,3,4}. Define + 
and - on Qz, as in Example 10.1.15. Since the difference and product of integers 
is an integer, we have 


(a1, @2, 3, a4) — (61, be, 63, ba) € Qz 


and 
(a1, a2, 43,4) - (by, b2, 63, ba) © Oz 


for all (a1, az, a3, a4), (b1, bz, b3,b4) € Qz. Hence, Qz, is a subring of QR. We 
note that Qz is noncommutative, has an identity, and is without zero divisors. 
Now (0,2,0,0) € Qz and (0,2,0,0)~! = (0,—5,0,0) ¢ Qz. Thus, Qz is not a 


division ring. 


Example 11.1.5 Set Qe = {(a1, a2, a3,a4) | a; € E, i = 1,2,3,4}. Define + 
and - on Qg as in Example 10.1.15. Since the difference and product of even 
integers is an even integer, we find that Qp is a subring of Qz. In fact, Qp is 
a noncommutative ring without identity and without zero divisors. 


Example 11.1.6 Consider the ring Mo(Z) of Example 10.1.4. Let Mo(E) de- 
note the set of all2 x2 matrices with entries from E. Since the sum, difference. 
and product of even integers is an even integer, it follows that Mo(E) is a sub- 
ring of Mo(Z). Also, Mo(E) is a noncommutative ring without identity and 
with zero divisors. 


Following along the lines of Theorem 11.1.2, we can prove the next theorem. 
We leave its proof as an exercise. 


Theorem 11.1.7 Let F be a field. A nonempty subset S of F is a subfield o* 
F af and only if 

(i) S contains more than one element, 

(ii) cx —y, zy €S for all x,y € S, and 

(wi) c+ eS forallceS,c#0. 8 
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Example 11.1.8 Q and Q[V2| = {a +by/2 | a,b € Q} are subfields of R (see 
Worked-Out Exercise 4 below). 


Theorem 11.1.9 Let R be a ring (field) and {R; | i € A} be a nonempty 
family of subrings (subfields) of R. Then MeaR; is a subring (subfield) of R. 


Proof. Since 0 € RA, for allz € A, 0 € Nea R; and so Mica R; 4 Gh. Let 
r,y © MeaR;. Then z,y € R; for allt € A. Since each R; is a subring, 
x—y,xcy € R,; for allt € A. Hence, x — y, ry € Mica R;. Thus, Mca; is a 
subring of R. 


Similarly, if each R; is a subfield of the field R, then Nc R; is a subfield of 
Re 


It is interesting to note that the intersection of all subfields of R is Q. 


11.1.1 Worked-Out Exercises 


© Exercise 1 Let X be an infinite set. Then (P(X), A,/M) is a ring with 1. 
Let 


R={AEP(X) | Ais finite}. 


Prove the following assertions. 

(i) R is a subring of P(X). 

(ii) R is without identity. 

(iii) For all A €¢ R, A # ¢, Ais a zero divisor in R. 

(iv) For all Ac P(X), AA X, AF ¢, Ais a zero divisor in P(X). 


Solution: (i) Since @ is finite, ¢ € R and so R is nonempty. Let A,B Ee R. 
Then A and B are finite and so ANB is finite. Now AAB = (AUB)\(ANB) 
and so AAB is finite. Therefore, AAB, AN B € R. Thus, R is closed under 
the operations A and M. Now it is easy to verify that (R, A,NM) is a subring. 

(ii) Suppose R has an identity, say, E. Then £ is finite. Since X is infinite, 
there exists a € X such that a ¢ E. Now {a} € R. Thus, {a} = EN {a} = 4, 
which is a contradiction. Hence, R has no identity. 

(iii) Let A € Rand A ¥o. Since A is finite and X is infinite, there exists 
x € X such that « ¢ A. Now {x} € R. Since AN {x} = @, A is a zero divisor. 

(iv) Let A € P(X) be such that A # X and A F ¢. Then there exists 
xz € X such that x ¢ A. Hence, AN {x} = ¢ and so A is a zero divisor. 


Exercise 2 Let R be aring such that a?+a is in the center of R for alla € R. 
Show that R is commutative. 
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Solution: Let z,y € R. Then (r+ y)?+2+y €C(R), ie, c2+ cytyrt 
y?+2t+y €C(R). Since x7 +2, y?+y € C(R) and C(R) is a subring (Exercise 
14, page 294), cy + yr € C(R). pas 2(zy + yz) = (ay + yz)x and 
so c*y + ayx = zyx + yx’. Shue, gey = yr’. Now 2? +2 € C(R) and so 
y(z? +2) = (x? + 2)y. Hence, yr? + yr = z*y + zy and so ry = yz, proving 
that R is commutative. 


© Exercise 3 Find all subrings of the ring Z of integers. Find those subrings 
which do not contain the identity element. 


Solution: Let n be a nonnegative integer and T, = nZ = {nt | t € Z}. 
Since 0 € T,, Tn 4 o. Let a = nt, 6 = ns be two elements in T,. Then 
a—b=nt—ns=n(t—s) €T, and ab = (nt)(ns) = n(t(ns)) € T,. Hence, Tr 
is a subring of Z. We now show that if A is any subring of Z, then A = T;, for 
some nonnegative integer n. 

Let A be a subring of Z. If A = {0}, then A = 0Z. Suppose A # {0}. 
Then there exists m € A such that m 4 0. Now —m € A and so A contains a 
positive integer. By the well-ordering principle, A contains a smallest positive 
integer. Let n be the smallest positive integer in A. Then nZ CA. Let me A. 
By the division algorithm, there exist integers g and r such that m = nq +7, 
O0<r<n. Since n € A, ng € A. Hence, r = m-—ng € A. The minimality of 
n implies that r = 0 and so m = ng € nZ. Thus, A = nZ. If n #1, then nZ 
does not contain identity. 


© Exercise 4 Show that Q[/2] = {a+ 5/2 € R | a,b € Q} is a subfield of 
the field R. : 


Solution: Since 0 = 0+ 0/2 € Q[V2], Q[V2] 4 ¢. Let a+ dV2, c+ dV2 
€ Q[V2]. Then 


(a + bV2) — (c + dV2) = (a—c) + (b— d)V2 € Q[vJ] 


and 


(a + bV2) (c+ dV2) = (ac + 2bd) + (ad + bc) V2 € Q[V9]. 


Now 0+ 0/2 and 1+ 0V2 are distinct elements of Q[,/2]. Therefore, Q[/2] 
contains more than one element. Let a + b./2 be a nonzero element of Q{v2]. 
Then a and b cannot both be zero simultaneously. We now show that a—b,/2 # 
0. Suppose a — b»/2 = 0. Then a = bV2. If b = 0, then a = 0. Therefore, both 
a and b are zero, a contradiction. If b 4 0, then /2 = % € Q, a contradiction. 
Hence, a — b2 ¥ 0. Similarly, a + by/2 # 0. Thus, a? — 2b? = (a + bV2)(a— 
b/2) #0. Now 


1 a — b/2 a 
a+ b/2 ~ S - ie ~ g2 —2b2 =v? € Qiv2]. 


11.1. 
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Since (a + bV/2)(75) = 1, (a+ bV2)7! exists in Q[V2]. Thus, we find that 
Q[V2] is a subfield of R by Theorem 11.1.7. 


11.1.2 Exercises 


1. 


10. 


. Show that F = {| 


Prove the following the statements. 


r= ‘| ' : | | a,b,c € z| is a subring of Mo(Z). 


(ii) Tg = | 6 ° | |a,b€ x} is a subring of Mo(Z). 
a 


(iii) T3 = {| 6 ‘ | Jae z} is a subring of M2(Z). 


(iv) T, = He : Jaber is a subring of T}. 


. In the ring Z of integers, find which of the following subsets of Z are 


subrings. 

(i) The set of integers of the form 4k + 2, k ¢ Z. 
(ii) The set of integers of the form 4k +1, k € Z. 
(iii) The set of integers of the form 4k, k € Z. 


. Show that T’ = {(0], [5]} is a subring of the ring Zio. 
. Let R be a ring with 1. Show that the subset T = {nl | n € Z} isa 


subring of 2. 


. Let R be a ring and n be a positive integer. Show that the subset T = 


{a € R| na = 0} is a subring of R. 


. Show that T = a | }a,beE R| is a subring of Mo(R). 


—bV/3 


. Show that Q[/3] and Q[/5] are subfields of the field R, but Z[/2] = 


{a + bY2 | a,b € Z} is not a subfield of R. 


. Show that Q(i) = {a + bi | a,b € Q} is a subfield of C, where i? = —1. 


a —bd 
a 


5 


| a,beE zs is a subring of M2(Z;). Is F a 
field? 


Let w be a root of z?-+z+1=0. Prove that T = {a + bw | a,b € Q} is 
a subfield of the field of complex numbers. 


11.1. 


11. 


12: 


13. 


14. 
15. 


16. 
17. 


18. 
19. 
20. 


21. 


22. 
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Let F be a field of characteristic p > 0. Show that T = {a € F | a? =a} 


is a subfield of F. 


zrt+y y 
—-y o£ 


Prove that T = | z,y € Z> is a subring of M2(Z). Also, 
show that every nonzero element of T' is a unit in M2(R). 
Let R be a commutative ring. Show that the set 

T ={re¢R|r” =0 for some integer n} 
is a subring of R. 
Prove that C'(R) is a subring of R and that C(R) is commutative. 
Let e be an idempotent of a ring R. Prove that the set 

eRe = {ere |r € R} 

is a subring of R with e as the identity element. 


Find the center of the ring M2(R). 


Prove that the characteristic of a subfield is the same as the characteristic 
of the field. 


Find all subrings with identity of the ring Zyjg. 
Find all subfields of the field Zp, p a prime integer. 


Let R be a ring without any nonzero nilpotent elements. Show that 
(ara — ra)? = 0 for all r € R and for all idempotent elements a € R. 
Hence, show that C(R) contains all idempotent elements. 


Let C={ f:R—-R]| f is continuous on R}. Define + and - on C by 
(f+g)(z) = f(z) +9(2), 
(f-9)(t) = fle)g(z) 
for all f,g € C and for allz ER. 
(i) Show that C is a ring. 
(ii) Let D={f €C | f is differentiable on R}. Show that D is a subring 
of C. 
Let R be a ring and f : R — [0,1] be such that 
f(a—b) = min{f(a), f(b)}, 
f(ab) 2 min{f(a), f(0)} 


for all a,b € R. Prove that for allt EZ(f), Re = {xe R] f(x) >thisa 
subring of R. 
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23. In the following exercises, write the proof if the statement is true; other- 
wise, give a counterexample. 


(i) The union of two subrings of a ring is a subring. 


(ii) The identity element of a subring is always the identity element of 
the ring. 


(iii) Q is the only subfield of the field R. 


(iv) Q[V3] = {a + bV3 | a,b € Q} is the intersection of all subfields of R 
which contain V3. 


(v) The set Z of integers is a subring of the field of real numbers. 
(vi) Every additive subgroup of Z is a subring of Z. 


11.2 Ideals and Quotient Rings 


In this section, we introduce the notions of ideals and quotient rings. These 
concepts are analogous to normal subgroups and quotient groups. 

The very famous problem called “Fermat’s last theorem” led to the inven- 
tion of ideals. Fermat (1601-1665) jotted many of his results in the margin 
of Diophantus’ Arithmetica. For this particular “theorem,” Fermat wrote that 
he discovered a remarkable theorem whose proof was too long to put in the 
margin. The theorem is stated as follows: If 7m is an integer greater than 2, 
then there exist no positive integers z, y, z such that 2” +y” = z”. However, no 
one was able to prove this result until recently; in 1994, Andrew Wiles found 
a proof after many years of work. 

In 1843, Kummer (1810-1893) thought that he had found a proof of Fer- 
mat’s last theorem. However, Kummer had incorrectly assumed uniqueness of 
the factorization of complex numbers of the form x + Ay, where \? = 1 for p 
an odd prime. Dirichlet (1805-1859) had made an incorrect assumption about 
factorization of mimbers. Kummer continued his efforts to solve Fermat’s last 
theorem. He was partially successful by introducing the concept of “ideal num- 
ber.” Dedekind (1831-1916) used Kummer’s ideas to invent the notion of an 
ideal. Kronecker (1823-1891) also played an important part in the development 
of ring theory. 


Definition 11.2.1 Let R be a ring. A nonempty subset I of R 1s called a left 
(right) ideal of R if for alla, b € I and for allr € R,a-beTl,racl 
(a—bel,are€l). 


A nonempty subset J of a ring R is called a (two-sided) ideal of R if J is 
both a left and a right ideal of R. 

From the definition of a left (right) ideal, it follows that if J is a left (right) 
ideal of R, then J is a subring of R. Also, if R is a commutative ring, then 
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every left ideal is also a right ideal and every right ideal is a left ideal. Thus, 
for commutative rings every left or right ideal is an ideal. 

By Theorem 11.1.2, it is clear that a nonempty subset J of a ring R is an 
ideal if and only if ({,+) is a subgroup of (R,+) and for all a € J and for all 
ré€R,arandracl. 


Example 11.2.2 Let R bearing. The subsets {0} and R of R are (left, right) 
ideals. These ideals are called trivial ideals. All other (left, right) ideals are 
called nontrivial. 


An ideal I of a ring FR is called a proper ideal if J # R. 
Example 11.2.3 Letn € Z andI = {nk |k © Z}. As in Worked-Out Exercise 
3 (page 292), I is a subring. Also, for allr € Z, (nk)r = n(kr) € I andr(nk) = 
n(rk) € I. Hence, I is an ideal of Z. 

Next, we give an example of a ring in which there exists a left ideal which 
is not a right ideal, a right ideal which is not a left ideal, and a subring which 


is not a left (right) ideal. 


Example 11.2.4 Consider the ring Mo(Z). Let 


a O 

n={[g 2] avez}, 
0a 

= {| { 7 Jabez}, 


Cc 


o 

II 
—“N 
i 
~ a 
Q 


| | a,b,c and d are even integers ; 


and 
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proving that I, is a left ideal of Mo(Z). Now ; : | € I; and | ea | € 


0 0 
M2(Z), but 

£ 20°), 0° 4 01 

fs ake rl=[o en 


Hence, I, is not a right ideal of M2(Z). Similarly, Ip is a right ideal of Mo(Z), 
but not a left ideal, Iz is an ideal of Mo(Z), and I, ts a subring, but not an 
ideal of Mo(Z). 


We remind the reader to notice the similarity of the next few results with 
corresponding results in linear algebra and group theory. 


Theorem 11.2.5 Let R be a ring and {Ia | a € A} be a nonempty collection 
of left (right) ideals of R. Then Nacala is a left (right) ideal of R. 


Proof. Suppose {Ig | a € A} is nonempty a collection of left ideals of R. 
Since 0 € Ig for all a, 0 € Nala and so Nala # ¢. Let a, 6 € Nala. Then 
a, b € I, for all a. Since each J, is a left ideal, a —b € Ig for all a. Hence, 
a—b €Melg. Let r € R. Since each Ig is a left ideal of R, ra € Ig for all a 
and so ra € Neda. Thus, Nola is a left ideal of R. Similarly, if [Ja | a € A} is 
a nonempty collection of right ideals of R, then NJ, is a right ideal of R. 


Let a),@2,...,@, € R. Then by the notation >77_, a;, we mean the sum 
aj +ag+-*-+ an. 


Definition 11.2.6 Let S be a nonempty subset of a ring R. Define (S), to be 
the intersection. of all left ideals of R which contain S. Then. the left ideal (S), 
is called the left ideal generated by S. Similarly, we can define (S),., the 
right ideal generated by S, and (S), the ideal generated by S. 


Note that (S), is the smallest left ideal of R which contains S. 


Theorem 11.2.7 Let R be a ring and S' be a nonempty subset of R. Then 
() 


(S), = es Ts, a N48} | r, ER, Ny E Z, $i, 8; eS, 
1<i<kl<j<l,k,le N}. 


(i) 


(S), = ‘ome Biri + ye njs, | 7% € Rin; € Z, si, 8; € S, 
1<i<k1<j<lkleNt}. 
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Proof. (i) Let 


A= ‘epee 7484 + y NYS [tere pe Bis eee 5, 
1<i<k1<j<ULk,leEN}. 


Since (S), is the intersection of all left ideals of R which contain S, we have 
(S), D S. Also, since (S), is closed under addition and closed from the left 
under multiplication by elements of R, we have A C (S),. We now show that 
A is a left ideal of R such that A D S. Then A 2D (5), since (S), is the 
smallest left ideal of R containing S. Let s € S. Then s=0-s+1s € A and 
so S C A. Let ee 1748, + ye 158% and Sima a+ Das 755%, € A. Then 
(hy Tit td 521 n385)—(Diat Fi Se+ OGL 1785) = (Shy isi + Dia (-7%) H+ 
(jai 753) + dije1(—7j) 8) € A. Let r € R. Then ro, isi + ja ny 8) = 
yok (rra)ss + oa (nyr)si € A. Hence, A is a left ideal of R. 
(ii) The proof is similar to (i). 


Corollary 11.2.8 Let R be a ring and S be a nonempty subset of R. If R is 
with 1, then 


(i) 
k 
(S), = {So ras: | ri € Ry si € SL Si Sk, NEN}. 
w=1 
(i) 
k 
(S), = {do sire | ri € Ryo: € S,1 Si <k, n © N}. 
i=1 


Proof. (i) Clearly (S), D {1 isi | 73 € R, 95 € S}. Let Wi ris; + 
Tiel njs, € (S),. Since R has an identity 1, njs; = (nj1)s; andn;1 € R. Thus, 
yi M8) yay N38 = 2 ri8i + Djni(nyl)s% E Sa rs; |7; € Ris, €S, 
1<i<k,ne€N}. Hence, (5), € {rE Tiss |r, € Ris; ES, 1 <ic<k, 
n€N}. 

(ii) The proof is similar to (i). I 


If S = {a1,a2,...,@n}, then the left ideal (S), generated by S is denoted 
by (@1,@2,...,@n),- In this case, we call (S), a finitely generated left ideal. 
Similar terminology is used for (9), and (S). If S = {a}, then (a), is called the 
principal left ideal generated by a, (a), is called the principal right ideal 
generated by a, and (a) is called the principal ideal generated by a. 


‘Corollary 11.2.9 Let R be a ring anda€é R. 
(i) Then 
(a), = frat+na|reR,ne Z}. 
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(it) If R is with 1, then 


(a), = {ra| re R}. 


Proof. (i) This assertion follows from the equality 


k m k m 
Soria + Sonja = (Sorat (do nj)a. 
i=l j=l i=1 j=l 
(ii) This follows from (i) and Corollary 11.2.8. 


Similarly, we can prove that (a), = {ar+na|re€ R,n € Z} and (a) = 
{ra +as +na+ 4 as; |7,8,7:,3: ER, ne Z1l<i<ck, kEN}. 

Consider the subsets Ra = {ra|r¢ R} andaR={ar|reR}of RIER 
is without identity, then Ra (aR) is still a left (right) ideal of R (Exercise 4, 
page 306). It is not necessarily the case that a € Ra (a € aR) as illustrated by 
the next example. 


Example 11.2.10 Consider the ring E of even integers. FE does not have an 
identity. (2) = {r2+n2|reE,ne€ Z} = {0, +2, +4,...} and2 € (2). 
However, {r2 | r © E} = {0,+4,+8,...}, which does not contain 2. 


In the next theorem, we obtain a necessary and sufficient condition for a 
ring with 1 to be a division ring. 


Theorem 11.2.11 Let R be a ring with 1. Then R is a division ring if and 
only if R has no nontrivial left ideals. 


Proof. Suppose F is a division ring. Let J be a left ideal of R such that 
I > {0}. Then there exists a € I such that a # 0 and since J is a left ideal, 
1=ata€I. Hence, for allr € R,r=rl € J, whence R= I. 

Conversely, suppose A has no nontrivial left ideals. Let a € R anda £0. 
Then (a), = R and so 1 € (a),. Now (a), = {ra | r € R}, whence there ex- 
ists r € R such that 1 = ra. This implies that r # 0. Proceeding as in the 
case of the nonzero element a, we find that tr = 1 for some ¢t € R. Therefore, 
t = tl] = t(ra) = (tr)a = la = a. Thus, ra = 1 = ar and so a is a unit. 
Consequently, every nonzero element of R is a unit. Hence, R is a division 
ting. 


Following along the lines of the above theorem, we can prove that a ring R 
with 1 is a division ring if and only if R has no nontrivial right ideals. 
The following corollary is immediate from the above theorem. 
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Corollary 11.2.12 Let R be a commutative ring with 1. Then R is a field if 
and only if R has no nontrivial ideals. 


Definition 11.2.13 A ring R is called a simple ring if R? # {0} and {0} 
and R are the only ideals of R. 


Example 11.2.14 Every division ring is a simple ring. 


Example 11.2.15 In this example, we show that M2(R) is a simple ring. 
Let A be a nonzero ideal of Mo(R). Then there exists a nonzero element 


d 


ond | § el ) | € MalR), ae ave 


vee | € A. Now at least one of a,b,c,d is nonzero. Since A is an ideal 


1 0 0 0 


eee avi: 


Therefore, we find that A contains a matrix : ; | such that a #0. Now 


a~!E€R and 


2 Se 00F s-(8 SIL s)-3 a] 


Thus, 

EO | Ok 01 

E aie: |= s|e4 
Finally, 

0o0l]f/o1 00 

F aie es ]e4 
Hence, 


fo t]=[oe]+[o a }e4 


This implies that A = Mo(R). 
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The above example shows that there are simple rings, which are not division 
Tings. 

For a € R, aRa denotes the set {ara | r € R}. 

We now consider the sum and product of left (right) ideals. 

Let A and B be two nonempty subsets of a ring R. Define the sum and 
product of A and B as follows: 


A+B={a+b|acA, be BS 


AB = {a1}, + agbg + +--+ and, | a; € A, bh € B,ti=1,2,...,n, ne N}. 


Thus, AB denotes the set of all finite sums of the form >> a;b;, a; € A, 
5 € B. 
Let n EN. Inductively, we define 


Al = A, 
A” = AA"! ifn>l. 


We now list some interesting properties of these two operations. 


Theorem 11.2.16 Let A,B, and C be left (right) ideals of a ring R. Then the 
following assertions hold. 

() A+B=B+A is a left (right) ideal of R. 

(ii) A+A=A. 

(iii) (A+ B)+C=A+(B+C). 

(iv) AB is a left (right) ideal of R. 

(v) (AB)C = A(BC). 

(vi) If A,B and C are ideals, then A(B+C) = AB+ AC, (B+C)A= 
BA+CA. 

(vit) If A is @ right ideal and B is a left ideal, then AB C ANB. 

(vitt) R is a regular ring if and only if for any right ideal A and for any 
left ideal B, AB= ANB. 

(iz) The set I(R) of all ideals of R forms a modular lattice with respect to 
set inclusion as a partial ordering. 


Proof. We only prove (viii) and (ix) and leave the other properties as 
exercises. 

(viii) Suppose R is a regular ring. Let a € ANB. There exists b € R such 
that a = aba. Since B is a left ideal and a € B, ba € B. Thus, a = a(ba) € AB, 
whence AM B C AB. By (vii), AB C ANB. Consequently, AB = AN B. 
Conversely, assume that AB = ANB for any right ideal A and left ideal B of 
R. Let a € R and consider (a),., the right ideal generated by a. Since (a), is a 
right ideal, (a), R C (a), . Also, by our assumption (a), 0 R = (a), R. Hence, 


a € (a), OR = (a), RP. 
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Therefore, a = )°7, a:b; for some a; € (a),, bs € R, i =1,2,...,n. From the 
statements following Corollary 11.2.9, a; = at; + nja for some t; € R, n; € Z, 
¢=1,2,...,n. Thus, a = iL, aibj = iL (ati tria)b; = aT, (tibi+nidi)) € 
aR. This implies that (a), = aR. Since aR C (a), , (a), = aR. Similarly, 
(a), = Ra. It now follows that a € aRNM Ra = (aR)(Ra) C aRa. Hence, there 
exists 6 € R such that a = aba, ie., a is regular. Consequently, R is regular. 

(ix) By using arguments similar to the proof of Theorem 4.1.16, we can show 
that (I(R), C) is a poset. To show (I(R), C) is a lattice, let A, B € I(R). Now 
ANB,A+B €1(R). Also, A,B C A+B. Let C € I(R) be such that A,B CC. 
Since C is an ideal, A+ B C C. Hence, A+ B = AV B, the lub of {A, B}. 
Similarly, AN B = AA B, the glb of {A,B}. Thus, I(R) is a lattice. To show 
(1(R), C) is a modular lattice, let A,B,C be three elements in J(R) such that 
ACC. Note that AV(BAC) = A+(BNC) and (AVB)AC =(A+B)NC. 
Now A+ (BNC) C (A+ B)NC and so AV(BAC) C (AVB)AC. Let 
z € (A+B)NC. Then « € C and c € A+ B. Thus, z = a+b for some 
a € AC C and b © B. This implies that b = r-a € Candsobe BNC, 
which shows that r € A+ (BNC). Hence, (A+ B)NCCA+(BNO), ie, 
(AVB)ACCAV(BAC). Thus, AV (BAC) = (AV B) AC. Consequently, 
I(R) is a modular lattice. Hl 


We now give the analogue of quotient groups for rings. Let R be a ring 
and I an ideal of R. Then (J, +) is a normal subgroup of (R,+) since the 
latter group is commutative. Hence, if R/I denotes the set of all cosets r +I = 
{r+a|a€J} for all r € R, then (R/I, +) is a commutative group, where 


(r+I)t+(r' +l =(r+r)4+1 


for allr+J,7r'+JI € R/I. Now define multiplication on R/I by (r+I)-(r’+D) = 
rr’+ J for allr+J,r’+1I¢R/I. Then (R/I,+,-) forms a ring. We leave the 
details as an exercise. 


Definition 11.2.17 If R is a ring and I is an ideal of R, then the ring 
(R/I,+,-) is called the quotient ring of R.by I. 


Theorem 11.2.18 Let n € Z be a fixed positive integer. Then the following 
conditions are equivalent. 

(i) n is prime. 

(ii) Z/(n) is an integral domain. 


(itt) Z/ (n) is a field. 
Proof. (i) > (ii): Let a + (n) ,b + (n) € Z/ (n). Suppose 


(a + (n))(b+ (n)) =O4+ (n). 
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Then ab + (n) = 0+ (n) and so ab € (n). Thus, there exists r € Z such that 
ab = rn. This implies that nab. Since n is prime, either nla or n|b, ie., either 
a € (n) or b € (nm) and hence either a + (n) = 04+ (n) or b+ (n) = 04 (n). 
This implies that Z/(n) has no zero divisors, proving that Z/ (n) is an integral 
domain. 

(ii) (iii): Since Z/(n) is a finite integral domain, the result follows from 
Theorem 10.1.23. 

(iii)=>(i): Suppose n is not prime. Then n = n,n for some 1 < ny <n and 
1 < ng <n. Now nj + (n) and ng + (n) are nonzero elements of Z/ (n) and 


(ny + (n)) (ng + (n)) = ning Ft (n) =nF4+ (n) =04 (n). 


Since Z/ (n) is a field, Z/ (n) has no zero divisors. Thus, either nj + (n) = 
0+ (n) or n2 + (n) = 0+ (n), a contradiction. Therefore, n is prime. ll 


Definition 11.2.19 Let I be an ideal of a ring R. 
(i) I is called a nil ideal if each element of I is a nilpotent element. 
(ii) I 18 called a nilpotent ideal if I" = {0} for some positive integer n. 


Example 11.2.20 In the ring Zg, the ideal I = {[0], [4]} is a nil ideal and 
also a nilpotent ideal. I? = {X¥_,[as][b;] | [ai], [bi] € I, k € N} = {0} since 
16|azb;. 


From the definition, it follows that every nilpotent ideal is a nil ideal. 
The following example shows that the converse is not true. In this exam- 
ple, we construct a ring R from the rings Zp», n = 1,2,..., i.e., from the rings 
Zp, Zp2,Z,3,..., where p is a fixed prime. 


Example 11.2.21 Let p be a fixed prime. Let R be the collection of all se- 
quences {an} such that a, € Zpn (n > 1) and there exists a positive integer 
m. (dependent on {ap}) such that a, = [0| for alln > m. Define addition and 
multiplication on R by 


{an} + {bn} = {an + bn}, 
{an} {bn} {anbn } 


for all {an}, {bn} € R. We ask the reader to verify that R is a commutative 
ring under these two operations, where the zero element is the sequence {a, } 
such that an = [0] for alln and the additive inverse of the sequence {an} is the 
sequence {—an}. Now in Zpn, [p] is a nilpotent element since [p|" = [p"] = [0]. 
Thus, for any [r] € Zp», [p][r] = [pr] ts a nilpotent element. Therefore, we find 
that each element of [p|Zpn is a nilpotent element. 

Let 


I = {{(pla, [plao,..-, (Plan, [0], [0),...} € R| NEN, a €Zy,i=1,...,n}. 
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Then I is an ideal of R. Also, every element of I 1s nilpotent. Let us now show 
that I is not nilpotent. Suppose I is nilpotent. Then there erists a positive 
integer m such that I™ = {0}. Now the sequence {a,} such that a, = [p] for 
n=1,2,...,m+1 anda, = 0 for alln > m-+2 is an element of I. Then 
{an}™ = {[0], [0], ..., [0], [p], [0], [0],...}, where the (m+ 1)th term of this 
sequence is [p™] and all other terms are 0. Since [p™] is not zero in Zpmii, we 
find that {a,}™ # 0 and {a,}” € I” = {0}, @ contradiction. This implies that 
I is not nilpotent. 


Theorem 11.2.22 Let R be a commutative ring with 1 and I denote the set 
of all nilpotent elements of R. Then 
(i) I is a nil ideal of R, 


(ii) the quotient ring R/I has no nonzero nilpotent elements. 


Proof. (i) Since 0 € J, 1 # ¢. Let a,b € I. There exist positive integers m 
and n such that a” = 0 and b™ = 0. Since R is commutative, we can write 


(a — pyete Sas BOT Bek ets Cay (" + : qghtm—rer (1a, 
T 


The general term of the above expression is (—1)"("*™)a"*™—Tb", where 0 < 
r<m+n.lfr<m,thenn+m-—r->n and hence a**™7 = a®a™7 = 0. 
Again, if r > m, then b” = b7™+("-™) — p™bT-™ = 0. Therefore, we find that 
(-1) ("E)art™—"b" = 0,r =0,1,2,...,n+m. This implies that (a—b)"t™ = 
0, i.e., a—06 is nilpotent and soa—b € I. Letr € R. Then (ra)” = ra” = 170 = 
0. Since R is commutative, (ar)” = (ra)” = 0. Thus, ar, ra € I. Consequently, 
TI is an ideal of R. Since every element of J is nilpotent, J is nil. 

(ii) Let a+ J be a nilpotent element of R/I. Then (a+J)” =I for some 
positive integer n. But a +I = (a+J)". Thus, a® + J = I, which implies that 
a” € I. Since every element of J is nilpotent, there exists a positive integer 
m such that (a”)” = 0, ie., a?” = 0, which shows that a is nilpotent and so 
a € I. This implies a+ J = I. Hence, R/J has no nonzero nilpotent elements. 


Theorem 11.2.23 Let A and B be two nil ideals of a commutative ring R 
with 1. Then A+ B is a nil ideal. 


Proof. By Theorem 11.2.16, we know that A+ B is an ideal of R. Let I 
be the set of all nilpotent elements of R. Then AC J, B C J.and by Theorem 
11.2.22, J is an ideal. Hence, A+ B CI. Since I is nil, A+ B is nil. 
11.2.1 Worked-Out Exercises 

® Exercise 1 Find all ideals of Z. 
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Solution: From Worked-Out Exercise 3 (page 292), we know that the 
subrings of Z are the subsets nZ, n = 0,1,2,.... Let us now show that these 
subrings are precisely the ideals of Z. If J is an ideal of Z, then I is a subring 
of Z and so J = nZ for some nonnegative integer n. Now, let I = nZ (n is a 
nonnegative integer). Then J is asubring. Ifr € Z, then rl = r(nZ) =n(rZ) C 
nZ = I. Similarly, Ir C I. Hence, J is an ideal of Z. 


Exercise 2 Let R be a ring such that R has no zero divisors. Show that if 
every subring of F is an ideal of R, then R is commutative. 


Solution: Let 0 4 a € R. Then C(a) = {x € R| xa = az} is a subring 
of R and hence an ideal of R. Thus, ra € C(a) for all r € R. Let r € R. Now 
ara = ra” implies that (ar —ra)a = 0. Since F has no zero divisors and a ¢ 0, 
ar —ra = 0 and so ar = ra. Hence, a is in the center of R. Since a is arbitrary, 
R is commutative. 


© Exercise 3 Give an example of a ring R and ideals A;, i € I, such that 
Ai OA; = {0} if i xj, but ALM (Dyes As) # {0}. 


Solution: Let R = {0,a, b,c}. Define + and - on R by 


2a = 2b =2c=0, ry = 0, for all z,y € Rand 
at+tb=bt+a=c,ate=c+a=b, andb+c=ct+b=a. 


Then (R,+,-) is aring. Let A; = {0,a}, Ao = {0,b}, and A3 = {0,c}. Then 
A, + Ag = Ai + Aj = Ao + Az3 = Rand Ai MN Ao = AM A3 = Ao Az = {0}. 


© Exercise 4 Give an example of a ring R and ideals A and B such that 
ABCANB. . 


Solution: Let R be the ring of Worked-Out Exercise 3. Let A = B = {0,a}. 
Then AB = {0} c {0,2} =ANB.. 


© Exercise 5 Characterize all commutative rings R such that R has only two 


ideals R and {0}. 


Solution: Let R be a commutative ring such that the only ideals of R are 
Rand {0}. Now R? is an ideal of R. Thus, R? = {0} or R? = R. 

Case 1. R? = {0}. Then ab = 0 for alla,b € R. In this case, every subgroup 
of (,+) is an ideal. Hence, (R,+) has no proper subgroups and so (R, +) is 
a cyclic group of prime order by Exercise 21 (page 138). 

Case 2. R? = R. Let 04a € R. Then aB is an ideal of R. Hence, either 
aR = {0} or aR = R. Suppose aR = {0}. Let T = (a). Then T is an ideal 
of R and a € T. Thus, T = R. Now aR = {0} implies that TR = {0} and 
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hence R? = {0}, which is a contradiction. Therefore, aR = R. Thus, for all 
04#a€R, aR = R. We now show that R has no zero divisors. Let a,b be 
two nonzero elements of R such that ab = 0. Let T = {c € R | ac = O}. 
It is easy to see that T is a nonzero ideal of R. Hence, by the hypothesis, 
T = R. This implies that R = aR = aT = {0}, a contradiction to the fact that 
R = R? # {0}. Consequently, R has no zero divisors. Next, for0 4a € R, 
‘aR = R and so we find that ae = a for some e € R. Since a #0, we must have 
e # 0. Also, since R has no zero divisors, a(e*—e) = 0 implies that e? = e. Now 
for any b € R, eb = e”b implies that e(b — eb) = 0 and hence b = eb = be. This 
shows that eis the identity element of R. Also, aR = R implies that e = ab for 
some b € R. Hence, a~! exists in R. Consequently, R is a field. 

So from the above two cases we conclude that either R is the zero ring with 
a prime number of elements or R is a field. 


11.2.2 Exercises 


1. Let T(Z) = 5 : | | a,b,c € z} be the ring of all upper triangular 


matrices over Z. 


(i) Prove that J = : : | | bce z| is an ideal of T2(Z). Find the 

quotient ring T)(Z)/T. 

ii) Prove that I = we a€Z> is an ideal of 75(Z). Find the 
0 0 


quotient ring T2(Z)/I. 


2. In the ring Z24, show that J = {(0], [8], [16]} is an ideal. Find all elements 
of the quotient ring Zo4/T. 


3. Show that the set J = {a + bi/5 | a,b € Z and a — b is even} is an ideal 
of the ring Z[iV/5]. 


4, Let R be aring and a € R. Show that @R is a right ideal of R and Ra is 
a left ideal of R. 


5. Let R be a ring. Let A be a left ideal of R and B be a right ideal of R. 
Show that AB is an ideal of Rand BAC ANB. 


6. Let R be a ring such that R? 4 {0}. Prove that R is a division ring if 
and only if R has no nontrivial left ideals. 


7. Let R be a ring with 1. Prove that R has no nontrivial left ideals if and 
only if R has no nontrivial right ideals. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
19. 


. Let I), I be ideals of a ring R. Prove that I, U Ip is an ideal of R if and 


only if either 1, C Ig or Ip C Ih. 


. Let I and J be ideals of a ring R. Prove that I + J is an ideal of R and 


that J+ J = (IU J), the ideal of R generated by I U J. 


Let I be an ideal of a commutative ring R and a € R. Prove that 
(IU {a}) = fit+rat+naliel,reR, ne Z}. 
Let m and n be positive integers in Z. Prove that 


(i) (m,n) = (m) + (n) = (d), where d is the greatest common divisor of 
mand n; 


(ii) (m) AM (n) = (gq), where gq is the least common multiple of m and n. 
Find all ideals of the Cartesian product Fy x F. of two fields F, and F». 


Consider the Cartesian product ring R, x Ro of the rings R, and Rp. 


(i) If 4] is an ideal of R, and Jz is an ideal of Re, prove that J, x Ig is an 
ideal of Ry x Ro. 


(ii) Suppose R, and Rp are with 1 and J is an ideal of R; x Ro. Does 
there exist ideals J, of Ri and Ig of Ry such that [= I, x Ip? 


Let R be an ideal of a ring R. Prove that the quotient ring R/I is a 
commutative ring if and only if ab— ba € I for all a,b e€ R. 


Let T = {¢ | ¢ € Q, aand bare relatively prime and 5 does not divide b}. 
Show that T is a ring under the usual addition and multiplication. Also, 
prove that I = {% € T | 5 divides a} is an ideal of T and the quotient 
ring T/T is a field. 


Let J be an ideal of a ring R. Prove that if R is a commutative ring with 
identity, then R/T is a commutative ring with identity. If R has no zero 
divisors, is the same necessarily true for R/I? 


Let I be an ideal of a commutative ring R. Define the annihilator of I 
to be the set 


ann! = {r€ R| ra=0 for all ae J}. 


Prove that annJ is an ideal of R. 
In the ring Zo, prove that I = {[n] | n is even} is an ideal. Find annJ. 


In the ring Z|], show that J = {a+ bi | a,b € Z and a,b are even} is an 
ideal. Find ann. 
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20 


23. 


24. 


25. 


26. 


27. 


In a commutative regular ring R with 1, prove that every principal ideal 
I is generated by an idempotent and for every principal ideal I, there 
exists a principal ideal J such that R= J+J and IN J = {O}. 


Prove that every ideal of a regular ring is regular. 


Prove that a ring R is regular if and only if every principal left ideal of 
R is generated by an idempotent. 


Prove that in a commutative regular ring with 1 every finitely generated 
ideal is a principal ideal. 


In a ring R, prove that {0} is the only nilpotent ideal if and only if for 
all ideals A and B of R, AB = {0} implies AN B = {0}. 


Let R be a ring and f : R — [0,1] be such that 


f(a—b) > min{f(a), f(o)}, 
= f(d) 
for all a,b,r € R. Prove the following: 
(i) f(0) > f(a) for alla € R; 
(ii) f(a) = f(—a) for alla € R; 
(iii) for allt € Z(f), Re = {x € R| f(x) > t} is a left ideal of R; 
(iv) Ro = {ae R| f(a) = f(0)} is a left ideal of R. 
Let R be aring. A relation p on R is called a congruence relation on 
the ring R if p is an equivalence relation on R and for all a,b,c € R, apb 
implies that acpbc, capcb, and (a+ c)p(b+c). Let J be an ideal of R and 


p be the relation on R defined by apb if and only if a — 6 € I. Show that 
p is a congruence relation on R. 


In each of the following exercises, write the proof if the statement is true; 
otherwise, give a counterexample. 


(i) If {Z; | 2 € N} is a collection of ideals of R, then U;en J; is an ideal of 
R. 


(ii) Z is a subring of R, but not an ideal of R. 


(iii) If J is a nontrivial ideal of an integral domain R, then the quotient 
ring R/I is an integral domain. 
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11.3. Homomorphisms and Isomorphisms 


In this section, we introduce the ideas of homomorphisms and isomorphisms 
of rings. These concepts are the analogs of homomorphisms and isomorphisms 
for groups. 


Definition 11.3.1 Let (R,+,-) and (R’,+4+’,-’) be rings and f a function from 
R into R’. Then f is called a homomorphism of R into R! if 


f(a +b) = f(a) +’ f), 


f(a-b) = f(a)’ f() 
for alla,beE R. 


A homomorphism f of a ring R into a ring R’ is called 

(i) a monomorphism if f is one-one, 

(ii) an epimorphism if f is onto R’, and 

(iii) an isomorphism if f is one-one and maps R onto RF’. 


If f is an isomorphism of a ring R onto aring R’, then f—! is an isomorphism 
of R’ onto R. 
An isomorphism of a ring R onto RF is called an automorphism. 


Definition 11.3.2 Two rings R and R’ are said to be isomorphic if there 
exists an isomorphism of R onto R’. 


We write R ~ R’ when R and R’ are isomorphic. 

When speaking of two rings R and R’, from now on we usually use the 
operations + and - for both rings. Let f : R — R’ be a homomorphism of 
rings. Since f preserves +, f is a also a homomorphism of the groups (R, +) 
and (R’, +). Hence, we can immediately apply Theorem 5.1.2 to conclude that 
f maps 0 to 0’, ie., f(0) = 0’, and for all a € R, —f(a) = f(—a). We list 
some properties of homomorphisms in the following theorem. The proofs are 
similar to the proof of Theorem 5.1.2 and so we leave them as an exercise for 
the reader. 


Theorem 11.3.3 Let f be a homomorphism of a ring R into a ring R’. Then 
the following assertions hold. 

(i) f(0) = 0’, where 0’ is the zero of R’. 

(it) f(—a) = —f(a) for allac R. 

(iit) f(R) = {f(a) | a © R} is a subring of RP’. 

(iv) If R is commutative, then f(R) is commutative. 

Suppose R. has an identity and f(R) = R’. Then 
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(v) R' has an identity, namely, f(1). 
(vi) Ifa e R is a unit, then f(a) is a unit in R' and 


f(a)! = f(a"). & 


We point out that in (v) of Theorem 11.3.3, if f is not onto, then R’ may or 
may not have an identity. Even if R’ has an identity, the identity of R need not 
map onto the identity of R’. We illustrate this point later in Example 11.3.7. 


Definition 11.3.4 Let f be a homomorphism of a ring R into a ring R’. Then 
the kernel of f, written Ker f, is defined to be the set 


Ker f={aeR| f(a) =0'}. 
From Theorem 11.3.3, we know that 0 € Ker f. 


Example 11.3.5 The identity map of a ring R is a homomorphism. (in fact, 
an isomorphism). Its kernel is {O}. Let R and R’ be rings and f: R— R' be 
defined by f(a) = 0' for alla € R. Then f is a homomorphism of R into R’ 
and Ker f=R. 


Example 11.3.6 Let f be the mapping from Z onto Z, defined by f(a) = [a] 
for alla € Z. From Example 5.1.4, f(a +6) = f(a) +n f(b) for all a,b € Z. 
Also, f(a-b) = [ab] = [a] -p [b] = f(a) -nf(b) for all a,b € Z. Thus, f is a 
homomorphism of Z onto Z,. As in Example 5.1.4, Ker f ={qn|q«€Z}. 


In the following example, we show that if f is a homomorphism from a ring 
R with 1 into a ring R’ with 1 and f is not onto, then the identity of R need 
not map onto the identity of R’. 


Example 11.3.7 Consider the direct sum Z®Z of Z with itself (see Exercise 
17, page 283). Define f: Z> Z@Z by f(a) = (a,0) for alla € Z. From the 
definition of f, f 1s well defined. Now for alla,b € Z, f(a+b) = (a+5,0) = 
(a,0) + (6,0) = f(a) + f(b) and f(ab) = (ab, 0) = (a,0)(b,0) = f(a)(b). Thus, 
f is a homomorphism. Also, Ker f = {0}. Now f(1) = (1,0), but (1,1) is the 
identity of Z@Z. Therefore, the identity of Z does not map onto the identity 
of ZO Z. 


Consider the rings Z and Q. Suppose Z ~ Q. Then the groups (Z, +) and 
(Q,+) are isomorphic. However, this is not possible since (Z,+) is a cyclic 
group and (Q,+) is not a cyclic group. In the following example, we give 
another argument to show that Z is not isomorphic to Q. 
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Example 11.3.8 Suppose Z ~ Q. Let f : Z—>Q be an isomorphism. Then 
f(1) =1 and f(0) = 0. Let n be a positive integer. Then f(n) = f(1+---+1) 
ee —_— 


n times 


= fl) + fd) +---+ f(1) = nf(1) = nl = n. Now suppose that n is a 
negative integer. Let n = —m, where m is positive. Then f(n) = f(—m) = 
f(-l-1—- 1) =~) — FQ) —--— f0) = m(—F(0)) = mf) = 


—m1l = —m=n. Hence, f(n) =n for alln € Z. Let 0 # § € Q\Z. Since f is 
onto Q, there exists n € Z such that ¢ = f(n) =n, which is a contradiction. 
Hence, Q is not isomorphic to Z. 


In the following example, we consider two rings which look similar, but 
which are not isomorphic. 


Example 11.3.9 In this erample, we show that the ring Z[V/3| = {a + bV3 | 
a,b € Z} and the ring Z[/5| = {a+b\/5 | a,b € Z} are not isomorphic. Suppose 
there exists an isomorphism f : Z[V3] — Z[V5]. Now 3 = (0+ V3). Thus, 
f(3) = f((V3)*) = (F(V3))*. Since f is an isomorphism, we have f(1) = 
1. This implies that f(3) = 3. Hence, 3 = (f(/3))*. Since f(V3) € Z[V5], 
f (V3) =a4+bv5 for some at b/5€ Z[V5]. Therefore, 3 = (a+ by/5)? and so 
3 = a® +5624 2abV/5. If ab = 0, then 3 = a*+5b?. But there do not exist integers 
a and b such that ab = 0 and 3 = a*+5b?. Ifab 0, then /5 = dato" EQ, 
which is a contradiction. Hence, Z[W3] and Z[V5] are not isomorphic. 


The next example shows that the ring Z, and the ring Z/ (n) are isomor- 
phic. 


Example 11.3.10 Consider ideal (n) generated by a fixed positive integer 
n € Z. By Corollary 11.2.9, (n) = {qn | ¢ € Z}. The cosets of (n) in Z are 
a+(n)={at+qn|qe€Z}. Now 


Z/(n) ={a+(n)| a€ Zh. 


Define f : Zn — Z/(n) by f([a]) = at (n) for all [a] € Zz. We recall that 
f is an isomorphism of ( Zn, +n) onto (Z/(n),+) (Example 5.1.15). Now 
F ((a) n (61) = f((ab]) = ab+ (n) = (a+ (n))(b-+(n)) = F(lal) f((b)). Thus, f is 
a ring isomorphism of Z, onto Z/ (n) . 


Theorem 11.3.11 Let f be a homomorphism of a ring R into a ring R’. Then 
Ker f is an ideal of R. 


Proof. Since 0 € Ker f, Ker f # ¢. Let a, b € Ker f. Then f(a — b) = 
f(a) — f(b) = 0 — 0’ = 0 and soa—b € Ker f. Let r € R. Then f(ra) = 
f(r)- f@ = f(r)-0' =0' and so ra € R. Similarly, ar € Ker f. Hence, Ker f 
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is an ideal of R. 


In the remainder of the section, we consider isomorphism theorems which 
are parallel to those for groups (Section 5.2). 


Theorem 11.3.12 Let R be a ring and I be an ideal of R. Define the mapping 
g:R—R/I by g(a) =a+I forallace R. Theng is a homomorphism, called 
the natural homomorphism, of R onto R/I. Furthermore, Ker g =I. 


Proof. Now for alla,b € R, g(a+6) =(a+b)+T=(a+I+(6+)= 
g(a) + g(b) and g(ab) = ab+ I = (a+ 1)(b+T7) = g(a)g(b). That Ker g =I 
follows from Theorem 5.1.12 in group theory. ll 


Theorem 11.3.13 Let f be a homomorphism of a ring R onto a ring R' and 
I be an ideal of R contained in Ker f. Let g be the natural homomorphism of 
R onto R/I. Then there exists a unique homomorphism h of R/I onto R’ such 
that f =hog. Furthermore, h is one-one if and only if I = Ker f. 


Proof. Once again, we use the work already done for groups. Define 
h: R/I > R' by h(a+J) = f(a) for all a € R. We have the desired re- 
sults by Theorem 5.2.1, once we verify that h preserves multiplication. Now 


h((a + I)(b+1)) = h(ab+ J) = F(ab) = f(a) f(b) = h(a+ Da(b+J). 


The proof of the following theorem is similar to that of the first isomorphism 
theorem for groups. We omit the proof. This theorem is also known as the 
fundamental theorem of homomorphisms for rings. 


Theorem 11.3.14 (First Isomorphism Theorem) Let f be a homomor- 
phism of a ring R into a ring R’. Then f(R) is an ideal of R’ and 


R/Ker f ~ f(R). a 


We state the following theorem without proof. Its proof is a direct transla- 
tion of the proof of the corresponding theorem for groups. 


Theorem 11.3.15 (Correspondence Theorem) Let f be a homomorphism 
of a ring R onto a ring R'. Then f induces a one-one inclusion preserving cor- 
respondence between the ideals of R containing Ker f and the ideals of R' in 
such a way that if I is an ideal of R containing Ker f, then f(I) is the corre- 
sponding ideal of R', and if I' is an ideal of R’, then f—1(I') is the corresponding 
ideal of R. @ 
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An example similar to Example 5.2.13 can be developed to illustrate The- 
orem 11.3.15 

The next two isomorphism theorems for rings correspond to Theorems 5.2.8 
and 5.2.6, respectively. 


Theorem 11.3.16 Let f be a homomorphism of a ring R onto a ring R', I 
be an ideal of R such that I D Ker f, g, and g’ be the natural homomorphisms 
of R onto R/I and R’ onto R'/f(I), respectively. Then there exists a unique 
isomorphism h of R/I onto R'/f(I) such that g' of =hog. EI 


Corollary 11.3.17 Let I), Ip be ideals of a ring R such that I) C In. Then 
(R/T)/Ue/h) ~ R/Io. @ 


Theorem 11.3.18 Jf I and J are ideals of the ring R, then I/(IN J) ~ 
(I+ J)/J. 0 


11.3.1 Worked-Out Exercises 


© Exercise 1 Show that the function f : Zg — Zio defined by f([a]) = 5/a] 
for all [a] € Ze is a ring homomorphism of Zeg into Zo. 


Solution: We first show that f is well defined. Let [a] = [b] in Ze. Then 
a—bis divisible by 6. Thus, a = 6k+6 for some k € Z. Now 5a = 30k+5b shows 
that 5[a] = [5a] = [30k+56] = (30k]+10[55] = [0]+105[b] = 5[5] in Zio. Therefore, 
f({a]) = f({b]). Thus, we find that f is well defined. Let [a], [b] € Ze. Then 
f((al +6 bl) = f((a+8]) = 5fa+5] = 5((a] +10 B]) = Sla] +0510] = f(a) +10 f(6) 
and f({a|-¢ [b]) = f({ab]) = 5[ab] = 25[ab] (since Zio is of characteristic 10) = 
(5{a]) -10 (5[5]) = f(a) -19 f(b). Hence, f is a homomorphism. 


® Exercise 2 Let R be the field of real numbers. Let a be an automorphism 
of R. Show that a(z) =z forallz eR. 


Solution: Since a is an automorphism of R, a(0) = 0, and a(1) = 1. 
Let n € N. Then a(n) = a(1+1+4+---+1) = a(1) + a(1)+--- +a) = 
1+1+---+1=n. Now let m € Z and m < 0. Let n = —m > 0. Then 
a(m) = a(—n) = —a(n) = —n = m. This shows that a(z) = z for all x € Z. 
Let £ € Q. Then a(®) = a(pq7*) = a(p)a(q7*) = pa(q)"! = pq? = ©. This 
shows that a(x) = z for all z € Q. Let z € R be such that r > 0. Then z = y” 
for some y € R. Thus, a(z) = a(y”) = a(yy) = a(y)a(y) = a(y)? = 0. Now 
let a,b € R be such that a > b. Then a — b > 0. Hence, a(a — 6) > 0 and so 
a(a) — a(b) > 0, i-e., a(a) > a(b). Therefore, a is order preserving. We now 
show that a is continuous. Let ¢ € R and € > 0. Since a is onto R, there exists 
6 > 0 such that a(6) = e. Now let z,y € R be such that |x — y| < 6. Thus, 


-6<2-y<6. 
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Since @ is order preserving, 
a(—6) < a(x — y) < af). 


Therefore, 
—e<a(xr—y) <e 


and so 
—€< a(z) — aly) <e. 
This implies that 
la(z) — a(y)| <«. 


Hence, a is continuous. Now let x € R. Since Q is dense in R, there exists a 
sequence {ap} of rational numbers such that 


lim an = 2. 
n—0o 
Since a is continuous, 
a(z) = a( lim a,) = lim a(an) = lim a, = 2, 
Noo noo RCO 
proving the result. 


® Exercise 3 Let R be a ring with 1. If the characteristic of R is 0, show that 
R contains a subring isomorphic to Z. 


Solution: Let T = {nl |ne€ Z}. SinceO0 = 01 €T,T 4 ¢. Leta = 71 and 
b = m1 be two elements of T. Then a —- 6 = nl — ml = (n—m™)1 and ab = 
(n1)(m1) = (nm)1. Hence, a — b,ab € T. Thus, T is a subring of R. Suppose 
n,m, are two integers such that nl = m1. If n > m, then (n —m)1 = 0. This 
contradicts the assumption that R is of characteristic 0. Similarly, m > n also 
leads to a contradiction. Hence, n = m. Thus, we find that for each a € T, 
there exists a unique integer n such that a = n1. Hence, the mapping f : Z— T 
defined by f(n) = 11 is an isomorphism. 


Exercise 4 Let p be a prime integer. Show that there are only two noniso- 
morphic rings of p elements. 


Solution: It is known that (Zp,+p) is the only group of order p (up to 
isomorphism). Define ©; and @2 on Zp by [a] ©, [b] = [0] and [a] ©2 [6] = [ab] 
for all [a], [b] € Zp. Now ©; and ©g are well defined and (Zp,+p,©,) and 
(Zp, +p,©2) are rings. Let R be a ring with p elements. Then (R,+) ~ 
(Zp, +p). If R # (Zp, +p,@1), then the multiplication of R is not ©. Let [a] 
be a generator of (Zp, +p). Now [a]? = n[a] for some nonzero integer n. There 
exists an integer m such that mn =, 1. Let [b] = m[a]. Then [6]? = m?[a]? = 
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m?*n|a] = mla] = [b]. Let g be an isomorphism from (Zp, +p) onto (R, +). Define 
f:Z, — Rby f([u]) = ug((d]) for all [u] € Z,.Then f([u] +, [v]) = f((u+v]) = 
(u+0)9((B]) = ug((b]) + v9((6)) = F((ul) + F€lol) and flu] Oe (ol) = flue) = 
(uv)g([B]) = uvg( (2) = uvg({b])a((l) = aol (B))eg( (bl) = F([ul)f((e]). Hence, 
f is a ring homomorphism. Let c € R. Then there exists [u] € Zp such that 
g([u]) = c. Now [u] = ¢[a] for some t € Z. Thus, f([tn]) = tng([b]) = tn 
g(m[a}) = tg(mnfa]) = tg([a]) = g(t[a]) = g([u]) = c. Hence, f is onto R. Since 
|Zp| = |R|, it follows that f is one-one. Thus, f is an isomorphism. 


11.3.2 Exercises 


b 


1. Let R denote the set of all 2 x 2 matrices of the form , where a 


a 
—b 
and b are real numbers. Prove that R is a ring and the function a+ bi — 


2 : | is an isomorphism of C onto R. 


2. Define the binary operations @ and © on Z bya @b=a+5-—1 and 
a@©b=a+b~—ab for all a,b € Z. Show that (Z,®, ©) is a r‘ng isomorphic 
to the ring (Z,4,-). 

3. (i) Show that the rings R and Q are not isomorphic. 
(ii) Show that the rings R and C are not isomorphic. 


(iii) Are the rings Zg and Z3 x Z2 isomorphic? 


4, Let To(Z) = i( ss : | a,b,c € z| be the ring of all upper triangular 


5 


matrices over Z. Define f : To(Z) — Z by for all ( ; y 


Jen@, 


(i) Show that f is a homomorphism. 
(ii) Is f an epimorphism? 
(iii) Is f an isomorphism? 
(iv) Find Ker f. 
5. Does there exist an epimorphism from the ring Zo4 onto the ring Z7? 


6. Show that there does not exist a monomorphism from the ring Zg into 
the ring Zj1. 
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16. 


. Show that the ring 2Z is not isomorphic to the ring 3Z. 


. Let R be a Boolean ring. If {0} and R are the only ideals of R, prove 


that R ~ Zo. 


. Show that the ring Z is not isomorphic to any proper subring of Z. 
. Is the ring Q[V2] isomorphic to the ring Q[/3]? 


. Let f: R— S bea nontrivial homomorphism from a field R onto a ring 


S. Prove that S is a field. 


. Let R be a ring with 1. If R is of characteristic n > 0, show that R 


contains a subring isomorphic to the ring Z,. 


. Show that there exist only two homomorphisms from R into R. 


. Prove that every ring R is isomorphic to a subring of My, (R), the ring of 


nm X n matrices over R. 


. Let f be a homomorphism of a ring & onto a ring R’. Prove that 


(i) if J is an ideal of R, then f(J) is an ideal of R’; 

(ii) if J’ is an ideal of R’, then f~1(J’) is an ideal of R and f~(I’) D Ker 
f; 

(iii) if R is commutative and J and J are two ideals of R, then f(J+J) = 
f) + f(J) and fUJ) = FU) FY). 

In each of the following exercises, write the proof if the statement is true; 


otherwise, give a counterexample. 


(i) There exist only two homomorphisms from the ring of integers into 
itself. 


(ii) The mapping f : Z — Z defined by f(n) = 3n is a group homomor- 
phism, but not a ring homomorphism. 


(iii) The only isomorphism of a ring R onto itself is the identity mapping 
of R. 


(iv) Let R be a ring with 1. Let f : R - S be a ring homomorphism. 
Then f(1) is the identity element of S. 


(v) A nonzero homomorphism from a field into a ring with more than 
one element is a monomorphism. 


(vi) Every nontrivial homomorphic image of an integral domain is an 
integral domain. 
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Richard Dedekind (1831-1916) was 
born on October 6, 1831, in Brunswick, Ger- 
many, the birthplace of Gauss. He was the 
youngest of four children. 

In 1848, Dedekind went to Collegium 
Carolinum, an institution attended by Gauss, 
where he became a master in analytic ge- 
ometry, algebraic analysis, differential and 
integral calculus, and higher mechanics. In 
1849-1850, he gave private lessons in math- 
ematics. He matriculated, in 1850, at the 
University of Gottingen. 

After four semesters, in 1852 Dedekind 
completed his Ph.D. work under Gauss. His thesis was on the elements of the theory 
of Eulerian integrals. Later he determined that his knowledge in some areas of math- 
ematics was lacking for advanced study at Gottingen. He then spent the next two 
years, following his graduation, filling the gaps in his education. 

Dedekind started his teaching career in 1854. In 1855, Dirichlet succeeded Gauss in 
Gottingen. Dedekind attended his lectures on various areas of mathematics, including 
the theory of numbers, and became a close friend of Dirichlet. In 1855-1856, he also 
attended Riemann’s lectures on Abelian and elliptic functions. Thus, along with being 
an instructor, he was also a student. 

Dedekind was the first university teacher to lecture on Galois theory. He introduced 
the concept of a field, replaced the concept of a permutation group by the abstract 
group concept, and, in 1858, introduced a purely arithmetic definition of continuity. 

Dedekind is most remembered for his concept of “Dedekind cut,” which he intro- 
duced in 1872. He was criticized on this theory by mathematicians such as Kronecker, 
Weiestrass, and Russell. 

Dedekind edited the works of Gauss, Dirichlet, and Riemann. In 1871, he sup- 
plemented Dirichlet’s lectures, introducing the notion of an “ideal,” a term he coined. 
Later he developed the theory of ideals. He is also credited for such fundamental 
concepts as ring and unit. His treatises on number fields stimulated further develop- 
ment of ideal theory. Dedekind also extended Kummer’s work on unique factorization 
domains. His work on abstract algebra influenced Emmy Noether’s work on algebra. 


Dedekind died on February 12, 1916. 


Chapter 12 


Ring Embeddings 


12.1 Embedding of Rings 


Sometimes it is worthwhile to study the properties of a ring by considering it 
as a subring of some ring with more ring properties than itself. A ring without 
identity lacks important arithmetic properties, in particular, a fundamental 
theorem of arithmetic. As another example, in the ring E of even integers, we 
cannot say that 2 divides 2 since 1 ¢ E. Now E is a subring of Z and 1 € Z. In 
Z, it is true that 2 divides 2. The main aim of this section is to embed a ring 
into a suitable ring with additional properties. The main feature of this section 
is that any integral domain can be embedded in a field. The proof of this result 
yields a rigorous construction of the rational numbers from the integers. 


Definition 12.1.1 A ring R is said to be embedded in a ring S if there exists 
a monomorphism of R into S. 


From the above definition, it follows that a ring R can be embedded in a 
ring 5 if there exists a subring T of S such that R ~ T. 

In the next theorem, we show that any ring R can be, embedded in a ring 
with identity. 


Theorem 12.1.2 Any ring R can be embedded in a ring S with 1 such that R 
is an ideal of S. If R is commutative, then S is commutative. 


Proof. Set $= Rx Z. Define addition and multiplication as follows: . 


(a,m) + (bn) = (a+b,m-+n), 
(a,m)-(b,n) = (ab+na+mb,mn) 


for all a,b € R and m,n € Z. (Here na means a adds to itself n times if n is 
positive, —a adds to itself |n| times if n is negative, and 0a = 0.) Then S forms 
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a ring under these definitions of addition and multiplication, a fact we ask the 
reader to prove in the exercises. We do note that (0,0) is the additive identity 
and that (0,1) is the multiplicative identity of S. 

Consider the subset R x {0} of S. Since (0,0) € Rx {0}, Rx {0} 4 ¢. 
Also, for all (a,0), (b,0) € R x {0}, (a,0) — (6,0) = (a—b,0) € Rx {0}, and 
(a, 0) - (6,0) = (ab,0) € Rx {0}. Thus, R x {0} is a subring of S. Now for all 
(a,0) € Rx {0} and (c,n) € S, (a,0)- (en) = (ac +na,0) € Rx {0} and 
c,n) - (a,0) = (ca+na,0) € R x {0}. This proves that R x {0} is an ideal of 
S: 

Now define f : R — Rx {0} by f(a) = (a,0) for all a € R. Then 
f is an isomorphism of R onto R x {0} and so R ~ R x {0}. Therefore, 
R can be embedded in S. By identifying a € R with (2,0) € Rx {0}, 
we can regard R to be an ideal of S. To show that the commutativity of 
R implies that of S, let (a,m),(6,n) € S and R be commutative. Then 
(a,m) - (bn) = (ab+ na+mb,mn) = (ba + mb+na,nm) (since R is commu- 
tative, ab = ba) = (b,n)- (a,m). Thus, S is commutative. ll 


Our main objective in this section is to embed a ring in a field. By Theorem 
12.1.2, every ring can be embedded in a ring with identity. If S were a field, 
then S is commutative and has no zero divisors. This in turn implies that R 
is commutative and has no zero divisors. Thus, if we were to embed a ring 
R in a field S, then R must have at least these two properties, i.e., R must 
be commutative and have no zero divisors. In the next theorem, we embed a 
commutative ring with no zero divisors into an integral domain and then we 
will embed an integral domain in a field. 


Theorem 12.1.3 Let R be a commutative ring with no zero divisors. Then R 
can be embedded in an integral domain. 


Proof. Let S be the ring as defined in Theorem 12.1.2. Let A be the an- 
nihilator of R in S. Then A is an ideal of S by Exercise 17 (page 307). If 
ROA = {0}, then the natural homomorphism of R onto the quotient ring 
S/A must map R one-one into S/A, i.e., R can be embedded in S/A. We now 
show that RM A = {0} and that S/A is an integral domain. Let a € RNA. 
Then ar = 0 for all r € R. Since R has no zero divisors, a = 0. Therefore, 
RN A= {0}. Let 6+ A,c+A€ S/A. If (64+ A)( c+ A) =0+A, then bc € A. 
Thus, (bc)r. = 0 for all r € R. Suppose c+ A#0+A,ie., ¢ € A. Then there 
exists r € R such that cr ¥ 0. Since R is an ideal of S, cr € R, and for all 
s € R, bs € R. Now (cr)(bs) = (bcr)s = 0s = 0. Also, R has no zero divisors 
and cr # 0. Therefore, we must have bs = 0. This implies that 6 € A and so 
b+ A=04A. Hence, S/A is an integral domain. Ml 
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Suppose we are given the ring of integers Z and we are asked to construct 
the rational numbers from Z. We can think of any integer as 7/1, i.e., n divided 
by 1. However, we must somehow pick up the fractions which cannot be reduced 
to having a 1 for a denominator. One idea that suggests itself is to consider 
the Cartesian product Z x Z and consider the first component of the elements 
of Z x Z as the numerator and the second component as the denominator. 
However, the ordered pairs (3,2) and (6,4) are distinct. A common technique 
used in mathematics suggests putting these elements in the same equivalence 
class so that they become “equal.” This is precisely what we shall do. Let’s 
also remember not to have 0 in the denominator. 


Theorem 12.1.4 Any integral domain R can be embedded in a field. 


Proof. Let S = R x (R\{0}). Define the relation ~ on S by for all 
(a,b), (c,d) € S, (a,b) ~ (c,d) if and only if ad = bc. Then ~ is an equivalence 
relation. The reflexive and symmetric properties are immediate. Suppose that 
(a, b) ~ (e, d) and (c,d) ~ (e, f). Then ad = be and cf = de. This implies that 
adf = bcf and bcf = bde and so adf = bde. Canceling d, we obtain af = be, 
i.e., (a,b) ~ (e, f). Hence, ~ is transitive. Now ~ partitions S into equivalence 
classes. Denote the equivalence class {(c,d) € S | (c,d) ~ (a,b)} by a/b. Set 


F = {a/b | (a,b) € S}. 
Define + and - on F as follows: 


a/b+c/d = (ad+ be)/bd, 
a/b-c/d = ac/bd 


for all a/b,c/d € F. We show that + is well defined. Let a/b, c/d,a'/b’,c'/d' € 
F. Suppose a/b = a’/b! and c/d = c'/d’. Then ab! = ba’ and cd’ = dc’. Therefore, 
ab'dd’ = ba’'dd’ and cd'bb’ = dc’bb’. Hence, 


ab'dd’ + cd'bb’ = ba'dd’ + dc'bb’, . 


and so 

(ad + bc)b'd' = bd(a'd’ + Uc’). 
Thus, 

(ad + be, bd) ~ (a’'d’ + b'c’, b’d’) 
and so 


(ad + bc)/bd = (a’d' + Uc’) /b'd’. 


A similar proof shows that - is well defined. 
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The reader is asked to verify the associative, commutative, and distributive 
laws for F. The additive identity of F' is 0/b and the multiplicative identity of 
F is b/b, where b # 0. For a/b € F, the additive inverse is 


(—a)/b = a/{—b) 


and the multiplicative inverse is b/a (when a # 0). Thus, F is a field. 
We now show that R can be embedded in F. Let 


R'={a/l|aeéR}CF. 


Then RF’ is a subring of F. Define f : R — R’ by f(a) = a/1 for alla € R. 
Then a = 6 if and only ifa-1 = 1-6 if and only if a/1 = 6/1 if and only if 
f(a) = f(b). Hence, f is a one-one function. Now 


fla+b) = (a+6)/1 =(a-14+1-b)/1-1=a/1+6/1 = f(a) + f(b) 


and 

f(ab) = ab/1 =ab/1-1=a/1-b/1= f(a)- f(d). 
From the definition of f, f is onto R’. Thus, f is an isomorphism of R onto 
RCFE 


The above theorem gives another instance of the power of the concept of 
an equivalence relation. We have once again used the notion of an ordered pair 
in a fundamental manner. 


Definition 12.1.5 Let R be an integral domain. A field F is called a quotient 
field of R or a field of quotients of R if there exists a subring R, of F such 
that 

(i) R~ R, and 

(ii) for all x € F, there ezists a,b € Ry with b #0 such that x = ab7!. 


Let us now show that for the given integral domain R, the field constructed 
in Theorem 12.1.4 is a quotient field of R. Let x € F. Then z = a/b, where 
(a,b) € S. Now (a,1) € S and (6,1) € S. Thus, a/1, b/1 € R’ and a/b = 
a/1+1/b = (a/1) - (b/1)~!. Hence, F is a quotient field of R. We call F the 
quotient field or the field of quotients or R. 


Theorem 12.1.6 Let R be an integral domain and F its field of quotients. Let 
R’ be an integral domain contained in a field K' and set 


F’ = {al(b’)7) | a,b € RB FO}. 


Then F’ is the smallest subfield of K’ which contains R’ and any isomorphism 
of R onto R' has a unique extension to an isomorphism of F onto F’. 
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Proof. By Exercise 2 (page 323), F’ is the smallest subfield of K’ which 
contains R’. Let f be an isomorphism of R onto R’. Let a/b € F. If f(a) =a’ 
and f(b) = 0’, define g: F — F’ by 


g(a/b) = a'(b')~* = f(a) f(e)* 


Identifying the ring R with the set {a/1 |] a € Ry}, it is clear that f = glz. 
Now a/b = c/d if and only if ad = bc if and only if f(ad) = f(bc) if and only 
if f(a)f(d) = f(b)f(c) if and only if f(a) f(b)" = f(ce)f(d)~? if and only if 
g(a/b) = g(c/d). Therefore, g is a one-one function. From the definition of g, 
it follows that g is onto F’. Now 


g(a/b+c/d) = g((ad+ bc)/bd) 
= f(ad+bc)(f(bd))~* 
= [fla)f(d) + fa flelll ()" *f(d)~"] 
= f(a)f)* + fo fd)" 
= g(a/b) + 9(c/d) 


and 
g(a/b-c/d) = g(ac/bd) 
= flac)(F(ba)) 
= [fa@ ff)" f@~] 
= fla)fb)'fo)f@ 
= g(a/b)g9(c/d) 


for all a/b, c/d € F. Thus, g is an isomorphism of F onto F’. 
Let g’ be any other isomorphism of F onto F’ such that f = g’|z. Then 


g'(a/b) = g'(a/1- (b/1)~*) 
= g'(a/1)9'((6/1) *) 
= g'(a/1)9/(6/1)* 
= fla)f(o)~ 

g{a/b) 


for all a/b € F and so g' = g. Thus, there is a unique extension of f. Hi 


We can conclude from this result that the field of quotients F of an integral 
domain R is “the” smallest field containing R in the sense that there does not 
exist a field K such that RC K C F. 

The field F’ in Theorem 12.1.6 is called the quotient field of R’ in K. In 
view of Theorem 12.1.6 and the comments preceding it, we do not differentiate 
between the notation a/b and ab~! for the elements of F. 
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12.1.1 Worked-Out Exercises 


} Exercise 1 Let D = {§ € Q | 5 does not divide 6}. Show that D is a 
subring of Q with 1. Find the quotient field of D. 


Solution: Let a/b, c/d € D. Since 5 does not divide 6 and 5 does not divide 
d, 5 does not divide bd. Thus, (ad — bc)/bd € D and ac/bd € D. Hence, D is a 
subring of Q. Also, 1 = 1/1 € D. Since Z C D C Q and Q is the quotient field 
of Z, Q is the quotient field of D. 


Exercise 2 Let S be a ring and f a one-one func‘ on of S onto a set T. Show 
that suitable addition and multiplication can be defined on T so that T 
becomes a ring isomorphic to S under f. 


Solution: Define binary operations + and - on T as follows: Let ¢1, to € T. 
Since f maps S onto T, there exist s),s2 € S such that f(s) = ¢, and f(s2) = 
ty. Define 

t+ig = f(s1 + $2) and 
ty-t2 = f(s189). 


First we show that both these binary operations are well defined. Let ty, te, t3, ta 
€ T be such that t; = tg and tp = ty. Since f maps S onto T, there exist 
81, $2, 83,84 € S such that f(s) = t1, f(se) = te, f(s3) = t3, and f(s4) = ta. 
Therefore, f(s1) = f(s3) and f(s2) = f(s4). Since f is one-one, s; = 53 and 
89 = s4. Hence, tj +t2 = f(s1 +82) = f(s3+a) = t3+t, and t)-te = f(s182) = 
f (8384) = t3-t4. Thus, + and - are well defined. It is now a routine verification 
to show that (7',+,-) isa ring. We verify some of the properties and leave others 
as an exercise. First we show that + is associative. Now to + tz = f(s2 + 83) 
and t; +tz = f(s1 +82). Thus, ¢1+ (tg+t3) = f(s1+(s2+53)) = f((si+s2)+s3) 
(since + is associative for S) = (ti; + tg) +t3. Hence, + is associative for T. 
Also, f(0) +t: = f(0+ s1) = f(s1) = f(s1 +0) = t1 + f(0). This implies that 
f (0) is the additive identity. Similarly, we can verify the other properties of a 
ring. It is immediate that f is a homomorphism and since f is one-one and f 
maps S onto T, S is isomorphic to T. 


12.1.2 Exercises 


1. Prove the associative, commutative, and distributive laws in Theorem 
12.1.4. 


2. Let R be an integral domain, which is a subring of a field F. Let F’ = 
{ab-! | a,b € R, b ¥ 0}. Show that F” is a subfield of F. Furthermore, 
show that F’ is the smallest subfield of F which contains R. 
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. Let R and R’ be integral domains contained in fields. Set F = {ab~! | 


a,b € R, b # 0} and F” = {a't'"|| a’, b € R’, WY FA 0'}. Suppose f is 
an isomorphism of R onto R’. Prove that f has a unique extension to an 
isomorphism of F onto F’. 


. Prove that any field FR is equal to its field of quotients F in the sense that 


f(R) = F, where f is the isomorphism defined in Theorem 12.1.4. 


. Prove that isomorphic integral domains have isomorphic fields of quo- 


tients. 


. Find the field of quotients of the integral domains Z[i] and Z[V/2]. 


. Let & be a ring of characteristic n > 0 and 


Rx Zn = {(r, [m]) |r € Rand [m] € Zp}. 
Define + and - on R x Z, by 


(a, [m]) + ©, [4]) (a+6,[m +), 
(a, {mJ} - (6, [4]) = (ab, [m#]) 


for all a,b € R, [ml], [t] € Z,. Prove that 


(i) the above two operations are well defined, 
(Gi) (R x Z,, +, -) is a ring with 1, 
(iii) (R x Z,,+,-) is of characteristic n, 


(iv) there exists a monomorphism from FR into (R x Zn,+4,°). 


. Let S and R’ be disjoint rings with the property that S$ contains a subring 


S” such that there is an isomorphism f’ of S’ onto R’. Prove that there 
is a ring R containing R’ and an isomorphism f of S onto R such that 


f' = flee. 
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David Hilbert (1862-1943) was born 
on January 23, 1862, in Konigsberg, Ger- 
many. Hilbert’s inclination toward mathe- 
matics is believed to be due to his mother. 
He attended the University of Kénigsberg 
from 1880 to 1884, and received his Ph.D. 
in 1885. 4 

Heinrich Weber, Richard Dedekind’s col- 
laborator on the theory of algebraic func- 
tions, was a professor at the University of 
Konigsberg while Hilbert was a student. In 
1883, after Weber left, Lindeman was ap- 
pointed as his successor. Lindeman’s influ- 
ence caused Hilbert to become interested in 
the theory of invariants. 

Hilbert proved the famous Hilbert basis theorem—that is, if every ideal in a ring R 
has a finite basis, then so does every ideal in the polynomial ring R[z]. Hilbert’s results 
connected the theory of invariants to the fields of algebraic functions and algebraic 
varieties. He also proved the Hilbert irreducibility theorem. 

Hilbert also worked on algebraic number theory. This work centers on the reci- 
procity law, developed from Gauss’s law of quadratic residues. 

In 1893, Hilbert, along with Minkowski, was assigned to prepare a report on num- 
ber theory. Minkowsky soon withdrew from this project. Hilbert summarized the 
known results in Zahlbericht. For half a century, it was a bible for anyone interested 
in learning algebraic number theory. In 1899, Hilbert published Grundlagen der ge- 
ometrie, which went into its ninth edition in 1962. After 63 years, the book was still 
being read, although it was slowly modernized. 

In 1900, while addressing the International Congress of Mathematicians on mathe- 
matical problems, Hilbert introduced 23 problems. These have since stimulated math- 
ematical investigations. 

Dirichlet’s principle, which was used in boundary value problems, had been dis- 
credited by Weierstrass’s criticism. Hilbert salvaged Dirichlet’s principle by proving it 
in 1904. 

Hilbert worked on algebraic forms, algebraic number theory, foundations of geom- 
etry, analysis, and theoretical physics. Many of his students became famous mathe- 
maticians, including Herman Wey!. Hilbert died on February 14, 1948. 


Chapter 13 


Direct Sum of Rings 


In this chapter, we construct some new rings from a given family {R; | 7 € I} of 
rings. For this purpose, we introduce the complete direct sum, the direct sum, 
and the subdirect sum of this family. The results developed in this chapter 
also help us to obtain structure results of rings. 


13.1 Complete Direct Sum and Direct Sum 


Let {R; |i € I} bea family of rings indexed by a nonempty set J. The Cartesian 
product II{R; | i € I} of the sets R, is the set of all functions f : J —> U{R; | 
i € I} such that f(t) € R; for allie J. Let f,g EM{R,; | 1 eI}. Define f +g, 


fg by 
(f+ 9% f(t) + g(t) 
(f9)(@) = F(é)g() 

for alli € J. Then f +g, fg € II{R, | i € I}. It can be easily verified that 
II{R; |  € I} together with the above two operations is a ring. This ring is 
called the complete direct sum of the family of rings {R; | 1 € I} and is 
denoted by Ilje7R;. The zero element of Il,<;R; is the function 0 : J —> U{R; 
| « € I} defined by O(z) = 0;, the zero element of Rj, for alli € I. The additive 
inverse of f € Iie; R; is the function —f : J —+ U{R; | 1 © I} defined by 
(—f)(2) = —f(t) € R; for alla € I. Let f € Wier R; and let f(z) = a; € R; 
for alli € I. Usually f is identified with the image set {a; | ¢ € I}. Using this 
notation, the above two operations can be defined by 


fa, |ie€I}+{b ier} = {a+b lie T} 
fa; |ieI}-{b |ie I} {aib; | i € I} 
for all a;,b; € R; for all i € J. 
Suppose now that J is a finite set, say, J = {1,2,...,n}. In this case, the 


complete direct sum is denoted by @;¢7R; = Ri @Ro@::-GR, and an element 
{a; | 7 € I} is usually written as an n-tuple (a1,@2,...,@n) . 
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Definition 13.1.1 The direct sum of a family of rings {R; | 1 € I}, denoted 
by Bier R;, ts the set 


Berk, = {{a; |i el} eMerR; | a; £0 for at most finitely many i € I}. 


Theorem 13.1.2 Let {R; | i € I} be a family of rings. Then 
(i) Bier R; is a subring of the complete direct sum of rings Tier Ri; 
(ii) for allk ET, the function i, : Ry — @icerR; defined by 


in(a) = {{a; | EI} | a, =0 for alli Ak and a, =a} 


for alla € Ry, is a monomorphism of rings; 


(iit) for allk ET, 14( Ry) is an ideal of Bie, Ri. 


Proof. (i) Let {a; |i € I} and {b; | i € I} be two elements of @je7R;. Since 
a; ~ 0 for at most finitely many i € J and 6; # 0 for at most finitely many 
i € TI, it follows that a; — 6; 4 0 for at most finitely many 7 € I and a,b; # 0 
for at most finitely many 7 € I. Hence, {a; |i € I} — {b; |i € I} € @iesR; and 
{a; |i Ee I}{b; | ie I} € Gey R;. Thus, @ic)R; is a subring. 

(ii) Let a,b € Ry. Then i, (a + b) = {{a; |i € I} | aj = 0 for all2 4k and 
a, =a+b}= {{a, |i eI} | a, =0 foralli Ak and a) =a}+ {{b |i eI} | 
b, = 0 for allt A k and b, = b} = i, (a) + tg(b). Similarly, ¢,(ab) = ¢,(a)i,(b). 
Thus, i, is a homomorphism. By the definition of ¢,, we find that 7, is one-one. 
Hence, 7, is a monomorphism. 

(iii) Since 7% is a monomorphism, i,(R,) is a subring of Oc, R;. Let {b, | 
t€ I} € @erR; and {a; | i € I} € ip( Ry). Since a; = 0 for alli # k, ba; = 0 
for alli # k. Also, for i = k, by, ax € Ry. Therefore, bya, € Ry. Thus, {b; | 
i € I}{a; |i € I} € i, ( Ry), proving that 7,(R,) is a left ideal. Similarly, {a; | 
iE T}{b; |2 eI} €2,(R,). Hence, ¢,(R,) is an ideal. 


By Theorem 13.1.2, we find that R,, is isomorphic to the subring 7;,(R,) of 
@ie1R;. Identifying Ry, with 7,(R,), we can say that @ic7R; contains R, as an 
ideal. 

Let J = {1,2,...,n} and {R; |i € I} bea finite family of rings. From the 
definition of direct sum, it follows that the complete direct sum and the direct 
sum of this family is the same. Hence, by Theorem 13.1.2, we can say that the 
direct sum, R; 6 Ro @---@ Rp, contains each of R1, Ro, ..., Ry as an ideal. 

We now investigate the conditions under which a ring R is isomorphic to a 
direct sum of a family of ideals (considering each ideal as a ring) of R. 


Definition 13.1.3 Let I be a finite nonempty set, say, {1,2,..., n}, and {A; 
|i € I} be a family of ideals of a ring R. Then the sum of this finite family, 
denoted by Svjcz Ai, is the set 


S0 A; = {a1 +aQ+-++++ an |a7 CA FH 152, vc ahs 
ie] 
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If I is empty, then let us take jc; Ai = {0}. 


If J = {1,2,..., mn}, then we also use the notation A, + Az +---+ An to 
denote the sum )0j<; Ai. 
We leave the proof of the following theorem as an exercise. 


Theorem 13.1.4 Let {A; |i © I} be a finite family of ideals of a ring R. Then 
(i) Vie Ai is an ideal of R, 
(it) Ay C Dyer Ay for allie I, 
(iit) if A is an ideal of R such that A; C A foralli € I, then );,-; A; C A. 


Definition 13.1.5 Let {A; | i € I} be a family of ideals of a ring R, where I 
is finite or infinite. Then the sum of this family, denoted by }),-; Ai, 18 the set 


S> Ai ={aeR|ac S A; for some finite subset Ip of I}. 

ier 1€Ig 
Theorem 13.1.6 Let {A; | i € I} be a family of ideals of a ring R. Then 
Mier Ai 18 an ideal of R. 


Proof. Since 0 € Vier Ais Dicer Ai F GO. Let a,b € Vic, Aj and r € R. 
Then a € Yijc7, Ai and b € S7ie7, Ai for some finite subsets J] and Ip of I. Let 
Iz = I) Uln. Then a,b € SOicz, Ai. By Theorem 13.1.4, S’;¢7, Ai is an ideal 
of R. Hence, a — b, ar, ra € Sic, Ai. Thus, a — 6, ar, ra € Diie, Ai and so 
Dies Ai is an ideal of R. lm 


Definition 13.1.7 Let {A; | 1 € I} be a finite family of ideals of a ring R. A 
sum vier Ai of {A; | 1 € I} 18 called a direct sum if for allk € I, 
Agn S> A; = {0}. 
i€I, i¢tk 
Lemma 13.1.8 Let {A; | 1 € I} be a finite family of ideals of a ring R. If 
Dicer Ai ts a direct sum, then for alla € Ap, b€ Al, k #1, ab=0. 


Proof. Let a€ Ay,b€ Aj, and k #1. Since Ay and A; are ideals, ab € Ay 
and ab € A;. Since Ay © Wier, ize Ai, 2b © Vier, i¢e 4c. Therefore, ab € 
Ag Siecr, ize Ai- Since Vie; Ai is a direct sum, Ag Q Vics, i¢e Ai = {0}- 
Hence, ab = 0. 


Theorem 13.1.9 Let {A; | i € I} be a family of ideals of a ring R, I = 
{1,2,...,n}. Then the following conditions are equivalent. 
(i) Miey Ai t8 @ direct sum. 
(ti) ay tag++-- +a, =0, a; € Ai, 1 ET, implies that a; = 0 for allie I. 
(iti) Each element a € >°,<; Ai is uniquely expressible in the form 
a=a,+agt---+4n, 


where a; € Aj, ie I. 
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Proof.  (i)= (ii) Let a] + ao +-+- +a, =0, a; € Aj, i ET. Let k € J. Now 


04 = 0, tan +-+-+a4-1+ Any, +-+-+an€ ARM SY) A; = {0}. 
i€l, i#k 


Hence, a, = 0. 
(ii) (iii) Let a = a) + ag +--+ +a, = by +62 +---+b,, where a;,b; € A; 
for all 1 € J. Then (a; — b;) + (a2 — bg) + --- + (Qn — bn) = 0. Hence, by (ii), 
a; —b; = 0 for alli € IJ, ie., a; = b; for alli € I. 
(iii) (i) Let a € ANY ser, ize Ai Then there exist a; € Aj,i=1,2,...,n, 
such that 
Q2=Qp =, +GQg+---+ Gg_1 + Opa +--+ +Gn. 


This implies 
a, +ag+-+++ag_1 + (ax) + apg + ++> + an = 0. 


Also, O0+0+.---+0 = 0. Therefore, by (iii), a; = 0 for all z € I since 0 is 
uniquely expressible as a sum of elements of A;. Thus, Ag Vier, inn Ai = {0} 
and so )0;<, A; is a direct sum. 


Definition 13.1.10 A ring R is said to be an internal direct sum of a finite 
family of ideals {A,,A2,..., An} if 

(i) R= A, +Ag+---+An and 

(ti) Ay + Ag+---+ Ap is a direct sum. 


Theorem 13.1.11 Let R be a ring and {A; | i € I} be a finite family of ideals 
of R. If R is an internal direct sum of {A; | 1 € I}, then 


R~ @ier Ai. 
Proof. Let J = {1,2,...,n}. Suppose R is an internal direct sum of ideals 
Aj, Ag, ...,An. Let a € R. Then a is uniquely expressible in the form a = 


a, + a2 ++--+an, where a; € A;, 2 € I. Now (a1, a2,...,@n) € Bic Ai. Define 
f:R- ic Ai by 
f(a) = (a1, @2,...,@n). 

Let a,b € R. Then there exist a;,6; € A;, 7 € I such that a =a, +a9+-:-+apn 
and b = b} +b9+-:-+b,. Now a = dif and only if aj +ag+---+a, = bd, +b94+ 
---+6, if and only if a; = 6; for allt € J if and only if (a), a2, ..., an) = (b1, be, 

.., bp) if and only if f(a) = f(b). This shows that f is a one-one function. 
Let (a1, 42, ..., Qn) € @ierA;. Then a = a, +a2+---+@n € Vijcy A; = R and 
f(a) = (a1, a2, ..., dn). Hence, f is onto @j¢7A;. Finally, we show that f is a 
homomorphism. Since a + b = (a; + 6) + (a2 + be) +--+ + (an + bn), we have 
f(a +b) = ((a; +61), (a2 +b), ..., (@n +bn)) = (a1, 02, .--, Gn) + (b1, 52, --., 
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bn) = f(a) + f(b). By Lemma 13.1.8, for all i,j € I, i # J, ab; = 0. From this, 
it follows that ab = ab; + agbg + --- + @nbp. Thus, f(ab) = (a 1b), aabe, ..., 
Anbn) = (41,42, ..., @n)(b1, b2, ..., bn) = f(a) f(b). Hence, f is an isomorphism 
of R onto @ic,A;, proving that R~ @ic7A;. 


If R is an internal direct sum of ideals A,, Ag,..., An, then we identify R 
with @j¢; A; and we usually write 


R=A,@ A, @---@An. 


Let us now characterize the direct sum of ideals of a ring R with 1 with the 
help of idempotent elements. 


Theorem 13.1.12 Let R be a ring with 1 and {Aj, Ag, ...,An} be a finite 
family of ideals of R. Then R = A, @ Ao ®--- PB Ap if and only if there exist 
idempotents e; € Aj, i=1,2,..., 7, such that 

(i) l= e, tHeg+---+en, 

(ii) Re; = A; for alli =1,2,..., , and 

(iii) ee; = ese; = 0 fori Fj. 


Proof. Let R= A,@A2@:--@ An. Now 1€ R. Thus, there exist e; € Aj, 


1=1,2,...,n, such that 1 =e) +e9+---+e,. Then e; = eye; + ege; +--- + 
ef +--+ + ene; By Lemma 13.1.8, eje; = 0 for all 7 #4 i. Hence, e; = e?, ie., 
e; is an idempotent for alli = 1,2,..., n. Since e; € A; and <A; is an ideal, 


Re; C A;. Let a € A;. Then 
a=al=ae,+ae,+---+ae, = ae; € Re; 


since by Lemma 13.1.8, ae; = 0 for all 7 #7. Thus, A; C Re;. Therefore, we 
find that Re; = Aj. 

Conversely, assume that there exist idempotents e; € A;,i = 1,2,..., 7, 
satisfying the given conditions. Let a € R. Thena = al =a(e,+e2+-:-+en) = 
ae, + aeg +--- + ae, € Re, + Rep +--+ Ren C Ay + Ag +--> + Ap. 
Hence, R = A, + Ap +---+ A,. Let us now show that this sum is direct. 
Let a € A; NM (Ay + Ag +--+ + Aja + Aigi +--+: + An). Then there exist 
Q),02,...,4, € R such that ase; = a = aye, + +--+ @y_1e;_] + ayyieigi+ 
+++ + Gpen. Thus, a = a,e; implies that ae; = aje? = aie; = a anda = 
aye; +--+ + a;-16;-1 + Gi41€i41 +---+anen implies that ae; = ajeje; +---+ 
Qj-1€4-1€; + 14161410: +++ + Gnene; = a0+---+a0 = 0 (since by (iii), ese; = 0 
for i #7). Hence, a = 0, proving that R= A) @A2@®---@ Ap. OF 


Let us now consider another type of subring of the complete direct sum 
Ile; R; of a family of rings {R; | i € J}. For this, let us note that the mapping 
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tw, : Wier R; —> Ry defined by 
me ({a; |i € I}) = a, 


is an epimorphism of the ring I;¢7R; onto the ring Ry. a, is called the Ath 
canonical projection. 


Definition 13.1.13 A subring T of Ilje7R; is called a subdirect sum of the 
family of rings {R; |i € I} if a,|p (the restriction of x, to T) is an epimorphism 
of T onto R;. We denote T by ®3.,;Ri. 


Theorem 13.1.14 A ring S is isomorphic to a subdirect sum of a family {R; 
|< € I} of rings if and only if S contains a family of ideals {A; | i € I} such 
that Mic Ai = {0}. 


Proof. Suppose S is isomorphic to a subdirect sum of a family {R; | 2 € 
I} of rings. Then there exists a subring T of TierR; such that S ~ T and 
T= Of-,Ri. Let a be the isomorphism of S onto T. Then ma: S$ —> R; is 
an epimorphism. Let A; = Ker a;a. Then A; is an ideal of S. Let a € Myer Aj. 
Then (m;a)(a) = 0 for all ¢ € J. Thus, 1;(a(a)) = 0, ie., the ith component of 
a(a) is 0 for all 1 € J. Hence, a(a) = 0. Since @ is one-one, a = 0. This proves 
that NicrA; = {0}. 

Conversely, suppose S contains a family of ideals {A; | « € J} such that 
NicrA; = {0}. Consider the family {S/A; | « € I} of quotient rings. Let 
R= Iie, $/A;. Define 6: S — R by 


Bla) = {a+ A; |i ET} 


for all a € S. Then @ is a homomorphism. Let a € S. Now a € Ker £ if and 
only if G(a) = 0 if and only if a+ A; = 0 for all i € I if and only if a € A; for 
all i € J if and only if a € Mie, A; if and only if a = 0. Therefore, Ker G = {0}. 
Thus, @ is a monomorphism. Let (5) = T. Then T is a subring of R and also 
m,|7 is an epimorphism. 


13.1.1 Worked-Out Exercises 


® Exercise 1 An idempotent e of a ring R is called a central idempotent 


ife € C(R). 

Let R be a ring with 1 and e be a central idempotent in R. Show that 
(i) 1 —e is a central idempotent in R; 

(ii) eR and (1—e)R are ideals of R; | 

(iii) R=eR@(1-e)R. 
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Solution: (i) (1—e)(l—e) =l1-e-et+te?=1—e-et+e=1-~e. Also, 
for alla € R, a(1 —e) = a—ae = a-— ea = (1—e)a. Hence, | — e is a central 
idempotent. 

(ii) Now eR is a right ideal of R. Let a € R. Then a(eR) = (ae)R = (ea)R 
(since e € C(R)) = e(aR) C eR. Hence, eR is also a left ideal. Thus, eR is an 
ideal of R. Similarly, (1 — e)R is an ideal of R. 

(iii) Leta € R. Then a = ea+a-—ea=ea+(l—ejac eR+(1—e)R. 
Hence, R = eR+(1—e)R. Suppose b € eRM(1—e)R. Then there exist c,d € R 
such that b = ec = (1 —e)d. Hence, eb = ec = ec = b and eb = e(1—e)d = 
(e —e”)d = (e —e)d = 0. Thus, 6=0. As aresult, R=eR@G(1—e)R. 


© Exercise 2 Let A and B be two ideals of a ring R such that R= AQ®B. 
Show that R/A~ Band R/B~ A. 


Solution: Let z € R. Then x can be uniquely expressed as x = a+b, where 
aéAandbe B. Define f: R— B by f(r) =b. Clearly f is well defined. Let 
be B. Then b =0+6€ A+B. Hence, f(b) = 6, which shows that f is onto B. 
Let x,y € R. Then there exist a1,a9 € A and bj, bg € B such that x = a, +d} 
and y =a, +bo. Nowr+y =a, +0, +ag+b2 = (a1 + a2)+ (by + b2) E€A+B 
and zy = (ay +b,)(a2+52) = 0109+ a,bo+ byao+ b, bo. Since a;bo, bjag € ANB 
and AN B = {0}, a;b2 = 0 and bja2 = 0. Therefore, ry = aja2+ bjbp EC A+B. 
Hence, f(z + y) = b, + bo = f(x) + fly) and f(ry) = bibe = f(z) f(y). Thus, 
f is an epimorphism. Therefore, by the first isomorphism theorem (Theorem 
11.3.14), R/Kerf ~ B. Let c € Ker f. Then f(x) = 0. Since z € Ker f C R, 
there exist a € A and b € B such that z = a+b. Now f(z) = b and this implies 
that b = 0. Therefore, z = a € A and so Ker f C A. On the other hand, let 
aé€ A. Thena=a+0¢€A+B. Therefore, f(a) = 0 and soa € Ker f. Thus, 
AC Ker f. Hence, A = Ker f and so R/A ~ B. Similarly, R/B ~ A. 


Exercise 3 Let R = R,@R2@---OR, be the direct of sum of rings Ri, Ro,..., 
R, and 1 € R. Show that an element a = (a),a2,...,@n) € Risa unit if 
and only if a; is a unit in R; for alli =1,2,...,n. 


Solution: Since1¢€ R= Ri OR2@---PORyz, 1 = (e1, €2,...,en), where e; 
is the identity of R; for alli = 1,2,...,n. Suppose a = (aj,a2, ..., Qn) € Ris 
a unit. Then there exists b = (bi, be, ..., bn) € R such that ab = 1 = ba. Thus, 
(a1, QQ, .-. , An) (b1, be, tang bn) = (€1, €2, saay Cn) _ (b1, bg, sang by )(a1, a2, sang 
ay). From this, it follows that a,b; = e; = bja,; for allt = 1,2,...,n. Hence, a; 
is a unit in AR; for alli =1,2,...,n. Conversely, assume that a; is a unit in R; 
for alli = 1,2,...,n. Thus, there exists b; € R; such that a;b; = e; = b,a; for 
alli = 1,2,..., n. Let 6 = (dy, b2,...,bn). Then ab = 1 = ba, proving that a is 
a unit. 
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~ Exercise 4 Let R be a direct of sum of rings R,, Ro,...,R, with iden- 
tity. Let A be an ideal of R. Show that there exist ideals A; in R,, 
i=1,2,...,n, such that A= A; @ A. @---@ Az. 


Solution: For all k, 1 <k <n, define a, : @R; — Ry by 
ay, ((@1,2,..-,An)) = Ae 


for all (a1,a2, ...,@n) € @R;. It can be easily verified that a, is an epi- 
morphism. Let a,(A) = Ax. Then A, is an ideal of Ry. We now show that 
A= A,@A2@-:-@Apn. Let a = (a1, 02, ...,an) € A. Now az(a) = ay € Ag. 
Therefore, a € Aj @ A2 ®--:@® A, and so A C Aj @ Ap @-:- @ An. Sup- 
pose now that 6 = (b1,62,...,b,) € Ai ® Az ®---@® An. Then b € Ay = 
a,,(A). Therefore, there exists an element a = (a1,42,...,@%-1, be, @k41,---, 
an) € A. Now (0,0,...,0,54,0,...,0) = (0,0,...,1,...,0)(a1,a2,..., ax—1, dr, 
Qk+1,---, Qn) € A for all k = 1,2,...,n. Hence, (61, b2,...,bn) = (01,0,..., 
0)+ (0, b2,...,0)+---+ (0,0,...,5,) € Ashowing that Ai @A2®---@A, CA. 
Thus, A= A; ®A2@---@ Ap. 


® Exercise 5 Let R be a ring with 1. Suppose that A and B are ideals of R 
such that R= A+ B. Show that 


R/(AN B)~ R/AGR/B. 
(This result is known as the Chinese remainder theorem for rings.) 
Solution: Define f : R ~ R/A® R/B by 
f(z) =(a@+A,r+ B) 
for all c € R. Let z,y € R. Then 


f(x+y) ((z+y)+A,(z+y)+B) 

(z+ A) + (y+ A), (e+ B)+(y+B)) 
(c+ A,r+B)+(y+A,y+B) 
f(x) + f(y). 


Similarly, f(cy) = f(z)f(y). Hence, f is a homomorphism. Now R = A+B 
implies that 1 = a+b for some a € A and 6 € B. Thus,a+B=(1-b)+ B= 
(1+ B)+(—b+B)=1+B since —b € B. Similarly, b+ A =1+A. Let (4+ A, 
y+ B)¢€ R/A®R/B. Now rb+ ya € R. Therefore, 


f(ab+ ya) ((xb + ya) + A, (xb + ya) + B) 
= ((2b+ A)+(ya+ A), (b+ B) + (ya+ B)) 
= ((2b+A)+(0+ A), (0+ B)+(ya+B)) (since a € A, b€ B) 
= ((cb+ A) ,(ya+ B)) 
= ((c+ A)(b+ A), (y+ B)(a+ B)) 
= ((¢+A)(1+A),(y + B)(1 +B) 
= (r+A,yt+B). 


I! 


i 
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Hence, f is an epimorphism. By the first isomorphism theorem (Theorem 
11.3.14), 
R/Ker f = R/A@G R/B. 


We now show that Ker f= ANB. 


{rE R| f(x) =0} 

= {ze€R|(z+A,c+B)=(A,B)} 
= {f€R|cr+A=Aandc+B=B} 
= {f€R|reA andzeB} 

= {fEeR|rE ANB} 

ANB. 


Ker f 


Consequently, R/(AN B) ~ R/A® R/B. 


13.1.2 Exercises 


1. Let R= Ri @R2@O---@R, be a direct sum of rings. If A; is an ideal of 
R;, (1 <t <n), prove that A = A; © Az ®--- @ Ap is an ideal of R. 


2. Let R be a direct of sum of rings Ri, R2,..., R, with 1. Let A be an 
ideal of R. Show that there exist ideals A; of R;,i = 1,2,...,n, such that 
A=A,@A20---@A, and 


R/A o R,/Ay is) Ro/ Ae e::-@ Rf An. 
3. Show that the ring Z cannot be expressed as a direct sum of a finite 
family of proper ideals of Z. 


4. If m and n are two positive integers such that gcd(m,n) = 1, prove that 
Zmn ~ Zm ® Zn- 


Chapter 14 
Polynomial Rings 


The study of polynomials dates back to 1650 B.C., when Egyptians were solving 
certain linear polynomial equations. In 600 B.C., Hindus had learned how to 
solve quadratic equations. However, polynomials, as we know them today, i.e., 
polynomials written in our notation, did not exist until approximately 1700 
A.D. 

About 400 A.D., the use of symbolic algebra began to appear in India and 
Arabia. Some mark the use of symbols in algebra as the first level of abstraction 
in mathematics. 


14.1 Polynomial Rings 


An important class of rings is the so-called class of polynomial rings. We are all 
familiar with polynomials. We may be used to thinking of a polynomial as an 
expression of the form ap -+a,;2+--- +a,2", where x is a symbol and the a; are 
possibly real numbers, or as a function f(z) = ag +ayx+---+a,2". However, 
does one really know what a polynomial is? What really is the symbol x? Why 
are two polynomials agp + a,x +--+ +a,2" and bg + b)2+ ---+),2™ equal if 
and only ifn =m and a; = 6;,7 = 1,2, ..., n? In this section, we answer these 
questions and give some basic properties of polynomials. 


Definition 14.1.1 For any ring R, let R[x] denote the set of all infinite se- 
quences (a9,@1,@2, ...), where aj € R, i = 0,1,2, ..., and where there is a 
nonnegative integer n (dependent on (ag,a1,a2, ...)) such that for all integers 
k>n, a, =0. The elements of R(x] are called polynomials over R. 


We now define addition and multiplication on R[z] as follows: 


(ao, @1,@2,...) + (bo, 51, b2,...) = (@o+ bo, a1 + b1, a2 + be,...) 
(a0, @1, @2,...) - (bo, b1, b2,...) = Connor ee oo nme 
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where 


j 
cj = Sab; for 7 =0,1,2,... 
1=0 


We leave it to the reader to verify that (R[z],+,-) is a ring. We do note 
that (0,0,...) is the additive identity of R[x] and that the additive inverse of 
(ao, @1,-.-) is (—a9, —a1,...). The ring R[z] is called a ring of polynomials 
or a polynomial ring over R. It is clear that R{z] is commutative when R is 
commutative. Also, if R has an identity 1, then R[x] has an identity, namely, 
(1,0,0,0,...). 

The mapping a — (a,0,0,...) is a monomorphism of R into R[z]. Thus, R 
is embedded in R[z]. Therefore, we can consider R as a subring of R[z] and we 
no longer distinguish between a and (a,0,0,...). 

We now convert our notation of polynomials into a notation which is more 
familiar to the reader. 


Let 
a =az® denote (a,0,0,...) 
az = az‘denote (0, a,0,...) 
az” denote (0,0,a,...) 
Then 


(ao, @1, A2,.--,@n,0,...) = (ao, 0,0,...) + (0,a1,0,0,...)+--- + (0, ..., 0, 
Qn, 0,...) = an + a2 + agz? +--+ +anz". 

The symbol z is called an indeterminate over R and the elements ao, a1, 
..., Qn Of R are called the coefficients of ag + a,x + agar? + ---+an2”. 

The reason two polynomials ag+a,z+--- +a,2" and bop + bya+ --+ +b_2™ 
are equal if and only if n = m and a; = };, i = 1,2, ..., n, is that the two 
sequences (ag,@1, ...) and (bg, 61, ...) are equal if and only if a; = b;, 1 = 1,2, 
.... (One must recall that an infinite sequence of elements of R is a function 
from the set of nonnegative integers into R. Consequently, the concept of an 
ordered pair is again being used to give a rigorous definition of a mathematical 
concept.) 

If R has an identity 1, then we can consider z an element of R{z]. We do 
this by identifying 1z with z, i.e., (0,1,0, ...) is called z. 

The reader can check that the definitions of addition and multiplication of 
two polynomials are the familiar ones. Thus, when FR has an identity, ar = 


(a,0,0,...)(0,1,0,...) = (0, a,0,...) = (0,1,0, ...)(@,0,0, ...) = za. 


Theorem 14.1.2 (i) If R is a commutative ring with 1, then R[zr] is a com- 
mutative ring with 1. 
(ii) If R is an integral domain, then R[a] is also an integral domain. 
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Proof. (i) Let f(x) = agp +a,z+ --- +anz” and g(x) = b9 +0)24+--- +bn2™ 
be two elements in R{z]. Let f(x)g(z) = co + cia +--+: + a! and g(x) f(z) = 
dg +djx+---+d,x°. Now Cj = yo 4 aid; and d; = yan biaee: Since R is 
commutative, c; = agbj + a1bj-1 +++: +ajbo = boa; +b1a;-1 +--+: +b;a9 = d; 
for all 7 =0,1,2,.... Thus, R{z] is a commutative ring. Since 1 € R, 1 € Riz] 
and 1f(x) = f(z)l = f(z) for all f(z) € Riz]. Hence, R[x] is a commutative 
ring with 1. 

(ii) Let R be an integral domain. Then by (i), R[z] is a commutative ring 
with 1. Let f(x) = a9 + az +--+ +anz” and g(x) = bop + biz+ --- +bn2™ 
be two nonzero polynomials in R{z]. Then there exist a; and b; such that 
a; #0, 6; #0, ary, = 0, and 654, = 0 for all ¢ > 1. Consider the polynomial 
f(z)g(x) = co tee +-++ + enpme™t™. Now ci4; = agbi4; + arbigj;-1t + 
ajbj + +--+ a;43b9 = a,b; # 0 since R is an integral domain. This implies that 
f(x)g(x) # 0. Thus, Riz] is an integral domain. ll 


Definition 14.1.3 Let R be a ring. If f(x) = agp +a,r+ ---+anz", an #0, ts 
a polynomial in R[z], then n is called the degree of f(x), written deg f(x), and 
ay, is called the leading coefficient of f(x). If R has an identity and a, = 1, 
then f(x) is called a monic polynomial. 


The polynomials of degree 0 in R[x] are exactly those elements from R\{0}. 
0 € R[z] has no degree. We call the elements of R scalar or constant poly- 
nomials. 


Theorem 14.1.4 Let Riz] be a polynomial ring and f(x), g(x) be two nonzero 
polynomials in Riz]. 

(i) If f(z)g(x) #0, then deg f(z)g(x) < deg f(z) + deg g(z). 

(it) If f(«) + (z) £0, then 


deg( f(x) + 9(x)) < max{deg f(z), deg g(z)}. 


Proof. (i) If f(z) = ag +ayr+ --- tanz” and g(x) = bop +b) 24+ ---+bn2™, 
then f(x)g(x) = agbp + (apd) +.a1b9) zt +--+ +anbma™t™. If f(z)g(x) # 0, then 
at least one of the coefficients of f(x)g(x) is nonzero. Suppose anbm # 0, then 
deg(f(z)g(z)) =n +m = deg f(x) + deg g(x). If and» = 0 (which can hold if 
RF has zero divisors), then deg(f(x)g(x)) < deg f(x)+ deg g(z). 

(i) Ifdeg f(x) > deg g(x), then deg(f(x)-+9(2)) = max{deg f (2), deg g(=)}. 
If deg f(x) = deg g(x), then it is possible that f(x) + g(x) = 0 or deg(f(x) + 
g(x)) < max{deg f(z), deg g(x)}. We leave the details as an exercise. Ml 


From the proof of Theorem 14.1.4(i), it is immediate that if R is an integral 
domain, then equality holds in (i). 
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Example 14.1.5 Consider the polynomial ring Ze[z]. Let f(x) = [1] + [2]z? 
and g(x) = (1]+(3]z. Then f(x)g(x) = [1]+[3]z+[2]z?. Hence, deg (f(x)g(z)) = 
2 < 3 = deg f(z) + degg(x). Let h(x) = [5] + [4]x?. Then f(x) + h(z) = 
[6] + [6]z? = [0] and so deg(f(z) + h(x)) is not defined. 


Theorem 14.1.6 (Division Algorithm) Let R be a commutative ring with 
1 and f(x), g(x) be polynomials in Rix] with the leading coefficient of g(x) a 
unit in R. Then there exist unique polynomials q(x), r(x) € Riz] such that 


f(x) = a(z)g(z) + r(z), 


where either r(x) = 0 or degr(x) < deg g(z). 


Proof. If f(x) = 0 or deg f(x) < degg(z), then we take q(x) = 0 and 
r(x) = f(x). We now assume that deg f(z) > deg g(x) and prove the result by 
induction on deg f(x) = n. If deg f(x) = deg g(x) = 0, then we have g(x) = 
f(x)g(z)~! and r(x) = 0. Make the induction hypothesis that the theorem is 
true for all polynomials of degree less than n. Let f(z) = a9 +a,z+ --: +anz” 
have degree n and g(z) = bp + biz +---+b)nz™ have degree m, where n > m. 
The polynomial 


file) = f(a) — (anbm)a"~"9(z) (14.1) 


has degree less than n since the coefficient of x” is an — (anb,,')bm = 0. Hence, 
by the induction hypothesis, there exist polynomials qi(z), r1(z) € R[z] such 
that 


filz) = a (z)9(@) + ri(2), (14.2) 


where rj(z) = 0 or degri(z) < degg(z). Substituting the representation of 
fi(x) in Eq. (14.2) into Eq. (14.1) and solving for f(x), we obtain 


f(x) = (a(2) + andy e”™)g(z) + r1(z) = a(a)g(z) + r(2), 
where q(z) = q(x) + anb7)2"-™ and r(x) =7i(z), the desired representation 
when f(z) has degree n. 


The uniqueness of g(x) and r(x) remains to be shown. Suppose there are 
polynomials q'(z) and r’(x) € R[z| such that 


f(z) = a(z)9(z) + r(x) = q'(z)g(z) +1'(2), 
where r(x) = 0 or degr(z) < deg g(z), r’(x) = 0 or degr’(x) < deg g(x). Then 


r(x) —r'(x) = (7'(z) — a(a))9(2). 
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Suppose r(x) — r/(x) #0. Since the leading coefficient of g(x) is a unit, 


deg((q'(x) — q(x))g(a)) = deg(q’(x) — 9(z)) + deg g(x) > deg g(z). 


This implies that ‘ 


deg(r(x) — r'(a)) = deg g(z), 
which is impossible since deg r(x), degr’(z) < deg g(x). Thus, 
r(x) — r(x) =0 or r(x) = r'(z). 


Therefore, 


0= (q'(z) - a(2))9(2). (14.3) 
Since b,, is a unit, deg(((q’(x) — g(x))g(x)) > 0 unless g’(xr) — g(x) = 0. Thus, 
from Eq. (14.3), we see that q’(x) — g(x) = 0 must be the case. ll 


The polynomials g(x) and r(z) in Theorem 14.1.6 are called the quotient 
and remainder, respectively, on division of f(x) by g(z). 


Definition 14.1.7 Let R be a commutative ring with 1 and f(z) = aj t+air+ 
++ +42" € Riz]. For allr € R, define 


f(r) = a9 Fair +--+ apr”. 
When f(r) =0, we call r a root or zero of f(z). 


In Definition 14.1.7, we think of substituting r for x in f(x). The student 
is used to doing this freely. However, certain difficulties arise when FR is not 
commutative. For instance, let f(z) = a—z, g(x) = b—z. Set h(x) = f(xr)g(z). 
Then A(z) = (a—z)(b— 2) = ab—(a+b)r4+2°. Force € R, h(c) = ab 
~(a+b)e+c? = ab—ac—be+c? while f(c)g(c) = (a—c)(b—c) = ab—cb—act+c?. 
Hence, we cannot draw the conclusion that h(c) = f(c)g(c). However, if R 
is commutative (with identity), then we can conclude that h(c) = f(c)g(c). 
Clearly if k(x) = f(z) + g(x), then k(c) = f(e) + g(c). 


Definition 14.1.8 Let R be a commutative ring with 1 and f(z), g(x) € R[z] 
be such that g(x) #0. We say that g(x) divides f(x) or that g(x) is a factor of 
f(x), and write g(x)| f(x) if there ezists g(x) € R[z] such that f(r) = g(x)g(z). 


Theorem 14.1.9 (Remainder Theorem) Let R be a commutative ring with 
identity. For f(x) € Riz] anda é R, there exists q(z) € R{x] such that 


f(z) = (@— a)q(z) + F(a). 
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Proof. By applying the division algorithm with 2 — a = g(x), there exist 
unique g(x), r(z) € Riz] such that f(r) = (« — a)¢q(x) + r(x), where r(x) = 0 
or degr(z) < 1. Hence, r(x) is a constant polynomial, say, r(x) = d. By 
substituting a for z, we obtain f(a) = (a — a)q(a) +d = d, which yields the 
desired result. 


Corollary 14.1.10 (Factorization Theorem) Let R be a commutative ring 
with identity. For f(r) © Riz] anda € R, x—a divides f(x) if and only if a 
is a root of f(x). 


Proof. Suppose (x — a)|f(x). Then there exists g(x) € R[z] such that 
f(z) = (@ —a)q(z). Hence, f(a) = (a — a)q(a) = 0 and so a is a root of 
f(z). Conversely, suppose a is a root of f(z). Then by the remainder theorem 
(Theorem 14.1.9) and the fact that f(a) = 0, we have f(z) = (x — a)q(z). 
Consequently, (x — a)|f(a). il 


Theorem 14.1.11 Let R be an integral domain and f(x) be a nonzero poly- 
nomial in R[x] of degree n. Then f(x) has at most n roots in R. 


Proof. If deg f(z) = 0, then f(z) is a constant polynomial, say, f(z) =c # 
0. Clearly c has no roots in R. Assume that the theorem is true for all polyno- 
mials of degree less than n, where n > 0 (the induction hypothesis). Suppose 
deg f(x) = n. If f(x) has no roots in R, then the theorem is true. Sup- 
pose r € R is a root of f(x). Then by Corollary 14.1.10, f(x) = (x —r)q(z), 
where deg g(r) = n — 1. If there exists any other root r’ € R of f(z), then 
0= f(r’) = (7 —r)q(7’). Since r’ # r and R is an integral domain, g(r’) = 0 
and so r’ is a root of g(x). Therefore, any other root of f(x) is also a root 
of q(x). Since f(x) = (x — r)q(x), any root of g(x) is also a root of f(z). 
By the induction hypothesis and the fact that deg ¢g(z) = n — 1, there are at 
most n—1 of these other roots r’. Hence, in all, f(x) has at most n roots in R. 


We now extend the definition of a polynomial ring from one indeterminate 
to several indeterminates. 


Definition 14.1.12 For any ring R, we define recursively 
Alri; 053 sey] — Rep 2o)20052 ner lea); 
where x1 is an indeterminate over R and rp is an indeterminate over R[x), 


©Q,---,2n—1]. R[x1,22,.-.,Zn] 23 called a polynomial ring in n indetermi- 
nates. 
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Before describing the ring R[z1,272,...,Zn], we introduce some notation. 
aa pth... yt Se a. eee eC eee 
We write Soi. ay Tinin2] De tOR sg 6 hada 1 x, where 
each 7,4, € Rand kj,...,k, are nonnegative integers. 
The ring 


Rigis tips sayfa) a4 s. Tiy in Le ata |e 4 © Rh. 


Lage Gh 


We have for n = 2 that 


Rix, 22] = Ri[wxi|[v2] = {D> sin? | sip € R[21]}. 


i) 


Now each s;, has the form )7,, Tizigk- 
Thus, 
R(t, 22] = {04,(0i, Taety)2y | Tin € R} 
2 
{Li Li, Tyieti TT | Tae € R} 
{doin in Tixia®7 27 | Tiyig € R.}. 


HT 


Definition 14.1.13 Let R be a subring of the ring S. Let cy, c0,..., Cn be ele- 
ments of S. Define R[ey| = {30,7 ¢ | ri € R} and 


R{c1,ce2, seey en aa R{ci,ca, ey Ga=1\|en 
We say that c1,c2,...,Cy are algebraically independent over R if 


24 in 
) "iy ine] ++ - Cy = 0 


Un yey 81 


can occur only when each ri,..4, = 0, where ri,i, € R. 


R{c1,c2,-..,¢n] is a subring of 5S and equals the set of all finite sums of the 
form 
> Pisin Cy or 
inyyll 


where 7j,,.i, € R. 


Theorem 14.1.14 Let R be a subring of a commutative ring S such that R and 
S have the same identity. Letc € S. Then there exists a unique homomorphism 
a of R[x] onto Ric] such that a(x) =c and a(a) =a for alla € R. 
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Proof. Define a : R[z] — Ric] by a(S az’) = ajc! for all Sajz* € Riz]. 
Now ag t aye +---+anz" = bo toe +---+b,2™ implies that n = m and 
a; = 6; fori = 1,2,...,n. Thus, a9 +ajco+---+ age” = bo + bic +--+ + bpc” 
and so a is well defined. By Definition 14.1.13, a clearly maps R[z] onto 
Rj{c].Since for any two polynomials f(z), g(x) € Riz], k(z) = f(x) + g(z) 
implies k(c) = f(c) + g(c) and A(z) = f(z)g(x) implies h(c) = f(c)g(c), it 
follows that a preserves + and -. Therefore, a is a homomorphism of R[z]| onto 

Ric]. Clearly a(z) = c and a(a) = a for all a € R. Let B be a homomor- 
phism of R[x] onto Rc] such that A(z) = c and G(a) = a for all a € R. Then 

B(D az") =  B(a;) B(x) = Naje* = a(S ax"). Thus, 6 = a so ais unique. 


We emphasize that a is well defined in Theorem 14:1.14 because z is alge- 
braically independent over R. We illustrate this in the following example. 


Example 14.1.15 Define a : Q[\/2] > Q[z] by a(SlaiV2) = Naz. Then a 
is not a function since a(2) = 2 and a(2) = a((/2)*) = x”, but 2 £ 2”. 


14.1.1 Worked-Out Exercises 
© Exercise 1 Let R be a ring with 1. Show that 


R[z|/(z)~R 
Solution: Define f : R[z] — R by 
f(ao +a,x + gz? +-+-+ a2") = ag 


for all ag + air + agz* +--+ 4,2" € Riz]. Suppose that ap + ayz + agr? + 

+» bane” = bp + bya + box? +--- +52. Then ap = bp and so flag tayr+ 
aor? ++-++ 4,2") = f(bo + biz + bor? +---+bnr™). Thus, f is well defined. 
Clearly f is an epimorphism. Now ag +a,2 + a92" +---+a,z” € Ker f if and 
only if f(ag + a;z + agx* +-+-+a,2") = 0 if and only if ag = 0 if and only if 
ag + a,2 + agz* +--++anz" € (x). Therefore, Ker f = (x). Thus, 


Ri{z]/(z) > R 


Exercise 2 Let F be a field and a: F[z] — F[z] be an automorphism such 
that a(a) = a for all a € F. Show that a(z) = az + b for some a,b F. 


Solution: By the division algorithm, a(x) = g(x)z+b for some g(z) € F[z] 
and b € F. Since a is onto F[z], there exist h(x), p(x) € F[z] such that g(x) = 
a(h(x)) and x = a(p(x)). Therefore, a(x) = g(r)zr + 6 = a(h(x))a(p(z)) + 
a(b) = a(h(x)p(x) + 6). Thus, z = h(x)p(x) + 6 since a is one-one. Now 
deg(x) = deg(h(x)p(x) + 6) implies that deg(h(x)p(z)) = 1. Hence, either 
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deg h(x) = 1 and degp(z) = 0 or degh(x) = 0 and deg p(x) = 1. Suppose 
deg p(x) = 0. Then p(x) = c for some c € F. This implies that rz = a(p(z)) = 
a(c) = c, which is a contradiction. Therefore, deg h(x) = 0 and deg p(x) = 1. 
Let h(x) = a for some a € F. Thus, a(r) = a(h(r))r +b = a(a)r+b=ar+b. 


© Exercise 3 Let R be a commutative ring with 1 and f(z) = a9 +a,r+ 
agz? +++++a,2" € Riz]. If ag is a unit and aj,a@2,...,a, are nilpotent 
elements, prove that f(z) is invertible. 


Solution: We prove this result by induction on n = deg f(x). If n = 0, 
then f(z) = ag. Hence, f(z) is invertible. Assume that the result is true 
for all polynomials of the above form and degree < n. Suppose now f(z) = 
ag + a,% + a9z7 +-+»+anz2" € Riz] such that ap is a unit and a1,a2,..., An 
are nilpotent elements and deg f(x) = n. Let g(x) = ap + jz + agz? + ---+ 
Gn z"1. Note that deg g(x) < n. Hence, by the induction hypothesis, g(x) 
is invertible. Since a, is nilpotent there exists a positive integer m such 
that a? = 0. Then (g(x) + anz”)(g(z)~! — ang(x)~2a"+ a2g(x)~3.22" —--- + 
(-1)™lam—-1g(z)-(m-Dg(m—1)n) — 1, Tt now follows that f(z) is invertible. 


14.1.2 Exercises 


‘1. If J is an ideal of a ring R, prove that I[z] is an ideal of the polynomial 
ring R[z]. 

2. Let R be an integral domain. Prove that R and R[z] have the same 
characteristic. 


3. Let R be a commutative ring with 1. Describe, (x), the ideal of R[z| 
generated by z. 


4. (i) Let f(x) = 24+ 32° +227 +2 and g(r) = 27+2r+1 € Q[z]. Find the 
unique polynomials q¢(z), r(z) € Q[z] such that f(r) = g(z)g(x) + r(z), 
where either r(z) = 0 or 0 < degr(x) < deg g(z). 

(ii) Let f(z) = 24 + [3]x3 + [2]x? + [2] and g(x) = 2? + [2]z + [1] € Zs[z]. 
Find q(x), r(x) € Zs[z] such that f(x) = g(x)g(r) + r(x), where either 
r(x) = 0 or 0 < degr(z) < deg g(z). 


5. Let f(z) = 29 + 24 +23 +24 [3], o(z) = ct +23 $+ [2]z? + [2]z € Zs[z]. 
Find q(x),r(x) € Zs{z] such that f(x) = q(x)g(x) + r(x), where either 
r(x) = 0 or 0 < deg r(z) < deg g(r). 


6. Let R = Z@ Z. Show that the polynomial (1,0)z in R[z] has infinitely 
many roots in R. 


7. Show that the polynomial ring Z,4[z] over the ring Z, is infinite, but Z4{z] 
is of finite characteristic. 


14.1. 


15. 


16. 


17. 
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. In the ring Zg{z], show that [1] + [2]z is a unit. 


. Let R be a commutative ring with 1 and f(r) =ag+air+---+anz" € 


Riz]. If f(z) is a unit in Riz], prove that ap is a unit in R and a; is 
nilpotent for alli = 1,2,...,n. 


. Use the result of Exercise 9 to show that 1+ 5z is not a unit, in Z[z]. 
. Find all units of Z[z]. 
. Find all units of Zz]. 


. Let R be an integral domain. Prove that the units of R[x] are contained 


in R. 


. In Zg{z], prove the following. 


(i) [4]x? + [2]z + [4] is a zero divisor. 

(ii) [2]z is nilpotent. 

(iii) [4]z + [1] and [4]x + [3] are units. 

Let R be a subring of a commutative ring S such that R has an identity. 


(i) In the polynomial ring R[z1,22,...,p], prove that 21, r9,...,Up are 
algebraically independent over R. 


(ii) Prove that the mapping 


a: Ri[x,,29,...,¢n] > Rei, co,..., en] 
defined ‘bya 33. 4. TH.daty © SE) = ee ed That OF ee GP is a 
homomorphism of R[z1,..., Zn] onto R[c1,..., en], where c1,...,¢n € S. 


(iii) Prove that the homomorphism a in (ii) is an isomorphism if and only 
if c, C2, ..-, Cn are algebraically independent over R. 


Let f(x) be a polynomial of degree n > 0 in a polynomial ring K[z] over 
a field kK. Prove that any element of the quotient ring K[z]/ (f(x)) is of 
the form g(x) + (f(x)), where g(z) is a polynomial of degree at most 
n—-l. 


For the following statements, write the proof if the statement is true; 
otherwise, give a counterexample. 

(i) If a polynomial ring R[z] has zero divisors, so does R. 

(ii) If R is a field, then R[z] is a field. 

(iii) In Zy[z}, (2 + (1)? = 27 + [1]. 


Chapter 15 


Euclidean Domains 


We have seen that both rings Z and F[z], F a field, have a Euclidean or 
division algorithm. Because of the significance of these rings and the power of 
this common property, the concept of a division algorithm is worth abstracting. 


15.1 Euclidean Domains 


Definition 15.1.1 A Euclidean domain (E,+, +, v) is an integral domain 
(E,+, -) together with a function v : E\{0} > Z* such that 

(i) for alla, b € E with b £0, there erist q, r © E such thata = qb+r, 
where either r = 0 or u(r) < v(b) and 

(ii) for alla, b € E\{0}, v(a) < v(ab). 


v is called a Euclidean valuation. 


The next two results show that the ring Z and the polynomial ring F[z], 
F a field, are Euclidean domains. 


Example 15.1.2 The ring Z of integers can be considered a EFuchdean domain 
with v(a) = lal, a 4 0. 


Theorem 15.1.3 If F is a field, then the polynomial ring F|z| is a Euclidean 
domain. 


Proof. By Theorem 14.1.2(ii), F[z] is an integral domain. Define 
v: F[z]\{0} — Z* 


by 
u(f(x)) = deg f(z) 
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for all f(z) € Flz]\{0}. Since deg f(x) 
Flx)\{0}. Let fle), g(t) € Fl}, o(e) 
q(x), r(x) € F[z] such that 


> 0 Bie) € Z* for all f(z) € 
0. By Theorem 14.1.6, there exist 


f(x) = q(z)g(xz) + r(x), where either r(x) = 0 or deg r(a) < deg g(x). 
Hence, 
f(z) = g(x)g(xz) +r(x), where either r(x) = 0 or v(r(z)) < v(g(z)). 


Let f(z) = agpta,r+---+anz”, a, # Oand g(x) = bo tb) r4+---+bme™, bm #0. 
Then f(x)g(x) = aobo + (aob; + a1b9)z +--+ + Anbmz”*™. Since F is a field 
and an # 0, bm #0, we find that a,b, # 0. This implies that deg(f(x)g(x)) = 
nm. Thus, o(f(z)) = deg(f(z)) —n < n-+m = deg(f(z)9(2)) = v(f(e)g(@)). 


Hence, F(z] is a Euclidean domain. Ml 


Example 15.1.4 Any field can be considered as a Euchdean domain with 
v(a) = 1 for alla #0. (a = (ab“+)b +0.) 


Definition 15.1.5 The subset Z[i] = {a+bi | a, b € Z} of the compler numbers 
is called the set of Gaussian integers. 


In the next theorem, we show that Z[2] is a subring of C and determine the 
units of Z[t]. Gauss was the first to study Z[z] and hence in his honor Z[#] is 
called the ring of Gaussian integers. 


Theorem 15.1.6 The set Z[i] of Gaussian integers is a subring of C. The 
units of Z[t] are £1 and +i. 


Proof. It is easily verified that Z| is a subring of C. Since C is a field, 
Z[z] is of course an integral domain. Suppose a + bi is a unit of Z[z]. Then 
there exists c + di € Z[t] such that (a+ bi)(c + di) = 1. This implies that 1 = 
1= (a+ bi)(c+ di) =(a+ bi) (c + di) = (a—bi)(c—di), where the bar denotes 
complex conjugate. Thus, 1 = (a? + 6?)(c? + d?) and therefore 1 = a? + b?. 
Hence, a = 0,6 = +1, or a= +1,b =0, proving that the only units of Z[z] are 
+1, +1. 0 


Theorem 15.1.7 The ring Z[i] of Gaussian integers becomes a Euclidean do- 
main when we let the function, 


N : Zii|\{0} 3 Z* 


defined by N(a + bi) = (a + bi)(a — bi) = a? + b? for all a,b € Z, serve as the 
function v. 
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Proof. Clearly N(a+bi) isa positive integer for any nonzero element a+bi € 
Zt]. Let a+bi, c+di € Zt]. Now N((a+bi)(c+di)) = N(ac—bd+ (be+ad)i) = 
(ac — bd)? + (be + ad)” = (a? + b?)(c? +d”) = N(a + bi)N(c+ di). From this, 
it follows that N(a+ bi) < N((a + bt)(c + dt)). 

It remains to be shown that for a + bt and c+ di # 0 in Z[t], there exist 
go+ qt,ro + rit € Zt] such that 


a+ bi = (go + qit)(c+ di) + (ro +1114), 


where r9 +1712 = 0 or N(ro + rt) < N(c + di). We work backward in order to 
see how to choose go + qi1. If such an element go + q12 exists, then in C 


rotryt = (a+ bi) — (e+ di)(go + 2) 
= (c+di)[(a+ bi)(c+ di)! — (q+ q1)). 


Let (a + bi)(c+ di)-1 = u+ vi, where u and v are rational numbers. Then 


rotmi = (c+dt)((u+ vi) — (got qt)] 
= (c+di)[(u—qo) + (v—a)3] 
= [e(u— qo) —d(v—q)] + [e(v — a1) + d(u — qo) Ii. 
Now 
N(rotrit) = [e(u—qo) — dv —q1)]? + [ev — 11) + d(u — qo)]* 


(c? + d*)[(u — 90)* + (v —a1)?]. 


Hence, N(ro +riz) < N(c + dé) if (u— qo)? + (v — qi)? < 1. We now find an 
element go +417 € Z/z] so that the latter inequality holds. Take integers go and 
q such that (u — qo)” < i and (v—qi)? < 5. Then (u — qo)” +(v-—q)? <1. 
Let 

ro+rii = (at bi) — (c+ di)(qo + qi). 


Then a+ bi = (c+ dt)(qo+qit) + (ro +712), where r9+-71i = 0 or N(rp +141) < 
N(c+ di). @ 


We now consider the ideals of a Euclidean domain. 
Recall that an ideal J of a ring R is called a principal ideal if I = (a) for 
someaeé I. 


Definition 15.1.8 Let R be a commutative ring with 1. If every ideal of R is 
a principal ideal, then R is called a principal ideal ring. An integral domain 


which is also a principal ideal ring is called a principal ideal domain (PID). 


Theorem 15.1.9 Every Euclidean domain is a principal ideal domain. 
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Proof. Let & be a Euclidean domain with Euclidean valuation v. We want 
to show that every ideal of F& is a principal ideal. Let IJ be an ideal of &. Since 
E— is a commutative ring with 1, it is enough to show that I = Ea for some 
a € E. If I is the zero ideal, then J = E0. Suppose now I # {0}. Then J con- 
tains some nonzero element. Let P = {v(z) |0 #4 z € I}. This is a nonempty 
subset of the nonnegative integers. By the well-ordering principle, we find that 
P contains a least element. Therefore, there exists an element a € I, a # 0 
such that v(a) > 0 and v(a) < v(b) for all b € I, b 4 0. We now show that 
I = Ea. Since I is an ideal and a € J, it follows that Ba C I. Let b € J. Since 
Ff is a Euclidean domain, there exist g,r € E such that b = aq+ 1, where 
r= (or u(r) < v(a). Now r = b-—qa eI. If r £0, then o(r) € P. This is a 
contradiction of the minimality of v(a) since v(r) < v(a). Therefore, r = 0 and 
so b = ga € Ea. This proves that J C Ea. Hence, J = Ea. 


By Theorem 15.1.9, Z, F'[z] (F a field), and Z[i] are principal ideal domains. 


Theorem 15.1.10 Let R be a commutative ring with 1. The following condi- 
tions are equivalent. 

(i) R is a field. 

(tt) Rix] is a Euclidean domain. 

(iti) R\z] is a PID. 


Proof. (i)=(ii) Follows from Theorem 15.1.3. 

(ii)=-(iit) Follows from Theorem 15.1.9. 

(iii)=>(i) Let a € R and a # 0. Consider J = (a,x), the ideal of R[x] 
generated by a and z. Since R[z] is a PID, there exists f(x) € R[z] such that 
I = (f(z)). Now a,z € (f(x)). Therefore, there exist g(x) and A(z) in R[z] 
such that f(x)g(r) = a and f(x)h(z) = x. Since f(xr)g(z) = a, we must have 
deg f(z) = 0 and so f(z) € R. Let f(x) = b. Now bh(x) = x implies that 
bc = 1 for some c € R. Thus, 6 is a unit and so J = (b) = Riz]. From this, 
we have 1 € J. Therefore, 1 = af,(xz) + zfo(x) for some fi(z), fo(z) € R{z]. 
This implies that 1 = da for some d € R. Hence, a is a unit in Rand so Risa 
field. 


Corollary 15.1.11 Z[z] is not a PID. 


Proof. Now Z is a commutative ring with 1. Since Z is not a field, Z[z] is 
not a PID by Theorem 15.1.10. @ 


We conclude this section with the following remark. 


Remark 15.1.12 Consider Z|,/—19] = {a + b/-19 | a,b € Z anda and b 
are either both even or both odd}. It is known that Z[.,/—19] is a principal ideal 


15.1. EUCLIDEAN DOMAINS 349 


domain, but not a Euclidean domain. The proof of this result is beyond the 
scope of this book. However, the interested reader can find the proof in, J.C. 
Wilson, “A principal ideal ring that is not a Euclidean, ring,” Mathematics 
Magazine 46(1973), 34 — 38. 


15.1.1 Worked-Out Exercises 


© Exercise 1 Let (£,+,-,v) be a Euclidean domain. 
(i) Show that v(a) = v(—a) for all a € E\{0}. 


(ii) Show that for all a € E\{0}, v(a) > v(1), where equality holds if and 
only if a is a unit in EF. 


(iii) Let n be an integer such that v(1) +7 > 0. Show that the function 
Un : E\{0} - Z* 
defined by vu, (a) = v(a) + 7 for all a € E\{0} is a Euclidean valuation. 


Solution: (i) For all a € E\{0}, v(a) = v((-1)(—a)) > v(—a) = v((—1)a) 
> v(a). Hence, v(a) = v(—a) for all a € E\ {0}. 

(ii) Let a € E\{0}. Now v(a) = v(la) > v(1). Suppose a is a unit. Then 
there exists an element c € FE such that ac = 1. Thus, v(1) = v(ac) > v(a). 
This implies that v(a) = v(1). Conversely, suppose that v(a) = vu(1). Since 
a # 0, there exist g,r € E such that 1 = ga +7, where r = 0 or v(r) < v(1). 
Now u(r) < v(1) is impossible. Hence, r = 0, showing that 1 = qa. Thus, a is 
a unit. 

(iii) Let a € E\{0O}. Then u,(a) = v(a) +n > v(1) +n > 0. Hence, 
vn(a) € Z*. Suppose a,b € E with b # 0. There exist g,r € E such that 
a = qb+r, where either r = 0 or u(r) < v(b). Now v(r) < v(b) implies that 
v(r) +n < v(b) +n. Thus, un(r) < un(b). Also, for a,b € E\{0}, un(ab) = 
v(ab) +n > v(a) +n = vp(a). Therefore, vp, is a Euclidean valuation on E. 


Exercise 2 Let n be a square free integer (an integer different from 0 and 1, 
which is not divisible by the square of any integer). Let Z[,/n] = {a+b/n 
| a,b € Z}. Show that Z[,/n] is an integral domain. Define a function 
N : Z[./n] — Z* by 


N(a+b Jn) = (a+ b/n)(a — bn) = a? — nb”. 


(i) Let x € Z[,/n]. Prove that N(x) = 0 if and only if « =0. 
(ii) Prove that N(zy) = N(z)N(y) for all z,y € Z[ Vn]. 
(iii) Let z € Z[./n]. Prove that N(x) = +1 if and only if z is a unit in 


Z(./n]. 
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Solution: Let = a+b,/n and y = c+d,/n be two elements in Z[,/n]. Now 
z—y = (a—c)+(b—d)./n € Z[/n| and zy = (act+nbd)+(ad+be),/n € Z[./n]. 
We have 0 = 0+ 0,/n € Z[,/n| and 1 = 1+ 0,/n € Z[,/n}. Now it is easy to 
verify that Z[,/n] is an integral domain. 

(i) Let r =a+b,/n. Then N(z) = a? — nb?. Suppose N(x) = 0. If b = 0, 
then a = 0. If b # 0, then n = gs = (#)*, which is a contradiction to the 
assumption that n is a square free integer. Therefore, a = 0 and 6 = 0. Thus, 
x = 0. The converse is trivial. 


(ii) Let r =a+ bn and y=c+d/n. Now 


N(zy) = [(ac+nbd) + (ad + bc)./n][(ac + nbd) — (ad + bc)./n] 
= (ac+ nbd)? — (ad + be)?n 
= a%c? +n?b?d? — a2d?n — b?c?n 
= (a? —nb’)(c? — nd?) 
= N(z)N(y). 
(iit) Let c = a+ b./n. N(x) = £1 if and only if (a + b./n)(a — b,/n) = £1 
if and only if a+b,/n divides 1, i.e., if and only if a+ b/n is a unit in Z[,/n]. 
} Exercise 3 Show that Z[,/n] is a Euclidean domain for n = —1, —2, 2,3. 


Solution: By Worked-Out Exercise 2 (page 349), Z[,/n] is an integral 
domain. Define v : Z[./n]\{0} — Z* by v(a+b/n) = |N(a4+ b,/n)|, where N 
is defined as in Worked-Out Exercise 2. Let a+b /n,c+d/n € Z[,/n]\{0}. 


Now 

v((a+bVA)(e+ dy) = |N((a+byA)(e+ dy) 

= |(a? — nb?) (c= na?) 

|(a? — nb*)| |(c? — nd?)| 
|(a — nb?)| 
v((a-+ b/n)). 
Let at+b/n,c+d/n € Z{./n] with c+d,/n 4 0. We want to show that there 
exist go + qi/n, ro + 71\/n € Z[,/n] such that 


a +byn = (c+ dn) (90 + nv) + (ro + rv), 


where either 79 + riy/n = 0 or |(r2 — nr?)| < |(c? — nd?)|. We work backward 
in order to see how to choose go + qi\/n. If such an element go + qiv/n exists 
in Z[./n], then in Q[,/n] 
rot riyh = (a+ bya) — (0+ dyA)(g0+ av) 

(c+dyn)[(a + b/n)(e+ dy/n)~™ — (qo + avn). 
Let (a+ b/n)(c + d\/n)-? = u+ vn, where u and v are rational numbers. 
Then 

rotriya = (¢+dyA)|(utvyA) — (ot ava) 
= (c+dyn)[(u- qo) + (u-m)vn] 
[e(u — go) + d(v — qy)n] + [ev — q1) + d(u — qo)| Vn. 


I IV Il 


| 
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Now 
(rot ri) = |[eu— qo) + dlv — gy)nl? — [elo =a) + alu — go)]?n 
= |(c? — nd?)[(u — go)? — n(v — 1)?]| 
< |(e 2 nny 


if |((u — qo)? — n(v — 1)?| < 1. We now find an element got+q1/n € Z[,/n] such 
that |(u — qo)? — n(v — qi)? < 1. Take integers qo and q; such that (u—go)? < 4 
and (v-—q)? < i. For n = —1 or —2, 


(wu — qo)? — n(v - n)>| = : oe (<n); <1. 


For n = 2 or 3, 
n 
a ei 


Sg tr 


Then |(u— qo)? —n(v—q)?| < 1 for n = —1, —2, 2 or 3. Hence, there exist 


gotaV/n, rotrivn € Zn] such that 
at b/n = (e+ dJ/n)(qo+aVn) + (ro +717), 
where either ro + 11./n = 0 or |(r2 — nr?)| < |(c? — nd?)]. 


© Exercise 4 Let Z[iV3] = {a + biV3 | a,b € Z}. Show that Z[iV3] is an 
integral domain. Define v : Z[iV/3]\{0} — Z* by v(at biV3) = a? + 3b?. 
Show that v is not a Euclidean valuation on Z[iV/3}. 


Solution: Proceeding as in Worked-Out Exercise 2 (page 349), we can 
show that Z[iV/3] is an integral domain. Suppose v is a Euclidean valuation. 
Now 2 and 1+ i/3 are elements of Z[i\/3]. Suppose there exist go + qiv3, 
rot ryiv3 € ZliV3] such that 


2 = (1+ivV3)(q0 + niv3) + (ro + riiv3), 
where either ro + 12/3 = 0 or 72 + 8r? < 4. If ro + ryiV/3 = 0, then 
2= (1+ iv3)(q0 + niv3). 
This implies that 
= (2) = o((1 +iV3)(go + iv3)) = 4(a5 + 397). 


Then g@+3q? = 1, which shows that gp = +1, gq, = 0. As aresult, 2 = 1+%/3 or 
2 = —(1+iV3), a contradiction. Suppose now rj + 3r? < 4. Then 76 +3r? = 1, 
2, or 3. Since ro and r; are integers, rZ + 3r? 4 2. Suppose rf + 3r? = 1. Then 
ro = +1, 7; = 0. Thus, 


2 = (1+iV3)(qo + miv3) + (ro + riv3), 
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2= 4) — 3941 +70 


and 


0O=q+40+71. 


If ro = 1 and r; = 0, then go — 3q, = 1 and qi + qo = 0. This implies that 
—2q, = 1, which is impossible. Similarly, for each remaining case we can show 
a contradiction. Also, from rg + 3r? = 3, we can show a contradiction. Hence, 
v is not a Euclidean valuation on Z[iV3]. 


15.1.2 Exercises 


1. Show that the mapping v : Z\{0} — N defined by v(a) = |a|” for some 
fixed positive integer 7 is a Euclidean valuation on Z. 


2. In Z[V3], for 9+ 5V3 and 1+ 773, find gg + mV3, 79 + 1V3 € Z[V3] 
such that 


9 +5V3 = (qo + 1V3)(1 + 7V3) +70 + 11V3, 
where either 79 + 71V3 = 0 or |r2 — 3r2| < 146. 
3. Consider the integral domain Z[#]. Find go + q11, ro +71% € Zli] such that 
34 71 = (aot qi)(14 2i) +ro+rii, 
where either r9 + 711 = 0 or |rg + r?| <5. 


4. Leta =3+4+ 81, 6 = —24 3: € Zi]. Find c,d = e+ yi in Z[t] such that 
a = bc +d, where either d = 0 or 2? + y? <9. 


5. Let f : R — S be an epimorphism of rings. If R is a principal ideal ring, 
prove that S is also a principal ideal ring. 


6. Prove that the ring Z, is a principal ideal ring for alln EN. 


7. Which of the following statements are true? Justify. 
(i) (Z,+,-,v) is a Euclidean domain, where v(n) =n? for all n > 0. 
(ii) (Q,+,-,v) is a Euclidean domain, where v(§) = | for all # 0. 


(iii) If a ring R is a PID, then every subring of R with identity is a PID. 
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15.2 Greatest Common Divisors 


Definition 15.2.1 Let R be a commutative ring and a, b € R be such that 
a0. If there exists c € R such that b= ac, then a is said to divide b or a is 
said to be a divisor of b and we write alb. 


When we write a|b, we mean that a 4 0 and a divides b. The notation a / 
5 will mean that a does not divide b. 

Let R be a commutative ring with 1. By Definition 15.2.1, the following 
results follow immediately. For all a,b,c € R, 

(i) ala, 1|a and a0, 

(ii) a is a unit if and only if a]1, 

(iii) if alb and bc, then ale. 


Definition 15.2.2 Let R be a commutative ring with 1. A nonzero element 
a € R is said to be an associate of a nonzero element b € R if a = bu for 
some unit u € R. 


Example 15.2.3 (i) In Z,1 and —1 are the only units. For every a € Z, a 
and —a are assoctates. 

(ii) In Zli], 1, -1,2, -7 are the only units. Thus, 1+1, -1—i, -1+i, 1-2 
are all associates of 1+ 1. 


Example 15.2.4 In the polynomial ring F'[z] over a field F, the units form the 
set F\{0}. A nonconstant polynomial f(x) has uf(x) for an associate, where 
u is a unit in F. 


Theorem 15.2.5 Let R be a commutative ring with 1 and a,b,c € R. 

(i) If a is an associate of b, then b 1s an associate of a. 

(ti) If a is an associate of b and b is an associate of c, then a is an associate 
of c. 

(iii) Suppose R. is an integral domain. Then a is an associate of b if and 
only if alb and bla. 

(iv) Suppose R is an integral domain. Then a and b are associates of each 


other if and only if (a) = (6). 


Proof. (i) This result follows from the fact that the inverse of a unit is also 
a unit. 

(ii) This result follows from the fact that the product of two units is also a 
unit. 

(iii) Suppose a is an associate of b. Then a = bu for some unit u € R. This 
implies that b = au-!. Hence, alb and bla. Conversely, suppose that alb and 
bla. Then there exist q1,q¢2 € R such that a = q,b and 6 = qga. Thus, b = qoqib 
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and so 1 = qeq, by cancellation. This implies that q; and qo are units and so 
a and 6 are associates. 

(iv) The result here follows from (iii) and the fact that (a) = {qa | q@ € R} 
and (6) = {mb|q € R}. a 


We now introduce the notion of a greatest common divisor in a commutative 
ring. 


Definition 15.2.6 Let R be a commutative ring and a,,a2,...,Qn be elements 
in R, not all zero. A nonzero element d € R is called a common divisor of 
@1,02,...,4n if dla; for alli =1,2,...,n. A nonzero element d € R is called 
a greatest common divisor (gcd) of a1,a2,...,An if 

(i) d is a common divisor of a1, 4a2,...,@n, and 

(ii) ife € R is a common divisor of a),a2,..., An, then eld. 


The greatest common divisor (gcd) of two elements need not be unique. In 
fact, the gcd of two elements may not even exist. 


Example 15.2.7 Consider the ring Zio. Then [4] = [4][6] and [6] = [4][4]. 
This shows that [4] and [6] are common divisors of each other. Hence, [4] 
and [6] must be greatest common divisors of [4] and [6]. Now [4] and [6] are 
associates since [9] is a unit and [6] = [9][A4]. 


Example 15.2.8 In the ring E of even integers, 2 has no divisor. Hence, 2 
and no other even integer can have a common, divisor. 


Example 15.2.9 In a field F, alb and bla for all a,b € F with a 4 0 and 
b#0. Thus, every nonzero element is a gcd of any pair of elements. 


The next result shows that in a principal ideal ring, every pair of elements 
not both zero has a gcd. 


Theorem 15.2.10 Let R be a principal ideal ring and a, b € R not both zero. 
Then a and b have a gcd d. For every gcd d of a and b, there exists, t E R 
such that d = sa + tb. 


Proof. The ideal (a,b) of R must be a principal ideal, whence there exists 
d € R such that (a,b) = (d). Thus, there exist u,v € R such that a = ud and 
b = ud. Therefore, d is a common divisor of a and b. Since d € (a,b), there 
exist s,t € R such that d = sa + tb. Now suppose c is any common divisor 
of a and b. Then there exist u’,v’ € R such that a = u'c and b = uc. Thus, 
d = (su’ + tu’)e and so cld. Hence, d is a gcd of a and b. Let d’ be any gcd 
of a and b. Then d|d’ and d’|d, whence (d’) = (d) = (a, 6). Thus, there exist 
s',t/ € R such that d’ = s’a+7/b. 
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Corollary 15.2.11 Let R be a Euclidean domain and a,b € R, not both zero. 
Then a and b have a gcd d. For every gcd d of a and b, there exist s,t EC R 
such that d = sa + tb. 


Proof. Since every Euclidean domain is a principal ideal ring, the corollary 
follows by Theorem 15.2.10. 


Proceeding as in the proof of Theorem 15.2.10, we can prove a similar result 
for any finite set of elements aj,a2,..., @, (not all zero) of a principal ideal 
ring. - 

Let R be an integral domain and aj, 42,...,@n € R, not all zero. Suppose 
that a ged of aj,a2,..., G, exists. Let d and d’ be two greatest common 
divisors of a,,a2,...,@n. Then d|d’ and d'|d. We ask the reader to verify in 
Exercise 6 (page 359) that d and d’ are associates. If d is a gcd of aj, a2,..., 
dy, then any associate of d is also a gcd of aj, @2,..., an. Considering this, we 
can say that the gcd of aj,a2,..., an is unique in the sense that if d and d’ 
are greatest common divisors of a1,@2, ..., @n, then d and d’ are associates. 
Hence, from now on, the gcd of aj, a2,..., @n is denoted by gcd(a1,a2,..., Gn). 
This outcome motivates the definition of associates. We will further motivate 
this concept when we examine unique factorization in integral domains. 

In a Euclidean domain (£,+,-,v), we have seen that the gcd(a, b) of two 
elements a,b € F (a,b not both zero) exists in E. Next we give an algorithm 
similar to the algorithm of finding the gcd of two integers given in Chapter 1. 

Let a,b € E with b 40. . 

Step 1: Find q and r; in & such that a = qyb+71, where r; = 0 or 
v(r1) < v(b). If r; = 0, then bla and so gcd(a, b) = b. If r; 4 0, then ged(a, b) = 
gcd(b, ri). Thus, we need to find gcd(b, 71). 

Step 2: Find go and rg in F such that b = qi + 7re,.where rg = 0 or 
v(r2) < v(r1). If re = 0, then ged(a,b) = ged(b,r1) = m1. If ro 4 0, then 
proceed to find ged(ri,r2). Since v(b) > v(r1) > v(rg) > --- is a strictly 
descending chain of nonnegative integers, the above process must stop after a 
finite number of steps. Therefore, there exists a positive integer nm such that in 
the nth step there exist elements g, and r, in E such that rnz_2 = datn-1t+?Tr; 
where r,, = 0. Thus, 


gcd(a,b) = gced(b,rj) (a=qb+r, v(r1) < v(d)) 
= gced(ri,r2) (6 = qari +72, (re) < v(71)) 
= gcd(re,73) (ry = g3r2 +73, v(r3) < v(r2)) 
oa gcd(rn_-2,Tn-1) (F238 = Gn-1Tn-2 + Tn-1; 


U(Tn—1) < U(Tr-2)) 
= gcd(Tn-1,Tn) (9 = @nTn-1t+Tn, Tn = 0). 
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Next we find z,y in FE such that gcd(a, b) = ax + by. 


Tr-1 = Tn-3 — Qn-1Tn-2 
= Tn~3—|n (Tn 4 — GQn—2Tn 3) 
_ Tr—3(1 + (—4n-1)(—4n—2)) + Tr—-4(—Gn—1) 


= by+az. 


15.2.1 Worked-Out Exercises 


© Exercise 1 Let F be a Euclidean domain. Let a,b,q,r € E be such that 
b#0,a=qb+7, and r 4 0. Show that ged(a,b) = gcd(b,r). 


Solution: Let gcd(a,b) = d and gcd(b,r) = d’. Now dla and d|b. Thus, 
r =a-—qb implies that d|r. Hence, we find that dis a common divisor of b and 
r and so d'|d. Now d’|b and d’|r and so a = qb+ r implies that d’|a. Therefore, 
d' is a common divisor of a and b and so did’. By Theorem 15.2.5(iii), it follows 
that d and d’ are associates and so gcd(a, b) = gcd(b,r). 


Exercise 2 Let a,b, and c be three nonzero elements of a PID R. Show that 
there exist z,y € R such that ax + by = c if and only if ged(a, b)|c. 


Solution: Let gcd(a, b) = d. Suppose there exist x,y € R such that ax + 
by = c. Since dla and d|b, we find that d|c. Conversely, suppose that ged(a, b)|c. 
Then c = dd’ for some d’ € R. Now there exist x’, y’ € R such that d = az’+by/. 
Then az’d' + by'd’ = dd’ =c. Let x = x'd' and y = yd’. Then az + by =c. 


© Exercise 3 In the domain Z[iV/5], prove the following: 
(i) gcd(2,1 + i5) = 1, 
(ii) gcd of 6(1 — 1/5) and 3(1 + iV5)(1 — iV5) does not exist. 
Solution: (i) In Z[i/5], the units are 1 and —1. Let a+ ibV/5 = ged(2,1+ 


iV/5). Then (a+ ibv/5)|2. Thus, 2 = (a + ibv/5)(c + idy/5) for some c+ idV5 € 
Z[iV/5]. This implies that 


4 = (a? + 5b?)\(c? + 5d’). 


Hence, 

a? 457 =2, c%+5d7=2 (15.1) 
or 

a+50=4, c?+5d?=1 (15.2) 
or 


a45e=1, e450 =4. (15.3) 
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Now Eqs. (15.1) cannot hold for any c,d € Z. The only integral solutions 
of a® +56? = 4 are a = +2 and b = O and the only integral solutions of 
a” + 5b? = 1 are a = +1 and b = 0. Thus, from Eqs. (15.2) and Eqs. (15.3) 
we find that gcd(2, 1 +i/5) = 1 or 2. If gced(2,1 +iV5) = 2, then 2|(1+i/5). 
Hence, 1+ 1/5 = 2(p + iqvV5) for some p + igV5 € Z[iV5]. This implies that 
2p = 1 = 2q. But there do not exist integers p and q such that 2p = 1 = 2g. 
Therefore, gcd(2, 1 + i/5) = 1. 

(ii) Suppose ged(6(1 — iV5), 3(1 + tV/5)(1 — iv/5)) exists. Then gcd(6(1 — 
ivV5), 3(1 + i5)(1 — i/5)) = 3(1 — iS) ged(2,1 + iV'5) = 3(1 — i/5). Now 
(1 + wa — iv5) = 6. Hence, 6 is a common divisor of 6(1 — iV5) and 
3(1+7/5)(1—i75). Consequently, 6]3(1 —iV/5). This implies that 2|(1—i/5), 
which is not true in Z[iV/5]. Therefore, gcd(6(1 — iV5), 3(1 + iV'5)(1 — i/5)) 
does not exist. 


© Exercise 4 In Z[z], find ged(9 — 5i, —9 + 132). 


Solution: By Theorem 15.1.7, Z[i] is a Euclidean domain, where the 
valuation is defined by N(a + bi) = a? + b?. Now N(Q9 — 5i) = 106 and 
N(—9 + 13i) = 250. 


94131 _ (—9+13i)(9+5%) =B1-A5i+ 1171-65 ~146+72i —146 
Step 1: nue = 106 = = er = 10g! ot 


toe = (—1 — 30g) + (1 ~ iog)t = (-1 +2) - 10st 
Thus, —9 + 131 = as 1+ es — ls — 4018 (9 — Si) = (-1+ 1)(9 — St) - 
Note that N(-5 -4)< <N(Q- a 


Q-5i _ 9-5s —S+e _ —45492425145 _ —40434i _ -204171 _ —20 
Step 2: =" = 3h = 26 = pee 2S ee 


Mis (-1- §)+ (1+ B= (-14+0 + —*. 
Thus, 9 — 5¢ = (—1 + 2)(—5 — i) + 44#(-5 — 7) = (-1+a)(-5 -14) + 
| BBLTI-20L4 = (-1+i)(—5 —1) + $38 = (-1+1)(-5 — i) + (8-4). Note that 
N(3—i) < N(-5 —2). 
Step 3: —5-i _ -5- =i dt —15~5i-3i-+1 _ -14-81 _ -7-4i _ -7 _ 4 


3-1 8 BH 10 SOR ty, 2°, BE: eB 
(-1= 9) -(1- i= (-1-9 + 
Thus, —5-i = (—1—1)(3-7) + =4# (3-3) = (-1-2)(8-7)+ See = 
(—1-1)(3- i} reer —i)(3—i)+(—1+2). Note that N(-147) < N(3-1i). 
3-4 _-1-4 3-3¢4i—1 _ —_ . 
Step 4: aed = City (= ee -i) SSS aS 244 
Thus, 3-7 = (—2+7)(-1+7)+0. 


Hence, ged(9 — 57, -9 + 137) = —1 +2. 


Exercise 5 In Z[z], find two polynomials f(x) and g(z) such that ged(f(z), 
g(z)) = 1, but there do not exist fi(z) and gi(z) in Z[a] such that 
1= f(z)file)+ g(@)n(). 
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Solution: z+6 and z+4 are elements of Z[z]. The gcd(z +6, +4) = 1. 
Suppose there exist f;(r) and g,(z) in Z[z] such that 


1=(¢£+6)fi(xz) + (x& + 4)g1 (2). (15.4) 


The constant term of the right-hand side in Eq. (15.4) is an even integer, 
whereas in the left-hand side, the constant term is 1, a contradiction. Hence, 
there do not exist fi(x) and g(x) in Z[z] such that 1 = (x + 6) fi(x) + (x + 
4)91(z). 


Exercise 6 Let R be a commutative ring with 1 and S denote the set of all 
infinite sequences {a,,} of elements from R. Define + and - on S by 


{an} + {bn} = {an + bn} and 
{an} ; {bn} = {en}, 


where 
Cn = Agbn + a,bn_1 + +++ +4nbo for all n =0,1,2,.... 


Show that 

(i) S is a commutative ring with 1; 

(ii) an element {a,,} is a unit if and only if ag is a unit in R; 
(iii) if R is a field, then S is a PID. 


Solution: (i) It is easy to verify that S is a commutative ring with 1. The 
sequence {1,0,0,...} is the identity element of S. 

(ii) Let {a,} € S. Suppose {a,} is a unit. Then there exists a sequence 
{b,} such that {a,}{b,} = 1. Hence, apbp = 1 and so ap is a unit. Conversely, 
suppose that ag is a unit. We now consider the sequence {b,}, where by = ag?, 
bj = —ap'(a105°), oe, OP = —ap'(arbp—1 +++-+ abo), k > 2. Now agbo = 1, 
and, + aybo = ap(—ap ‘(aap *))+ 109" =0,..., agbp + ay_ib, + --- + a9bd;, = 
ay,botaz—1b1 +: +++ a9(—ap*(aibg_1 ++ ++a,bo)) = 0. Therefore, {an }{b,} = 1, 
proving that {a,} is a unit. 

(iii) Suppose FR is a field. Let I be an ideal of S. If J = {0}, then J is 
a principal ideal. Suppose I # {0}. Let {a,} be a nonzero element of J. We 
define the order of a nonzero sequence {a,,} as the first nonnegative integer n 
such that a, # 0, i.e., n is a nonnegative integer such that a, # 0 and a; = 0 
for i <n. There exists a sequence {a,} such that order of {a,} < order of 
{b,,} for all {b,} € I. Suppose order of {a,} = k. Let {cn} be a sequence such 
that c; = ag4; for alli > 0. Then {cn} exists and {cp}~t{a,} = {dn} € I. 
Also, d, = 1 and d; = 0 for all i #4 k. We now show that I = ({d,}). Clearly 
({d,}) C I. Suppose {un} € I. Let the order of {u,} be m. Then m > k. Let 
{rn} € S be such that rm—e4i = Um4i for alli > 0 and r; = 0 for alli < m—k. 
It is easy to verify that {u,} = {rn }{d,} € ({d,}). Hence, J = ({d,}). 
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15.2.2 Exercises 


1. 


ge Ww 


10. 


11. 


12. 


13. 


14. 


Find all associates of (i) 3 — 24 in Z[@], (ii) 1 +iv5 in Z[eV5], (iii) [6] in 
Zy0, (iv) [4] in Zs, and (v) [2] + 2 in Za[z]. 


. Find all the units of the integral domain Z[iV/3]. 
. Find all the associates of 2+ x2 — 3x? in Z[z]. 
. Show that [4] and [6] are associates in Zjo. 


. Find all units of the polynomial ring Z7([z]. Find all associates of x? + [2] 


in Z7|z] . 


. Let R be an integral domain and aj, 4@2,...,@, (n > 2) be elements 


of R not all zero. If d; and dz are two greatest common divisors of 
Q1,42,-..,Qn, prove that d,; and dz are associates. 


. Let (£,+,-,v) be a Euclidean domain. Let a,b € E be such that a and 


b are associates. Prove that v(a) = v(d). 


. Let (B,+,-,v) be a Euclidean domain and a, b € E. Ifa|b and v(a) = v(b), 


prove that a and 6 are associates. 


. Let (E,+,-,v) be a Euclidean domain and a and 6 be nonzero elements 


of FE. Prove that v(ab) > v(a) if and only if b is not a unit. 


Let F be a Euclidean domain. Let a,a’,b,b’,d be nonzero elements of E 
such that a = a’d and b = b’d. Prove that gcd(a’,b’) = 1 if and only if 
gced(a,b) = d. 


In a PID R, prove that the congruence az = b(mod c), where a, b,c are 
nonzero elements of R has a solution in R if and only if ged(a, c)|b. (Here 
az = b(mod c) means az — b = er for some r € R.) 


Let R be an integral domain. Let a, b, and c be nonzero elements of R such 
that ged(a, 6) and gcd(ca, cb) exist. Prove that ged(ca, cb) = cged(a, b). 


In Z[t], find gced(2 — 71,2 + 112). Also, find « and y in Z{i] such that 
gcd(2 — 71,2 + 111) = 2(2 — 7%) + y(2 + 11i). 


Let R be an integral domain and aj,a2,...,an (n > 2) be nonzero el- 
ements of R. An element d € Ri is called a least common multiple 
(lem) of a1,a2,...,@, if 


(i) ajld, i =1,2,...n and 
(ii) if c € R is such that a;\ce,i = 1,2,...n, then dlc. 
Prove the following in R. 
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(i) If dy and dz are two least common multiples of aj, a@9,...,@n, then d; 
and dy are associates. 

(ii) If d is a least common multiple of a),a2,...,a@n, then rd is a least 
common multiple of ra,,ra2,...,7an, for allr € R, r £0. 


15. Let I be the set of all nonunits of Z[z]. Is J an ideal of Z[:]? Show that 
for any nontrivial ideal P of Z[#], the quotient ring Z[2|/P is a finite ring. 


16. Show that Z[V2| has no unit between 1 and 1+ V2. 


17. In the domain Z//2], prove that an element a+ 5/2 4 +1 is a unit if and 
only if a+ b/2 = (14+ V2)* or a + b/2 = —(1 + V2)* for some positive 
integer k. 


18. An integral domain R is said to satisfy the gcd property if every finite 
nonempty subset of A has a gcd. Prove that every PID satisfies the gcd 


property. 


19. Prove that the integral domain Z[V2] satisfies the gcd property, where 
the gcd property is defined in Exercise 18. 


15.3 Prime and Irreducible Elements 


In this section, we introduce the concepts of prime elements and irreducible 
elements in a commutative ring with 1. We show that in a PID and hence in 
a Euclidean domain these two concepts coincide. 


Definition 15.3.1 Let R be a commutative ring with 1. 

(i) An element p of R is called irreducible if p is nonzero and a nonunit, 
and p = ab with a,b € R implies that either a or b is a unit. An element p of 
R is called reducible if p is not irreducible. 

(ii) An element p of R is called prime if p is nonzero and a nonunit, and 
if whenever plab, a,b € R, then either p divides a or p divides b. 

(iti) Two elements a and 6 of R are called relatively prime if their only 
common. divisors are units. 


Remark 15.3.2 Let pe Z. If p is an ordinary prime, then both p and —p are 
irreducible and prime in the sense of Definition 15.3.1. 


From the definition of an irreducible element, it follows that the only divi- 
sors of an irreducible element p are the associates of p and the unit elements 
of R. The converse of this result does not always hold in a commutative ring 
with 1. 
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Example 15.3.3 The ring Ze is a commutative ring with 1. In this ring, the 
unit elements are [1] and [5]. Since (3) = [3][3] and [3] is not a unit it follows 
that [3] is not irreducible. But [3] is an associate of [3]. Also, in Ze, it can 
be verified that [3] is divisible only by associates and the units of Ze. Nezt, we 
show that [3] is a prime element in Ze. Let [a], (b] € Ze and [3}|\[al[b]. Then there 
exists [c| € Ze such that [a][b| = [3][c], z.e., [ab] = [3c]. From this, it follows 
that 6|(ab — 3c). This implies that 3|(ab — 3c). Since 3|3c, we must have 3\ab. 
Since 3 is prime in Z, 3a or 3|b. Thus, either [3]|{a] or [3]|[b]. Hence, [3] is a 


prime element in Ze. 


Theorem 15.3.4 Let R be an integral domain and p € R be such that p is 
nonzero and a nonunit. Then p is irreducible if and only if the only divisors of 
p are the associates of p and the unit elements of R. 


Proof. Suppose the only divisors of p are the associates of p and the unit 
elements of R. Let p = ab for some a, b € R. Suppose a is not a unit. Then a is 
an associate of p. Therefore, a = pu for some unit u € R. Now p = pub. Since 
& is an integral domain, it follows that ub = 1. Hence, 5 is a unit and so p is 
irreducible. We leave the converse as an exercise. Mi 


We now consider several examples of prime elements and irreducible ele- 
ments. 


Example 15.3.5 In Z, 1 and —1 are the only units, and therefore 2 is divisible 
by +1 and +2. It follows that 2 is not divisible by any other integer. Therefore, 
2 is an irreducible element. Suppose now 2|ab and 2 does not divide a for some 
a,b € Z. Since 2 does not divide a, a is an odd integer and so gcd(2,a) = 1. 
Therefore, there exist c,d € Z such that 1 = 2c+ad. Thus, b = 2cb+abd. Since 
2|ab and 2|2bc, it follows that 2|b. Hence, 2 is prime. 


Example 15.3.6 The polynomial 2? +1 is irreducible in R[z], but is reducible 
in Olz]. If x2 +1 were reducible in R[x], then there would ezist real numbers 
a, b, c, d such that 


x? +1= (ar +b)(ce +d) = acz? + (ad + be) + bd. 


Then ac = 1 = bd and ad+be = 0. Thus, 1 = (ac)(bd) = (ad)(bc) = (ad)(—ad). 
Hence, 1 = —(ad)*, which is impossible in R. However, x? +1 = (x+i)(x —i) 
in C[a]. 


Example 15.3.7 The polynomial x? — 2 is irreducible in Q[z] and reducible 
in R[z]. If c? — 2 were reducible in Q[z], then there would exist a,b,c,d € Q 
such that 


a* —2= (ax +6)(cr +d) = acr? + (ad + be)z + bd. 
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Then ac = 1,ad+bc =0, and bd = —2. Thus, (ad)? = (ad)(ad) = —(ad)(bc) = 
(ac)(—bd) = 2. This implies that /2 = ad € Q. This is a contradiction since 
V2 € Q. Therefore, x* — 2 is irreducible in Q{z]. However, x? — 2 = (2 — 
V2)(a + V2) in R[z]. 


Example 15.3.8 The polynomial ax + b is irreducible in F[z], where F is 
a field anda # 0. Suppose ar +b = f(x)g(z). Then deg(f(xr)g(z)) = 1 = 
deg f(x) +-deg g(x). We may assume that deg f(x) = 0 and deg g(x) = 1. Since 
deg f(z) = 0, f(x) ts a nonzero constant polynomial and thus a unit. Hence, 
az + b is irreducible. 


Example 15.3.9 Consider the polynomial ring Z[z,y]. Then x and y are ir- 
reducible. 2x is not prime since 2x|2z, but 2x does not divide 2 and 2x does 
not divide x. Also, 2x is reducible. x? and y? are relatively prime, but neither 
is irreducible nor prime. 


Theorem 15.3.10 Let R be an integral domain and p be a prime element in 
R. Then p is irreducible. 


Proof. Suppose p = bc for some b,c € R. To show p is irreducible, we must 
show that either 6 is a unit or c is a unit. Now p = bc implies that plbc. Since 
p is prime, p|b or plc. If p|b, then b = pq for some g € R. Thus, p = bc = pgc 
and so p(1 — qc) = 0. Since R is an integral domain and p # 0, p(1 — gc) = 0 
and so 1 — gc = O. Thus, gc = 1, which implies that c is a unit. Similarly, if 
pic, then 6 is a unit. Hence, p is irreducible. ll 


The following example shows that the converse of Theorem 15.3.10 is not 
true. 


Example 15.3.11 Consider the integral domain 
Zlivd] = {a+ bivd | a,b € Z}. 


Let us show that 3 = 3+ 0iV5 € Z[iV5] is irreducible, but not prime. Suppose 
3 = (a+biv/5)(c+div/5) in Zliv5]. Then 3 = 3 = (a—biv/5)(c—div5). Hence, 
9 = (a? +5b”)(c?+5d?). Since a,b,c,d are integers, the previous equality implies 
that 

a? + §b° = 3 and c? + 5d? = 3 (15.5° 


or 
a? + 56° = 1 andc’? + 5d? =9 (15.6 


or 
a? + 5b? = 9 and c? + 5d? = 1. (15.7 
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Clearly there do not exist integers a,b,c,d satisfying Eqs. (15.5). The first 
equation of Eqs. (15.6) implies that b = 0 anda = +1. Thus, it follows that 
a+ biv5 is a unit. Similarly, the second equation of Eqs. (15.7) implies that 
c+div/5 is a unit. Hence, 3 is irreducible. Now 3|6 and 6 = (1+i/5)(1—-iv5). 
Suppose 3|(1+iv/5). Then 1+iV5 = 3(a+biv5) for some a,b € Z. This implies 
that 3a = 1, a contradiction, since the equation 3a = 1 has no solution in Z. 
Hence, 3 does not divide (1 + iV/5). Similarly, 3 does not divide (1 — iv/5). 


Thus, 3 is not prime. 


The following theorem show that the converse of Theorem 15.3.10 holds in 
a principal ideal ring. 


Theorem 15.3.12 Let R be a principal ideal ring and p € R. If p is irreducible, 
then p is prime. 


Proof. Suppose p divides ab, where a,b € R. Then there exists r € R such 
that pr = ab. Now (p,b) = (d) for some d € R. Therefore, there exists gq € R 
such that p = dg. Since p is irreducible, either d or g must be a unit. If dis a 
unit, then (p,b) = (d) = R. Hence, 1 = sp + tb for some s,t € R. Therefore, 
a=asp+atb = asp+tpr = (as+tr)p. This implies that p divides a. If, on the 
other hand, g is a unit, then d = pg! € (p). Thus, (d) C (p) € (p,b) = (d) so 
that (p) = (p,b) . Hence, b € (p) and so p divides b. Ml 


Corollary 15.3.13 Let R be a principal ideal domain and p € R. Then p is 
irreducible if and only if p is prime. 


Proof. The result follows by Theorems 15.3.10 and 15.3.12. 


Corollary 15.3.14 Let R be a Euclidean domain and p € R. Then p is irre- 
ducible if and only if p is prime. 


Proof. Since every Euclidean domain is a principal domain, the result 
follows from Corollary 15.3.13. Hl 


Theorem 15.3.15 Let R be a principal ideal ring anda, b € R. Ifa and b are 
relatively prime, then there exist s,t © R such that 1 = sa+tb. 


Proof. Since the common divisors are units, 1 is a gcd of a and b. The 
desired result follows from Theorem 15.2.10. 


We conclude this section by proving the following theorem, which charac- 
terizes irreducible polynomials over a field. 
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Theorem 15.3.16 Consider the polynomial ring F[x] over the field F and 
p(x) € F(z]. Then the following conditions are equivalent. 

(1) p(x) ts trreducible. 

(ii) F[x]/ (p(x)) ts an integral domain. 

(iii) F[x]/ (p(x)) is a field. 


Proof. (i) (iii). Let f(x) € Ffa]/(p(x)) be such that f(x) 4 0, where 
f(x) denotes the coset f(z) + (p(x)). Now up(z) and u, where u € F\{0}, 
are the only elements of F[z] which divide p(x). Since f(r) € (p(x)), f(x) 
and p(z) are relatively prime and so there exist s(x), t(z) € F[z] such that 


1 = s(x) f(x) + t(x)p(x). Thus 
1 = 5) FG) + HE) (in Flx/ (0(2))) 


and so 1 = s(x) f(z). Hence, f(z) has an inverse, namely, s(x), and so 
F\z]/ (p(z)) is a field. 

(iii) Gi): Immediate. 

(ii)=>(i): If p(x) is a unit, then (p(z)) = F[z] and so F[z]/ (p(x)) = {0}, a 
contradiction to the hypothesis that F[z]/ (p(x)) is an integral domain. There- 
fore, p(x) is not a unit. Suppose p(x) = f(x)g(z). Then 0 = p(x) = f(x) g(x) = 

f(z) g(x). Therefore, f(x) = Vor g(x) = 0. This implies that f(x) € (p(z)) or 
g(r) € (p(e)) , say, f(«) € (o(2)). Thus, f(x) = a(a)p(2) for some g(a) € Fla]. 
Hence, p(x) = g(xz)p(x)g(x) and so by a degree argument g(x), g(x) € F\{0} 
are units. Thus, the only factorization of p(r) is u~!(up(z)), where wu is a unit 
in F'[z]. Consequently, p(x) is irreducible. ll 


15.3.1 Worked-Out Exercises 


® Exercise 1 Show that [2] is a prime element in Zi, but [2] is not irreducible 
in Zi0. 


Solution: In Zo, [1], [3], [7], and [9] are the only units. Now [2] = [2] - [6]. 
Since neither [2] nor [6] is a unit, (2] is reducible. Suppose (2]|[a][b]. Then [2]|[a0). 
Therefore, [ab] = [k][2] for some [k] € Zio. This implies that ab — 2k = 10r for 
some r € Z, i.e., ab = 2k + 10r = 2(k + 5r). Therefore, 2|ab. Since 2 is prime 
in Z, 2|a or 2|b. Hence, [2]|[a] or {2]|[b]. Thus, [2] is prime. Note that Zio is not 
an integral domain. 


Exercise 2 Let & be an integral domain such that any two elements a,b € 
R, not both zero, have a gcd d expressible in the form d = ra+tb, r,t € R. 
Let p € R. Show that p is prime if and only if p is irreducible. 


Solution: Every prime element in an integral domain is irreducible by 
Theorem 15.3.10. Let us prove the converse. Suppose p is irreducible. Let 
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plab, a,b € R. Now gcd(p,a) exists in R. Let d = gcd(p,a). Since d|p and p is 
irreducible, it follows that either d is an associate of p or d is a unit. Suppose 
d is an associate of p. Then pld. This implies that pla, since dla. Suppose d is a 
unit. Since 1 is an associate of d, 1 = gcd(p,a). Thus, there exist s,¢ € R such 
that 1 = ps +at. This implies that b = psb+ abt. Now p|psb and plabt. Hence, 
p|b. 


© Exercise 3 Let n be a square free integer (an integer different from 0 and 1, 
which is not divisible by the square of any integer). Let Z[./n] = {a+b/n 
| a,b € Z}. Define a function N : Z[./n] — Z by 


N(a+ b/n) = (a + b/n) (a — bn) = a? — nb. 


Show that if N(x) is a prime integer, then x is irreducible for all z € 


Z/./n]. 

Solution: Suppose N(x) = p, where p is a prime integer. Suppose z = 
(a+b /n)(c+d\/n). Now p = N(a+b/n)N(c+dy/n) = (a? —nb?)(c? — nd?) by 
Worked-Out Exercise 2 (page 349). Hence, either (a?—nb?) = +1 or (c?—nd?) = 
+1, ie., either a+ b,/n is a unit or c+ d,/n is a unit. Thus, x is irreducible. 
15.3.2 Exercises 


1. Show that in the integral domain Z[iv5], 2+iV5 is an irreducible element, 
but not a prime element. 


. Show that 2—7, 1 +%, and 11 are irreducible elements in Z[?]. 
. In Z[tV5], show that 3 is not a prime element. 
. In Z12, show that [3] is a prime element, but is not irreducible. 


. Is the polynomial z? + (1] irreducible in Ze[z]? 


a or FPF WD W 


. Let T be the set of all sequences {a,} of elements of Z. Prove the follow- 
ing. 
(i) T is an integral domain with respect to addition and multiplication 


defined by for all {a,}, {bn} € T, 


{an} + {on} = {an + bn} 
{an}-{bn} = {en}, where cp = 7.9 Gibn_i- 


(ii) To = {{an} € T | a; = 0 for all but a finite number of indices} is a 
subring with identity. 

(iii) The element (1,1,0,...) is a unit in T, but not in Tp. 

(iv) (2,3,1,0,0,...) is irreducible in T, but not in To. 
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12. 


. Let R be an integral domain. Show that (i) every associate of an irre- 


ducible element in FR is irreducible and (ii) every associate of a prime 
element in R is prime. 


. In Z|], show that 3 is a prime element, but 5 is not a prime element. 
. What are the prime elements of Zg? Are they irreducible? 


. In Zz], if a + bé is an element such that a? + 6? is a prime integer, then 


show that @ + bi is a prime element. 


. Let at+biv3 € Zliv3}. If a? + 3b? is a prime integer, show that a+ biV/3 


is an irreducible element in Z[i/3]. 

In the following exercises, write the proof if the statement is true; other- 
wise, give a counterexample. 

(i) 13 is an irreducible element in Z[?]. 

(ii) Every prime element of Z is also a prime element of Z[i]. 

(iii) In Zig, every prime element is an irreducible element. 

(iv) In Zi], @ + 6¢ is a prime element if and only if a — bi is a prime 
element. 


(v) In a PID R, if p and q are two prime elements such that plg, then p 
and q are associates. 


Chapter 16 


Unique Factorization Domains 


16.1 Unique Factorization Domains 


In this section, we study those integral domains in which an analogue of the 
fundamental theorem of arithmetic holds. 


Definition 16.1.1 A nonzero nonunit element a of an integral domain D is 
said to have a factorization if a can be expressed as 


@ = Pip2***Pn,; 


where p),p2,--+;Pn are irreducible elements of D. The expression pipo-++Dn, 18 
called a factorization of a. 


An integral domain D is called a factorization domain (FD) if every 
nonzero nonunit element has a factorization. 

In Chapter 15, we saw that in an integral domain D every nonzero element 
a € D is always divisible by the associates of a and the units of D. These 
are called the trivial factors of a. All other factors (if any) of a are called 
nontrivial. For example, +2 and +3 are nontrivial factors of 6 in Z. In 
the following lemma, we show that a nonzero nonunit element that has no 
factorization as a product of irreducible elements can be expressed as a product 
of any number of nontrivial factors. 


Lemma 16.1.2 Let D be an integral domain. Let a be a nonzero nonunit 
element of D such that a does not have a factorization. Then for every positive 
integer n, there exist nontrivial factors aj, @2,...,A4, € D ofa such that a = 
@102°°* Gn. 
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Proof. By the hypothesis, a is not irreducible. Therefore, a = a,b,, where 
a1, b} € D are nontrivial factors of a. At least one of a, or 5; does not have 
a factorization; otherwise the factorization of a; and b; put together produces 
a factorization of a. Suppose a; does not have a factorization. Then a, is 
a nonzero nonunit element and a, is not irreducible. There exist nontrivial 
factors a2, be € D of a, such that a] = agbg. Then a = a2b2b,. Now at least one 
of a2 or by does not have a factorization. If aj does not have a factorization, we 
repeat the above process with az. Proceeding this way, we can find nontrivial 
factors a),a2,...,@, € D of a such that a = a,a2---ay. 


Theorem 16.1.3 Let D be an integral domain with a function N : D\{0} > 
Z* such that for all a,b € D\{0}, N(ab) > N(b), where equality holds if and 
only if a is a unit. Then D is a FD, 


Proof. Suppose D contains a nonzero nonunit element a such that a does 
not have a factorization. Now N(a) € Z#. Let N(a) =n. By Lemma 16.1.2, a 
can be expressed as a product of n + 2 nontrivial factors @j,@2,...,@n42 € D. 
Then a = @ja9---Gn42 and 


n = N(a) 
> N(ao-+-Gni2) (since a is not a unit) 
> N(a3-+-Gn42) 
> N(a4--+-Gn42) 


> N(dn414n+2) 
> N(an42)- 


This shows that there exist at least n+ 1 distinct nonnegative integers strictly 
less than n, a contradiction. Thus, D is a FD. 


Example 16.1.4 Consider the integral domain Z[t]. Define 
N : Z{i]\{0} — Z# 


by N(a+bi) = a? +0)? for allat+bi € Z[i]. It is easy to verify that a+bi is a unit 
if and only if N(a+bi) = 1. Let a+ bi, c+ di be two nonzero elements of Z{i]. 
Then N((a+bi)(c+di)) = N((ac—bd)+(ad+bc)i) = (ac— bd)? + (ad + bc)? = 
(a? + b?)(c? +d?) > (c? +d?) = N(c+di), where the equality holds if and only 
if N(a + bt) is a unit. Hence, Zi] is a FD. 


Definition 16.1.5 An integral domain D is said to satisfy the ascending 
chain condition for principal ideals (ACCP), if for each sequence of 
principal ideals, (ay) , (a2), (a3) ,... such that 


(ay) C (az) C (a3) C---, 
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there exists a positive integer n (depending on the sequence) such that (an) = 
(az) for allt > n. 


Lemma 16.1.6 Every principal ideal domain D satisfies the ACCP. 


Proof. Let (a1) € (az) C (a3) C --- be a chain of principal ideals in D. 
It can be easily verified that J = Ujen (a;) is an ideal of D. Since D is a 
PID, there exists an element a € D such that I = (a). Hence, a € (a,) for 
some positive integer n. Then J C (a,) C J. Therefore, I = (a,). For t > n, 
(az) C I = (an) C (ae). Thus, (a2) = (at) for allt >n. 


Theorem 16.1.7 An integral domain D with the ACCP is a FD. 


Proof. Suppose D is not a FD. Then there exists a nonzero nonunit element 
a such that a does not have a factorization. Thus, a is not irreducible and so 
a = ayb,, where a,,b; € D are nontrivial factors of a. At least one of a; 
or b; must not have a factorization, otherwise the factorization of a, and b 
put together will produce a factorization of a. Suppose a; does not have a 
factorization. Now a and a; are not associates. Therefore, (a) C (a1). Since a; 
does not have a factorization, we can express a] = agbo, where a2, bo € D are 
nontrivial factors of a;. At least one of ag or bz does not have a factorization. 
Suppose a2 does not have a factorization. Then (a) C (a,) C (a2). We now 
repeat the above process with aj. Thus, we find that there exists an infinite 
strictly ascending chain of principal ideals in D, a contradiction. Hence, D is 
a FD. @ 


Corollary 16.1.8 Every PID is a FD. 


Proof. The proof is immediate by Lemma 16.1.6 and Theorem 16.1.7. 


Definition 16.1.9 An integral domain D is called a unique factorization 
domain (UFD) if the following two conditions hold in D: 
(i) every nonzero nonunit element of D can be expressed as 


@ = P1P2°-*Pns 


where P|, P2,..-,Dn are irreducible elements of D and 

(ii) if @ = pi pr--+*Pn = 9192°°'Gm are two factorizations of a as a finite 
product of irreducible elements of D, then n = m and there is a permutation o 
of {1,2,...,n} such that p; and q,() are associates for alli = 1,2,..., n. 


From the above definition, it follows that an integral domain D is a UFD 
if and only if D is a FD and every nonzero nonunit element of D is uniquely 
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expressible (apart from unit factors and order of the factors) as a finite product 
of irreducible elements. 
Let us first prove the following interesting property of a UFD. 


Theorem 16.1.10 In a unique factorization domain, every irreducible ele- 
ment 18 prime. 


Proof. Let D bea UFD. Let p be an irreducible element of D and plab in D, 
where a,b € D. If a = 0, then p divides a, and if b = 0, then p divides b. faisa 
unit, then p divides b, and if bis a unit, then p divides a. We now assume that a 
and 6b are nonzero and nonunits. Now ab = pc for some c € D. Let d= pc = ab. 
Since neither a nor 0 is a unit, it follows that d is not a unit. If ¢ is a unit, 
then d is irreducible and so either a or 6 must be a unit, a contradiction. 
Therefore, c is not a unit. Since D is a UFD, there exist irreducible elements 
C1, C2)+-+5Cn, Q1, @2,---, Am, and bj, bo,...,5, in D such that c = cjc2---cn,a= 
@1Q2°:-Qm, and b = 6,b2---b,. Hence, d = pcicg--- Cp = A102 --- Amb 152 ---d, 
are two expressions of d as a finite product of irreducible elements. Since D is 


UFD, p must be an associate of one of the irreducible elements aj, a2,..-,@m, 
bi, b2,..., bp. If one of a), a2,...,@m is an associate of p, then pla, and if one of 
by, b2,..., bp is an associate of p, then p|b. Hence, p is prime. Ml 


Example 16.1.11 Consider the integral domain ZliV/5] = {a + biV5 | a,b € 
Z}. Define 
N : Zliv5]\{0} > Z* 


by 
N(a + biv5) = a? + 5b?. 


We can show that a+biy5 is a unit if and only if N(a+biv/5) = 1. Letatbiv5, 
c+div/5 be two nonzero elements of Z[iv/5]. Then N((a+ biv/5)(c + div/5)) = 
N((ac~5bd) +i(ad+bc)/5) = (ac—5bd)? +5(ad+bc)? = (a? +5b*)(c? +5d?) > 
(c?+5d?) = N((c+div/5)), where equality holds if and only if N((a+biv’5)) = 1, 
i.e., if and only if a+ bir/5 is a unit. Hence, Zliv/5] is a FD by Theorem 
16.1.3. In Example 15.3.11, we showed that 3 is an irreducible element. Now 
3|(2 + iV5)(2 — iv/5). Suppose 3|(2 + iv’5). Then 2+ iV5 = 3(m + niv5) for 
some m+niv/5 € Zliv/5]. This implies 2 = 3m and1 = 8n, which is impossible 
for integers m and n. Therefore, 3 | (2+i/5). Similarly, 3 { (2—iv/5). Thus, 
3 is not prime in Ziv’). Hence, Z{iv/5| is not a UFD by Theorem 16.1.10. 

In this integral domain, we can also show that 2, 1+ iv/5, 1 — iV5 are 
irreducible elements and 2 is not an associate of any one of 1+iV5 and 1—iV5. 
Hence, 6 = 2-3 = (1+ %/5)(1 —iV5) are two factorizations of 6, but there 
does not exist any correspondence between the irreducible factors such that the 
corresponding elements are associates. 
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Theorem 16.1.12 A factorization domain D is a UFD if and only if every 
irreducible element of D is a prime element. 


Proof. Suppose the factorization domain D is a UFD. Then by Theorem 
16.1.10, every irreducii:ie clement is a prime element. 

Conversely, assume that every irreducible element is a prime element in the 
FD D. Suppose a = pipo-+-Pn = 9192°°'Gm are two factorizations of a as a 
finite product of irreducible elements. Then pip2-:- pn = 9q1(g2-+-Gm) implies 
that qi|(pip2-++pn). Since q, is also prime, at least one of py, po, ..., Dn is 
divisible by q;. Let qi|p1. Now p; and q; are both irreducible. Hence, p; = 
uigqi for some unit u,. Then uiqipo--:Pn = 914G2°°-Gm, from which it follows 
by the cancelation property that u1po-+:Dn = q2°-:Gm = 92(q3-:'dm). Now 
go|(u1p2--+Pn). Since gz is prime, q2 does not divide ui. Hence, go divides one 
of po,.-.; Dn, Say, go|p2. Then po = uege for some unit ue and uju2qap3-°-+ Pn = 
g2°*+Qm. Canceling q2 from this relation, we obtain uj ue2p3-++Dn = g3°*+Qm- 
If n > m, then proceeding this way we find that uju2-++UmPm41-''Pn = 1, 
which implies that each of pm4i1,---, Pn is a unit, a contradiction. If n < _m, 
then we find that uyug--+ Up = dn41°*:m- This implies that each of gn4i,.--, 
Gm divides a unit, which is again a contradiction. Thus, n = m. Also, we have 
shown that the corresponding irreducible factors p;,q;,7 = 1,2, ..., m, in the 
factorizations pjpo---Ppn and q1qo:--Gn are associates. Hence, D is a UFD. &@ 


Theorem 16.1.13 Every PID is a UFD. 


Proof. From Lemma 16.1.6, we find that every PID satisfies ACCP. Hence, 
by Theorem 16.1.7, every PID is a FD. Also, by Theorem 15.3.12, every irre- 
ducible element is prime in a PID. Thus, by Theorem 16.1.12, it follows that 
every PID is a UFD. @ 


By Theorem 15.1.9, every Euclidean domain is a PID and hence by Theorem 
16.1.13, every Euclidean domain is a UFD. This result is one of the important 
results in factorization theory. Let us prove this result independently. First we 
prove the following lemma. 


Lemma 16.1.14 Let E be a Euclidean domain anda,b € E. If a|b, b #0, and 
a is neither a unit nor an associate of b, then v(a) < u(b). 


Proof. Since a is not an associate of 5, it follows that b Ja. Hence, a = bq+r, 
where r = 0 or u(r) < u(b). Now b = ac for some c € F.. This implies that r = 
a—bq = a—acq = a(1—cq). If l—cg = 0, then c is a unit and so 6 is an associate 
of a, a contradiction. Therefore, 1 — cq # 0. Thus, u(r) = v(a(1 — eg)) > v(a) 
and so v(b) > v(a). Ml 


Theorem 16.1.15 A Euclidean domain E is a unique factorization domain. 
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Proof. Let v denote the Euclidean valuation of the Euclidean domain E. By 
induction on vu(a), we first show that every nonzero element a of EF is either a 
unit or can be written as a finite product of irreducible elements. If v(a) = v(1), 
then a is a unit. Assume that every nonzero element b € E is either a unit 
or expressible as a finite product of irreducible elements if v(b) < u(a), where 
v(a) > v(1) (the induction hypothesis). If a is irreducible, there is nothing to 
prove. Suppose that a is not irreducible. Then a = bc, where neither 6 nor c is 
a unit. Suppose 0 is an associate of a. Then 6 = au for some unit u € E. Thus, 
a = be = auc and so 1 = uc, i.e., cis a unit, a contradiction. Therefore, b is not 
an associate of a. Similarly, c is not an associate of a. By Lemma 16.1.14, it now 
follows that v(b) < v(a) and v(c) < v(a). Thus, by our induction hypothesis, 
b and ¢ are expressible as a finite product of irreducible elements of &. Hence, 
so 1s a. 
The uniqueness of the factorization follows as in Theorem 16.1.12 


From Theorem 15.1.9, we know that every Euclidean domain is a principal 
ideal domain. We noted in the remark on page 348 that the converse of this 
result is not true. In Theorem 16.1.13, we showed that every principal ideal 
domain is a unique factorization domain. The converse of this result is also not 
true. There is a class of rings for which the converse is true. Call a complex 
number an algebraic integer if it is a root of a monic polynomial p(z) in 
Z|z]|. The set of all algebraic integers in a finite field extension (Chapter 24) 
of Q is such a ring. However, most of these rings are not unique factorization 
domains. For example, the ring Z[i/5] in Example 16.1.11 is a ring in which 
there is no unique factorization. Here 6 = (1 —iV5)(1+iV5) = 2-3 are 
two factorizations of 6 as a product of two irreducible elements. However, the 
ideal (6) has a unique (up to order) factorization as a product of prime ideals 


2 
(defined in Chapter 17), (6) = (3,1 +iv5) (3, 1 —iv5) (2,1 +iv5) Asa 
matter of fact, the entire class of rings in question has the property that every 
ideal has a unique factorization as a product of prime ideals. 


16.1.1 Worked-Out Exercises 


© Exercise 1 Show that the integral domain Z[/10] = {a + bv/10 | a,b € Z} 
isa FD. 


Solution: Define N : Z[/10]\{0} — Z* by for all a + bV/10 € Z[/10], 
N(a+ bV10) = |2? = 106"| : 
Now N(a + 6/10) = 1 if and only if ja? — 106°] = 1 if and only if (a + 


b./10)(a — b\/10) = +1 if and only if a + bV10 is a unit. Let a + bv/10, 
c+dy/10 be two nonzero elements of Z[/10]. Then N((a+bV10)(c+dV10)) = 
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|a? — 10b?| |c? — 10d?| > |c? — 10d?| = N((c + d/10)), where equality holds if 
and only if N((a + bV/10)) = 1, ice., if and only if a + bv/10 is a unit. Hence, 
Z({V5| is a FD by Theorem 16.1.3. 


© Exercise 2 Show that in a UFD, every nonzero nonunit has only a finite 
number of nonassociated nontrivial factors. 


Solution: Let D be a UFD. Suppose a is a nonzero nonunit element of D. 
Then a can be expressed uniquely as 


a= pi'py -+- py, 

where pj, p2,..-,Pk are distinct primes and r1,72,...,Tp are positive integers. 
Let d = pip? -- pi, where 0 < t; <1;,4 = 1,2,..., &. Then d is a divisor 
of a. Now suppose d is any divisor of a and d is a nonunit. Then d can 
be expressed uniquely as d = qi q5° -..gim, where q),92,---;9m are distinct 
primes and tj,to,...,tm are positive integers. Since dla, for alli = 1,2,..., 
m, gf Ip; for some j, 1 < 7 < k. Then ail; and so qi|p;. Therefore, q; 
is an associate of p;. Also, we find that t; < r;. Thus, d is an associate of 
pi pe vee pie 0< 1; < r;,2 = 1,2,...,k. Consequently, a has only a finite 
number of nonassociated nontrivial divisors. 


® Exercise 3 Let R= {ag tajz+---+anz” € Q[z] | ap € Z, n € Z*}. Show 
that Ris not a UFD. 


Solution: Clearly R is a subring of Q{z] and R contains 1. Hence, FR is an 
integral domain. Now any unit of R is also a unit of Q[z]. In Q[z], the units 
are the nonzero elements of Q. Since RN Q = Z, it follows that 1 and —1 are 
the only units of R. For any nonnegative integer n, ET € Rand ae is not an 
associate of 52 when n # m. Now x = 2"(s42) shows that sz is a divisor 
of x. Hence, x has infinite number of nontrivial divisors in R. If R is a UFD, 
then x cannot have an infinite number of nontrivial divisors. Thus, R is not a 


UFD. 
© Exercise 4 In a UFD, show that the gcd of any two nonzero elements exists. 


Solution: Let R be a UFD and a,b} be nonzero elements of R. If one of a 
or b is a unit, then gcd(a,5) = 1. Suppose a and 6 are nonunits. Then a can 
be expressed uniquely as 

a = pip? --- pie, 
where pj, p2,..-,Pz are irreducible elements such that p; is not an associate 
of p; when i # j and ¢1,¢2,...,t, are positive integers. Similarly, b can be 
expressed uniquely (up to associates) as 


T1 ,T2 


b=4q1'45 


Tn 
“dn ) 
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where qi, @2,---,Qn are irreducible and rj, r2,...,Tn are positive integers. Now 


if q, is not an associate of any of p,...,px, then we write a = pi} py . 


q). Next if g2 is not an associate of any of p1,p2,...,px, then we write a = 
pipe .- pega’. But, if qo is an associate of one of p1,p2,.-..,Dx, then skip q2 
and consider q3. Continue the process for q3,..., Gn. We do the same thing for 
b. So we can write 

uptug? ate 


b = uu ---ulm, 


a 


where wu, t9,.-.,Um are irreducible elements such that u; is not an associate 
of u; when i # J. and n1,72,..-,2m, 41, le,..., ly, are nonnegative integers. Let 
d = ustus?---ukm, where ky = ee }, ¢ = 1,2,...,m. Then dla and dlb. 
Let cla and clb, c € R. Since any irreducible divisor oe c is an associate of one 


of u1, U2,-..,Um, it follows that c must be of the form 


hy he. 


C= Uy, Uy es 


‘Um > 


where h; > 0, and hi < nj, hy < Ul, i = 1,2,...,m. Thus, hj < kj, i = 
1,2,...,m. Hence, c|d. Thus, d = ged(a, bd). 
16.1.2. Exercises 

1. Show that Z satisfies the ACCP. 


2. If the integral domain R satisfies the ACCP, prove that the polynomial 
ring R[z] satisfies the ACCP. 


3. Prove that an integral domain D is a UFD if and only if D satisfies the 
ACCP and every irreducible element is prime in D. 


4, Show that the integral domains Z[iV6], Z[zV7], and Z[iv/10] are factor- 


ization domains, but not unique factorization domains. 


5. Let a,b be two nonzero elements of a UFD D. If gcd(a,b) = 1 and alc, 
b\c, prove that abl/c in D, where c € D. 


6. For the following statements, write the proof if the statement is true; 
otherwise, give a counterexample. 
(i) Any subring of a UFD with identity is also a UFD. 


(ii) 1 and —1 are the only units of a UFD. 


16.2 Factorization of Polynomials over a UFD 


In this section, we show that every polynomial of degree > 1 over a UFD R 
can be uniquely expressed as a product of irreducible polynomials over R. 
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Definition 16.2.1 Let f(z) = ap +a,;4+---+an,2”" be a nonzero polynomial 
in Riz]. Then the ged{ao,ai,.-., Qn} is called the content of f(z). 


It is known that the gcd of {ao,a1,...,@n} is not unique. If u and v are 
two gcd’s of {a9,a1,...,@n}, then wu and v are associates. Hence, if c; and c2 
are two contents of f(z), then c, and cz are associates and any associate of c) 
is also a content of f(z). If a@ and b are two elements of R such that a is an 
associate of b, then we write a ~ b. 

The content of f(x) is denoted by cont f(z). 


Definition 16.2.2 A nonzero polynomial f(x) € Riz] is called a primitive 
polynomial if contf(x) is a unit. 


Lemma 16.2.3 Let R be a UFD. Let f(x) and g(x) be two primitive polyno- 
mials in Rix]. Then f(x)g(x) is also a primitive polynomial in R[z]. 


Proof. Let f(t) = an tair +--+: + a,x" and g(z) = blo + bin +--+ 
bmz™. Let cf ~cont f(x) and c, ~contg(x). Since f(x) and g(x) are primitive, 
cy and cy are unit elements in R. Suppose that f(x)g(xz) is not a primitive 
polynomial. Let f(r)g(z) = cot ar t---+Cnymz"t™, where co = agbo, 
Cy = aob; + a,bo,..., G = siee ajby_5, where a; = 0 if 7 >n, and bi; = 0 
ifi— 7 > m. Now contf(x)g(x) is not a unit. Let p be a prime element in R 
such that p divides cont f(r)g(z). Then p divides ¢; for alli =0,1,...,2 +m. 
Since cy and c, are unit elements, p does not divide each of ag,a1,...,@, and 
also p does not divide each of bo, bi,..., 6m. Let t be the smallest nonnegative 
integer such that p does not divide a;. Then p divides a;, for? = 0,1,...,t-1, 
and p does not divide a;. Similarly, let r be the smallest nonnegative integer 
such that p does not divide b,. Then p divides b;, for 7 = 0,1,...,r —1, and 
p does not divide b,. Therefore, p does not divide a,b,. Now cr4- = aobey,+ 
aybepr—1t oo + Ati bptit aed + a4 1b-_1+ +++ +a¢47b9, where b; = 0ift >m 
and a; = 0 if2 > n. Now p divides aj, for i = 0,1,...,t — 1, p divides b,, 
for 7 = 0,1,...,r — 1, and p divides c4,. Hence, p divides a;b,, which is a 
contradiction. Thus, contf(z)g(z) is a unit and so f(x)g(z) is a primitive 
polynomial. 


Example 16.2.4 In Z[z], 6x? +32 —9 = 3(22* + 2 — 3). Hence, 627 + 32 —9 
is not a primitive polynomial. But 27? +2 —3 is a primitive polynomial. 


Theorem 16.2.5 Let R be a UFD. Let f(x) and g(x) be two nonzero polyno- 
mials in Rix]. Then there exists a unit u€ R such that 


cont( f(x)g(x)) = ucontf(x)contg(z). 
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Proof. Let cy denote cont f(r) and cg denote contg(z). Then f(z) = c¢ f(z) 
and g(x) = cggi(x), where f;(x) and gi(x) are primitive polynomials in R[z]. 
Now cont(f(x)g(x)) and cont(cyc, fi(x)gi(z)) are associates. Since crc, is a 
nonzero element of R, it follows that 


cont(c seg fi (x) g1(x)) 


and 
efegcont( fi (x)91(z)) 


are associates. By Lemma 16.2.3, cont(fi(x)gi(x)) is a unit. Hence, 


cont(f(x)g(z)) = ucyey 
for some unit u. 


It is known that the polynomial ring F[z] over a field F is a Euclidean 
domain, and hence a unique factorization domain. To take advantage of this 
result, let us extend an integral domain FR to its quotient field Q(R) and es- 
tablish the relationship between elements of Q(R)[z] and R[z]. 

In the remainder of the section, we let Q(.R) denote the quotient field of R. 


Lemma 16.2.6 Let R be a UFD. If f(x) is a nonzero polynomial in Q(R)[z}, 
then there exist nonzero elements a,b € R and a primitive polynomial f,(x) in 


R{z] such that f(x) = ab! f, (x), where 7! is the inverse of b in Q(R)[z]. 


Proof. Let f(z) =cotext+---+ce,2” € Q(R)[z] be a nonzero polynomial. 
Then ¢; € Q(R), i = 0,1,...,n. Therefore, there exist a;,b; € R such that 
ce; = a:b; +, b; £0, i =0,1,...,n. Now f(x) = agbp 1+ a,b)! +--+» +anbz iz”. 
Let 6 = bob] ---b,. Then 


bf(z) = 9b, -+ + by + a1b9bg- + bp we +--+ + anb9by +++ bp Zz” € Riz]. 


Clearly bf(x) is nonzero. Let a = cont(bf(z)). Then bf(z) = afi(x), where 
cont fi(x) is a unit and fi(z) € R[x]. Hence, f(x) = b-'afi (xr), where b,a € R 
and f(z) is a primitive polynomial in R[z]. ™ 


Lemma 16.2.7 Let R be a UFD. Let f(x) be a nonzero polynomial in R{[z]. 
If f(z) = dy fi (x) = dofo(x), where fi(x) and fo(x) are primitive polynomials 
in Ria] and dy, dz € Q(R), then d, = ud for some unit u € R. 
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Proof. Since d,,dy € Q(R), we can write d, = ab7! and dy = cd7!for 
some a,b,c,d € R. Thus, f(x) = ab-'f, (x) = cd~1fo(x). This implies that 
adf,(xr) = cbf(x). Since fi(x) and fo(x) are primitive, ad = ucb for some unit 
u € R by Theorem 16.2.5. Thus, dj = ab-! = ucd-! = ud>. 


Lemma 16.2.8 Let R be a UFD. Let f(x) be a nonconstant primitive poly- 
nomial in R[x]. Then f(x) is irreducible in R[z] if and only if f(x) is irreducible 


in Q(R)[z]. 


Proof. Suppose f(z) is irreducible in R{z] and f(x) is not irreducible in 
Q(R)[z]. Then there exist h(x), g(x) € Q(R)[z] such that f(z) = h(z)g(z), 
deg h(x) > 1, and degg(z) > 1. By Lemma 16.2.6, there exist a,b,c,d € R 
with 6 4 0, d # 0, and primitive polynomials h)(z), gi(z) € R[z] such that 
h(x) = ab-'hy(zx) and g(x) = cd-!g, (x). Hence, f(z) = ab~!cd7"hy(zx)gi(z). 
This implies that bdf(x) = ach1(x)g1 (x). Now f(z) is primitive and so cont f(z) 
is a unit. Thus, cont(bdf(z)) = bdu for some unit u. Now 


cont(ach;(z)gi(x)) = vac cont(h1(z)gi(x)) for some unit vE R 
= vjac cont(h;(x)) cont(gi(x)) for some unit vy € R 
= vj acv2Qv3 for some units v9, v3 € R. 


Hence, bd = acw for some unit w € R. Thus, f(x) = whi (z)gi (x) for some unit 
w € R. This shows that f(x) is not irreducible in R[x], which is a contradiction. 
Therefore, f(z) is irreducible in Q(R)(z]. Conversely, let f(z) be irreducible in 
Q(R)|[z]. Suppose f(x) is reducible in Riz]. Now f(z) = rg(x), where r € R 
and r is a not a unit is impossible since f(x) is primitive. Thus, there exist 
polynomials f(x), fo(z) in Riz] such that deg f;(r) > 1, deg fo(x) > 1, and 
f(z) = fi(z) fo(z). Now fi(x) and fo(z) are also nonconstant polynomials in 
Q(R){zr]. Hence, f(x) is not irreducible in Q(R)[z], a contradiction. Conse- 
quently, f(z) is irreducible in R[z]. 


Example 16.2.9 Consider the polynomial 4x +4 in Q|z]. Now 4x+4 = 4(r+ 
1). 4 ts a unit in Q[z] and x+1 is irreducible in Q(z]. Hence, 4r+4 is irreducible 
in Q(z]. But 4 is not a unit in Zr]. Hence, 4x + 4 is not irreducible in Z[z]. 
Also, 3 is irreducible in Z[z], but 3 is not irreducible in Q[z]. 


We are now in a position to prove our main result of this section. Before 
proving this theorem, let us recall the following assertions concerning the poly- 
nomial ring R{z| so that we can enjoy the beauty and depth of this theorem. 

(i) If R is a commutative ring with 1, then R[z] is a commutative ring with 
1. 

(ii) If R is an integral domain, then R[z] is an integral domain. 

(iii) If R is a field, then R{z] is not a field, but R[x] is a Euclidean domain. 

(iv) If R is a PID, then R[z] may not be a PID. 
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Theorem 16.2.10 Let R be a UFD. Then R[z] is a UFD. 


Proof. Let f(z) be a polynomial of degree n > 1. Let f(x) = cy fi(z), 
where cy is a content of f(x) and f\(z) is a primitive polynomial in R{z]. 
Now Q(R)[z] is a UFD and fi(z) € R[z] C Q(R)[z]. Therefore, there exist 
irreducible polynomials gj(x), g2(z),...,9r(z) in Q(R)[z] such that fi(x) = 
gi(z)go(z)--+9r(x). By Lemma 16.2.7, gi(x) = a;b; 'hi(z), a;,b; € R, bs £0, 
and h,(x) is a primitive polynomial in R[z], 1 = 1,2,...,7. Also, by Lemma 
16.2.8, h(x) is irreducible in R[x], i = 1,2,...,7r. Hence, 


fi(z) = ayag---a,by by) --- bo thy (x) ---h,(z). 
Let a = a,a9::-a, and b = bi bg---b,. Then 
bfi(x) = ahi (x) ---hp(z). (16.1) 


By Lemma 16.2.3, hi(x)---h,(x) is primitive. This implies that a = ub for 
some unit u € R and so 

fi(z) = uhy (2) ---h, (2). 
This shows that 

f(w) = werhs(2) ++ hy(2). (16.2) 


Since an associate of an irreducible polynomial is also an irreducible polynomial, 
it follows that uhy() is irreducible. Thus, for any polynomial f(x) of degree 
> 1, there exist irreducible polynomials gi(z),...,9,(x) in R[z] such that 


F(z) = cggi(z)--- 94 (Zz), 


where cy = cont f(x). If cy is not a unit, then there exist irreducible elements 
@1,42,-.., af € R such that 


f(z) = ayaq---a4gi(z) ++ ge (x). (16.3) 
Suppose now that 
f(x) = ayaq +--+ a4g1(x) +++ gpa) = b1b2--- bhi (z)--- hg (z), (16.4) 
where a;,6; are irreducible elements in R,i=1,...,t,7 =1,...,l and 


Gilt) oO 2) Wye): 3, hg (®) 


are irreducible elements in R[{z]. Now ajaq--- az and b,b)---b; are two factor- 
izations as a product of irreducible elements in R of c;. Therefore, by (16.4) 


gi(z) +++ ge(2) = dhy(z)---ha(z), (16.5) 


16.2. FACTORIZATION OF POLYNOMIALS OVER A UFD 379 


where d is a unit in R. Now gi(x),..., 9% (x), 1 (x),...,hg(x) are primitive and 
irreducible in R{z]. Hence, these polynomials are also irreducible in Q(R)[z]. 
Since Q(R)[z] is a UFD, Eq. (16.5) implies that k = q and there exists a 
one-one correspondence between {gi(z),...,9¢(x)} and {hi(z),...,h¢(x)} such 
that the corresponding factors are associates in Q(R)|z] and hence by Lemma 
16.2.7, they are also associates in R[x]. Thus, the factorization (16.4) of f(z) 
in R[z] is unique. Consequently, R[z] is a UFD. ll 


Corollary 16.2.11 Let R be a UFD. The polynomial ring R[r1,...,2n| 18 a 
UFD. 


We see that the polynomial ring F(z, y] is a unique factorization domain. 
However, F[z,y] is not a Euclidean domain. This can be verified by showing 
that F[z,y] is not a principal ideal ring. We ask the reader to show in the 
exercises that the ideal (z,y) in F'[x, y] is not a principal ideal. 

As shown in Example 16.1.11, Z[iV5] is not a UFD. Thus, even though 
the polynomial ring F'[z] is a unique factorization domain, a ring of the form 
F[c] need not be one. Thus, the homomorphic image of a unique factorization 
domain need not be a unique factorization domain. 


16.2.1 Worked-Out Exercises 


© Exercise 1 Let f(z) be a nonzero polynomial in Z[z]. Show that f(z) can 
be expressed as a product of two polynomials g(z) and h(x) of Q{z] with 
deg g(x) < deg f(z) and degh(z) < deg f(x) if and only if there exist 
gi(z), hi(x) € Zlx] such that deg g(x) = deg gi(x), deg h(x) = deghi(z), 
and f(r) = gi(z)hi(z). 


Solution: Suppose there exist g(x) and A(z) in Q(z] with degg(z) < 
deg f(x), degh(x) < deg f(z), and f(z) = g(x)h(x). There exist nonzero 
elements a,b,c,d € Z and primitive polynomials go(zx), he(x) € Zz] such 
that g(x) = ab-1go(x) and h(x) = cd~'he(x) by Lemma 16.2.6. Hence, 
f(x) = ab~!cd-!go(xr)ho(z). This implies that bdf (xz) = acg2(z)ho(xr). Let d; be 
the content of f(z), Then we can write f(r) = d, fi(xz), where fi(z) is a prim- 
itive polynomial in Z[z]. Hence, bdd; f(x) = acgo(x)ho(z). Now go(r)h2(z) is 
also a primitive polynomial. Then bdd, = uac for some unit u € Z. This implies 
bdd; = ac or bdd,; = —ac. Hence, f(x) = g2(x)he(z) or fi(x) = —go(xr)ho(z). 
Let gi(x) = digo(z). Now f(x) = di fi (x) = dige(x)he(r) = gi(x)hi(x), where 
hy (x) ho{x) or f(z) = difi(e) = —dige(z)he(x) = gi(x)hi(z), where 
hy(z) = —he(z). Also, from the construction, it follows that deg go(z) = 
deg gi(z) = degg(x) < deg f(z) and degho(r) = deghi(xz) = degh(z) < 
deg f(x). The converse is trivial. 


Exercise 2 Show that Z[z] is a UFD, but not a PID. 
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Solution: Since Z is a UFD, Z[z] is a UFD by Theorem 16.2.10. (By 
Corollary 15.1.11, Z[z] is not a PID. However, here we want to show that Z[z] 
is not a PID by showing the existence of ideals in Z[z], which are not principal.) 
Consider 

T= (z) + (n), 


where n € Z, n ¢ {0,1, —1}. We claim that J is not a principal ideal. Suppose 
I = (f(x)), where f(x) € Z[z]. Then (n) C (f(z)). Therefore, n = f(x)g(z) 
for some g(z) € Z. Since degn = 0, deg f(z) = 0 and hence f(x) € Z. Let 
f(z) =a € Z. Now (2) C (a). Then z = ah(r) for some h(z) € Zz]. Again 
by a degree argument, degh(xz) = 1. Let h(x) = ap + a,x, where ag, a, € Z, 
a, #0. Then z = a(ag + aiz). Hence, 1 = aa; € (a) = I = (xz) + (n). Thus, 
1 = xs(x) + nt(z) for some s(x), t(z) € Z[z]. Let t(z) = to +tyz+ --- +t,-27. 
Then by comparing coefficients in 1 = zs(x) + nt(z), we get 1 = nto. Hence, n 
divides 1, which is a contradiction. Therefore, J is not a principal ideal. 


16.2.2 Exercises 
1. Let f(z) € Z[a] be irreducible. Prove that f(x) is primitive. 


2. Let f(x) be a nonconstant primitive polynomial in Z[z]. Prove that if 
f(x) is not irreducible in Q[z], then f(z) is not irreducible in Z[z]. 


3. Show that the polynomial ring Q{z, y| is a UFD, but not a PID. 


4. Let R be a UFD. Let f(x) be a primitive polynomial in R[z]. Show that 
any nonconstant divisor of f(x) is also a primitive polynomial. 


16.3 Irreducibility of Polynomials 


In the previous section, we proved that any polynomial of degree > 1 over a 
UFD can be expressed as a product of irreducible polynomials. Thus, irre- 
ducible polynomials play an important role in polynomial rings. But it is not 
always easy to determine if a polynomial is irreducible over a UFD. In this 
section, we establish some criteria for irreducibility of polynomials. We first 
note that any polynomial of degree 1 over a field F is always irreducible. If 
f(z) = ar+b€ F{z] with a £0, then x = —a~!b is a root of f(z) in F. In 
this connection, let us point out that a linear polynomial over a UFD D may 
not be irreducible in D[z]. For example 2x + 4 = 2(x + 2) is not irreducible in 
Z|z]. We now consider polynomials of degree 2 and 3. For these polynomials, 
we can apply the following test to check irreducibility. Let F denote a field. 


Theorem 16.3.1 Let f(r) € F[z] be a polynomial of degree 2 or 3. Then f(z) 
is irreducible over F if and only if f(x) has no roots in F. 
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Proof. Suppose that deg f(z) = 3 and f(z) is irreducible. If f(z) has a 
root in F, say a, then x — a divides f(z) in F[z] and so f(z) is reducible over 
F. Conversely, suppose f(x) has no roots in F. Assume that f(x) is reducible. 
Then f(z) = g(x)h(z) for some g(x), h(x) € F[z], deg g(x) > 1 and deg h(x) > 
1. Now deg(g(x)h(x)) = 3. Therefore, either deg g(x) = 1 and degh(z) = 
2 or degh(x) = 1 and degg(z) = 2. To be specific, let degg(z) = 1 and 
deg h(x) = 2. Then g(x) = az + 6 for some a,b € F,a #0. Now -a ‘bE F 
and g(—a~'b) = 0. Thus, —a7!b is a root of g(z) and hence —a~!b is a root of 
f(x) in F. This is a contradiction to our assumption that f(r) has no roots in 
F. Hence, f(z) is irreducible over F. A similar argument can be used for the 
case when deg f(z) = 2. Hl 


Example 16.3.2 (i) Let f(z) = 2? +2z+ [1] € Zo[z]. Now 
F (10) = (0? + (0) + [1] 4 (0), 


FU) = G? + (1) + [1] = (1 4 [. 


Hence, f(x) has no roots in Zo. Thus, by Theorem 16.3.1, f(x) is irreducible 
over Zo. 
(it) Let g(x) = x° + [2]z + [1] € Z3[z]. Now 


g((0]) = {0}? + (2}[0] + [1] ¥ (0, 


g((1}) = [1]° + (2)[1] + 1) = [4] = (1) 4 (0), 
and 
9([2}) = [2]° + (2)[2] + (2) = (13) = [1] # (0). 


Hence, g(x) has no roots in Z3. Thus, by Theorem 16.3.1, g(x) is irreducible 
over Z3. 


Instead of considering polynomials over an arbitrary field, let us now con- 
sider polynomials over the field Q of all rational numbers. By Lemma 16.2.8, 
a nonconstant primitive polynomial f(z) € Z[z] is irreducible in Q[z] if and 
only if f(z) is irreducible in Zz]. It is not difficult to decide whether or not a 
polynomial is primitive. In order to decide whether or not f(z) is irreducible, 
we sometimes consider the corresponding polynomial in Z,[z] for some prime 


D. 


Theorem 16.3.3 Let f(z) =agp+ajr+---+a,2" € Z[z] be of degree n > 1. 
If there exists a prime p such that f(z) = [ao] +[aijet+---+an|x” is irreducible 
in Zp|az] and deg f(x) = deg f(r), then f(z) is trreducible in Q|z]. 
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Proof. Suppose f(z) satisfies the given conditions of the theorem for some 
prime p. Suppose f(z) is reducible in Q[z]. Then there exist polynomials g(r) = 
bo tba t+ -++b_2™ and h(x) = cote zt+---+e2* in Z[z],0<m<n,0< 
k <nsuch that f(x) = g(x)h(x) by Worked-Out Exercise 1 (page 379). Thus, 
[a] + [aija+---+[anjx” = ([bo]+[biJat---+ [bm]a™) ([eo]+ [eal +---+[cx]x*). 
Since deg f(x) = deg f(x) =n = k+™, it follows that (b»][c,] 4 0 in Zp. 
Hence, [bm] 4 [0] and [cy] 4 [0]. Consequently, g(x) and A(x) are nonconstant 
polynomials in Z,|[z]. Since the units of Z,[x] are the nonzero elements of Zp, 
it follows that g(x) and A(x) are nonunits. Therefore, f(z) is not irreducible 
in Z,[x], a contradiction. Hence, f(x) is irreducible in Q[z]. Ml 


Example 16.3.4 Consider the Bolgnormal fx= 33 - gr+1 in Q[z]. Then 
14f(x) = 102° Ae Let fi(z) = 1023 — 7r + 14. Now in Za[z], fi(r) = 


[10}x* — [7a + [14] = 2° — 2 + [2]. Since Ai((0)) = (2), A(t) = 21, Al) = 
[2]> — [2] + [2] = [2], zt follows that fi(r) has no root in Zs[z]. As a result 14f(z) 
is irreducible in Q|z]. But 14 is a unit in Q[z]. Hence, f(x) is irreducible in 
Q[z]. 


Let f(x) € Q[z] and deg f(x) > 2. If f(x) has a root in Q, then f(z) is 
reducible. The following theorem will help us to see whether a polynomial 


f(x) € Q[z] has a root in Q. 


Theorem 16.3.5 Let f(x) =a9 +a)2+---+an2" € Zz] be of degree n and 
ag #0. Let * € Q be a root of f(x), where u and v are relatively prime. Then 


ulag and vlan. 


Proof. Since % is a root of f(a), 
U U U a 
Ur ek ra ‘ 


Thus, 
0 = apu™ + aquv™ 1 +--+ ap_yu™ te + anu”. 


Hence, 


—2 nat) 


v(agu" 1) + aqyuv™ 2 +--+ an_yu = —anu”. 
This implies that vja,u”. Since u and v are relatively prime, v|a,. Similarly, 


ulao. 


Example 16.3.6 Let f(x) = 2x3 — 7x +1 and * €Q be a root of f(x) with 
gcd(u,v) =1. Then ull and v|2. Hence, u= +1 andv= =) ae This implies 
that & = +1, 43. Now f(1) # 0, f(-1) #0, f(3) = 7-441 4 0, and 
f(-3) = -¢4+45+1#0. So we find that f(x) has no root - Q. Thus, by 
Theorem 16.3.1, f(z) is irreducible in Q[z]. Since f(x)is primitive, f(x) is also 
irreducible in Zz]. 
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Let us now give another criterion for irreducibility. This famous criterion 
is known as Eisenstein’s irreducibility criterion. 


Theorem 16.3.7 (Eisenstein’s Irreducibility Criterion) Let D be a UFD 
and @Q(D) be its quotient field. Let 


F(z) = a9 + ar +++ +anz” 


be a nonconstant polynomial in D[z]. Suppose that D contains a prime p such 
that 

(i) play, 7 =0,1,...,n-1, 

(it) p f Qn, and 

(its) »? Yao. 

Then f(x) is irreducible in Q(D)[z]. 


Proof. Case 1. f(x) is a primitive polynomial in D(z]. Under this as- 
sumption, if we can show that f(x) is irreducible in D[z], then by Lemma 
16.2.8, it will follow that f(x) is irreducible in Q(D)[z]. Suppose that f(z) is 
not irreducible in D[z]. Then there exist polynomials 


g(z) = bo thr+---+h2t 
h(x) = cotear+--:+cpr* 


in D{z] such that f(z) = g(x)h(x) and g(z) and A(z) are nonunits in D[z]. Now 
n=t+k. Ift = 0, then g(x) = bg, a nonunit element of D. Thus, f(z) = boh(z) 
implies that f(z) is not primitive. Therefore, t 4 0. Similarly, k 4 0. Hence, 
0<t<nand0<k <n. Now from f(z) = g(x)h(z), we find that ag = boco. 
Since p is a prime such that plag and p? / ag, it follows that p divides one of 
bo, co, but not both. Suppose p|bp and p J cg. Since p f an and an = bicg, p 
Ab, and p f cg. Thus, plbp and p J b:. Let m be the smallest positive integer 
such that p } bm. Then plb; for 0 <i <m <t. Now considering the coefficient 
of 2” in f(x) and g(x)h(z), it follows that 


Om = bo¢m + b1em—1 + °°: + bm—1¢01 + Ome. 


Since p|b;, 0 < i < m, we find that pl(am — baco). Since m <t < n, plan. 
Hence, plbmco and so plbm or pico since p is prime. This is a contradiction. 
Therefore, f(z) is irreducible in D[r] and hence in Q(D)|[z]. 

Case 2. f(z) is not a primitive polynomial in D[z]. Let d = gced{ao, 
aj,.--,@n} in D. Then f(x) = df(z), where f)(x) is a primitive polynomial in 
D(z}. Let fi(z) = do + djx+---+d,x". Then a; = dd;, for all i= 1,2,...,n. 
Since p does not divide a,, p does not divide d. Therefore, it now follows that 
p\d;,i=0,1,...,n-1, p J dy and p? J do. Thus, by Case 1, fi (x) is irreducible 
in Q(D)[z]. Now d is a unit in Q(D). Hence, f(z) is irreducible in Q(D)[z]. H 
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Corollary 16.3.8 Let D be a UFD and f(x) = ap +ajx +---+anzr” be a 
nonconstant primitive polynomial in D|z]. Suppose that D contains a prime p 
such that 

(i) pla;, i =0,1,...,n-1, 

(ii) p J an, and 

(iti) p? ¥ ao. 

Then f(x) is irreducible in D{z]. & 


Corollary 16.3.9 Let f(r) = agtair+---+an2r” be a nonconstant polynomial 
in Zaz]. If there exists a prime p such that 

(i) pla;, 7 =0,1,...,n—1, 

(it) p { Qn, and 

(iii) »? 00, 

then f(x) is irreducible in Q{z]. 


Corollary 16.3.10 The cyclotomic polynomial 


xP — 1 


= eet p-l _ 
p(x) FE +e aT 


is irreducible in Z[x], where p is a prime. 


Proof. Since the content of ¢,(z) is 1, we find that ¢,(x) is a primitive 
polynomial. Suppose ¢,(z) is not irreducible in Z[z]. Then there exist non- 
trivial factors h(x) and g(z) of ¢,(x) such that ¢p(x) = h(x)g(x). This implies 
that @p(xz + 1) = h(a + 1)g(a + 1) is a nontrivial factorization of @p(x + 1). 
However, 


dp(z+1) = Gee 


aP+paP~i+--+(P)at+.-+pr 


=z 


pte + (jal 4+... + paP-? + oP} 


is clearly irreducible by HKisenstein’s criterion. Hence, ¢,(x) is irreducible in 
Z|z]. a 


Gauss is said to have placed Eisenstein at the same mathematical level as 
Newton and Archimedes. However, Eisenstein’s influence on mathematics is 
considered to be small in comparison to that of the giants of mathematics. 


16.3.1 Worked-Out Exercises 


. Exercise 1 Show that f(z) = 2? + [2|z + [4] is irreducible in Zs[z]. 
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Solution: f([0]) = [4], f((1)) = [7] = [2], f(2]) = [3] + [4] + [4 = 
F((3]) = [2] + (4) + [4] = [2], F(L4)) = [4] + [3] + [4] = [1]. Hence, f(z) has no 
roots in Zs. Thus, by Theorem 16.3.1, f(x) is irreducible in Z5{z]. 


Exercise 2 Let f(z) = 26 +2°+1 € Z[z]. Show that f(z) is irreducible 
over Q. 


Solution: Now f(x +1) = 2° + 6z° + 1524 + 2123 + 182? + 92 + 3. Let 
p = 3. Then by Eisenstein’s criterion, f(z + 1) is irreducible over Q. Hence, 
f(x) is irreducible over Q. 


~ Exercise 3 Show that f(r) = 2+ — 52? + 2 +1 is irreducible in Z[z]. 


Solution: Let us first show that f(z) is irreducible in Q[z]. If f(x) has a 
linear factor, then f(x) has a root in Q. Let ¢ (a,b are relatively prime) be a 
root of f(x) in Q. Then b|1 and a|1 by Theorem 16.3.5. Hence, § = lor —1. But 
f(1) =1-54+14+1=-20and f(—1) =1-5-14+1=-—4 #0. Therefore, 
f(z) has no linear factors in Q[z]. Let f(x) = (2? + ar + b)(xz? + cx +d) in 

Zz]. Equating coefficients of powers of x, we find that 


e+ta=0, d+b+ac=-—5, ad+bc=1, bd=1. 


Now bd = 1 implies that either b = d= 1 or b=d = —1. Suppose b=d =1. 
Then a+c= 1. But we also have a+ c= 0, a contradiction. Suppose b = d= 
—1. Then ad + bc = 1 implies that a+¢ = —1. Thus,a+c=-—landat+c=0, 
a contradiction. Hence, we find that there are no integers a,b,c,d such that 
f(x) = (x? +ax+b)(z?-+cax +d). This also implies that f(x) cannot be factored 
as a product of two quadratic polynomials in Q[z] (see Worked-Out Exercise 
1, page 379). Thus, f(x) is irreducible in Q[z]. Hence, by Lemma 16.2.8, f(x) 
is irreducible in Z[z]. 


® Exercise 4 Show that f(x) = 2° + 1529 + 10z + 5 is irreducible in Z[z]. 


Solution: The content of f(z) is 1. Therefore, f(x) is a primitive poly- 
nomial. Now 5 is a prime integer and 5|5, 5/10, 5/0, 5/15, 5 41, 5° 5. Hence, 
by Corollary 16.3.8, f(x) is irreducible in Z[z]. 


® Exercise 5 Give an example of a primitive polynomial which has no root 
in Q, but is reducible over Z. 


Solution: Let f(x) = 24 +2x?+1. This is a primitive polynomial in Z[z]. 
If possible, let # be a root of f(x), where a # 0, b #0 and gcd(a, 6) = 1. Then 
a|1 and b|1 by Theorem 16.3.5. Hence, § = +1. But f(1) #0 and f(—1) #0. 
Therefore, f(x) has no root in Q. Since f(x) = (x?+1)(x?+1), f(z) is reducible 
in Zz]. 
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Exercise 6 Show that r?+zx+[1] is the only irreducible polynomial of degree 
2 over Zo. 


Solution: Any polynomial of degree 2 over Zo is of the form az* + bz +c, 
where a, b,c € Zo = {0}, [1]}. Now a # [0]. Therefore, a = [1]. Then x”, z?+2, 
x? + [1], and x? + z+ [1] are the only polynomials of degree 2 over Zo. Now 
g?=a2zr, c* +x =2(r+ (I), and x? +4 (1] = (z+ [1])(x+4 [1]) showing that 2’, 
z?+z, and z7+[l1] are reducible. Let f(x) = x? +2+/[1]. Then f((0]) = [1] 40 
and f([1]) = [3] = [1] 4 0. Therefore, f(x) has no root in Z. Thus, z7+24 [1] 
is irreducible over Zo. 


16.3.2 Exercises 


1. Find all irreducible polynomials of degree < 2 in Zo[z]. Is x? + [1] ir- 
reducible in Zo[z]? If not, then express it as a product of irreducible 
polynomials in Zo{z]. 


2. Show that the polynomial z° + x? + [1] is irreducible in Z2[z]. Hence, 
prove that 2° — x? + 9 is irreducible in Z[z]. 


3. Show that the polynomial 2? + [2]z + [6] is reducible in Z[z] even though 
x? + 2z + 6 is irreducible in Z[z]. 


4. Use Eisenstein’s criterion to prove that the polynomials x? + 2r + 6 and 
Qe4 + 6x3 — 9x? + 15 are irreducible over Z. 


5. For f(z) € D[z], D a UFD, prove that f(x) is irreducible in D[z] if and 
only if f(z —c) is irreducible in D[z] for any c € D. 


6. Show that the polynomials 2° — 2? + 1, 2? —2+1, and x? +4+ 227 +3 are 
irreducible in Z{z]. 
7. Show that the polynomial 22° — 2? + 4x — 2 is not irreducible in Z[z]. 


8. Show that the polynomial 2? + 42 — 2 is irreducible in Q[z]. 


9. Prove that the polynomial f(z) =1—2+2?—23+4---+(—1)?7!2?-1 is 
irreducible in Z[z] for any prime p. 


10. Let D be a UFD and f(z) = ap + a,x +--+: +a,z” € D{x] be of degree 
n and ap # 0. Let uv~! € Q(D) be a root of f(z), where u,v € D and 
gcd(u,v) = 1. Prove that ulao and via, in D. 


11. Show that for any positive integer n > 1, f(x) = x” 4 2 is irreducible in 
Zia]. 


12. Find all irreducible polynomials of degree 2 over the field Z3. 
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13. 


14, 


15. 


If f(x) is an irreducible polynomial over R, prove that either f(x) is 
linear or f(x) is quadratic. 


Show that there are only three irreducible monic quadratic polynomials 
over Z3. 


(i) Show that there are only 10 irreducible monic quadratic polynomials 
over Zs. 


(ii) Let p be a prime. Find the number of irreducible monic quadratic 
polynomials over Zp. 
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Leopold Kronecker (1823-1891) was 
born on December 7, 1823, in Liegnitz, Ger- 
many, to a wealthy family. He was pro- 
vided with private tutoring at home. He 
later entered Liegnitz Gymnasium, where E. 
E. Kummer was his mathematics teacher. 
Kummer recognized his talent and encour- 
aged him to do independent research. 

In 1841, he matriculated at the Univer- 
sity of Berlin. There he attended Dirichlet’s 
and Steiner’s mathematics lectures. He was 
also attracted to astronomy and in 1843 at- 
tended the University of Bonn. He returned 
to Berlin in 1845, the year he received his 


Ph.D. His thesis was on complex units. 

On Kummer’s nomination, Kronecker became a full member of the Berlin Academy 
in 1861. He was very influential at the Academy and personally helped fifteen mathe- 
maticians, including Riemann, Sylvester, Dedekind, Hermite, and Fuchs, to get various 
memberships. 

Kronecker’s primary work is in algebraic number theory. He is believed to be one 
of the inventors of algebraic number theory along with Kummer and Dedekind. He 
was the first mathematician who clearly understood Galois’s work. He also proved the 
fundamental theorem of finite Abelian groups. 

Briefly Kronecker withdrew from academic life to manage the family business. 
However, he continued to do mathematics as a recreation. In 1855, he returned to the 
academic life in Berlin. In 1880, he became editor of the Journal fiir die reine and 
angewandte Mathematik. 

Kronecker and Weierstrass were good friends. While Weierstrass and Cantor were 
creating modern analysis, Kronecker’s remark that “God himself made the whole 
numbers—everything else is the work of men” deeply affected Cantor, who was very 
sensitive. His remarks in opposition to Cantor’s work are believed to be a factor in 
Cantor’s nervous breakdown. 

Kronecker died on December 29, 1891. 


Chapter 17 


Maximal, Prime, and Primary 


Ideals 


17.1 Maximal, Prime, and Primary Ideals 


In this section, we introduce certain special ideals. These ideals are motivated 
in large part by certain arithmetic properties of the integers. Throughout the 
section, we assume that the ring A contains at least two elements. 


Definition 17.1.1 An ideal P of a ring R is called prime if for any two ideals 
A and B of R, AB C P implies that either AC P or BCP. 


The following theorem gives a useful characterization of a prime ideal with 
the help of elements of R. Let us first recall that if A is a left ideal and B is 
a right ideal of a ring R, then AB is an ideal of R. Let a € R. Then Ra is a 
left ideal of R and aR is a right ideal of R. Thus, R(aR) is an ideal of R. We 
denote R(aR) by RaR. Also, fora € R, aRa= {ara|r€ R}. 


Theorem 17.1.2 An ideal P of a ring R is a prime ideal if and only if for all 
a,b€ R, aRb C P implies that etthera € P orbeE P. 


Proof. Suppose P is a prime ideal and aRb C P, where a,b € R. Let A= 
RaR and B = RbR. Then A and B are ideals of R. Also, AB = (RaR)(RbR) C 
R(aRb)R C RPR C P. Since P is a prime ideal, it follows that either A C P or 
BC P. Suppose A C P. Now (a)? C RaR = AC P. Since P is a prime ideal, 
(a) C P and soa € P. Similarly, if B C P, then b € P. Thus, either a € P 
or b € P. Conversely, suppose that the ideal P satisfies the given condition of 
the theorem. Let A and B be two ideals of R such that AB C P. Suppose 
that A Z -P. Then there exists a € A such that a ¢ P. Let b € B. Now 
aRb = (aR)b C AB C P. This implies that a € P or b € P. But a ¢ P. 
Therefore, b€ P. Hence, BC P. i 
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Corollary 17.1.3 Let R be a commutative ring. An ideal P of R is a prime 
ideal if and only if for alla,b € R, ab € P implies that eithera € P orb € P. 


Example 17.1.4 In the ring Z of integers, the ideal P = {38k | k € Z} is a 
prime ideal. For, ab € P if and only if ab is divisible by 3 if and only if a 
is divisible by 3 or b 1s divisible by 3 (since 3 is prime) if and only if a is a 
multiple of 3 or b 1s a multiple of 3 if and only ifa € P or be P. In Z, the 
ideal J = {6k | k € Z} is not a prime ideal since 3.2 =6€ J, but 3¢ J and 
2¢ J. 


Theorem 17.1.5 Let R be a PID and P be a nonzero ideal of R. Then P is 
prime and P # Rif and only if P is generated by a prime element. 


Proof. Let R be a PID and P = (p) be a nonzero proper prime ideal of R. 
Then p # 0. Since P # R, p is not a unit. Let a,b € R be such that plab. Then 
ab = pc for some c € R. Hence, ab € P. Since P is a prime ideal, either a € P 
or b € P. Therefore, either pla or p|b. Thus, p is a prime element. Conversely, 
suppose that P = (p) is a nonzero ideal of R such that p is a prime element. 
Since p is not a unit, P ~ R. Let a,b be two elements of R such that ab € P. 
Then plab. Since p is a prime element, either pla or p|b. Therefore, either a € P 
or 6 € P. Hence, P is a prime ideal of 2. 


As a consequence of Theorem 17.1.5 and Theorem 15.1.9, the prime ideals 
of Z are precisely those ideals generated by primes and the ideals {0} and Z. 
Also, by Theorem 15.3.16, the prime ideals in the polynomial ring Fz] over 
a field F are those ideals generated by irreducible polynomials and the ideals 
{0} and F[z}. . 


Definition 17.1.6 Let R be a ring and M be an ideal of R. Then M is called 
a mazimal ideal of R if M # R and there does not exist any ideal I of R 
such that MCICR. 


Let Z(R) be the collection of all proper ideals of R. Since {0} € Z(R), 
Z(R) # o. Now (Z(R),<) is a lattice, where < is the set inclusion relation. 
Clearly a maximal element (if one exists) of this lattice is a maximal ideal of 
the ring R. 


Theorem 17.1.7 Let R be a commutative ring with 1. Then every meximal 
ideal of R is a prime ideal of R. 


Proof. Let J be a maximal ideal of R and a and 6 be two elements of R 
such that ab € I anda ¢ I. Now (J,a) = {u+ra|ue€I, r € R} is the ideal 
generated by I U {a}. Since a ¢ J, IC (J,a). Also, since I is a maximal ideal. 
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(I,a).= R. Thus, there exist u € I and r € R such that 1 = u+ra. This 
implies that b = ub + rab € I. Hence, J is a prime ideal. MI 


The converse of the above theorem is not true, as shown by the following 
examples. 


Example 17.1.8 In the ring Z of integers, {0} is a prime ideal, but not a 
maximal ideal. 


Example 17.1.9 Let R = {(a,b) | a,b € Z}. Then (R,+,-) is a ring, where 
+ and - are defined by 


(a,b) + (c,d) = (at+c,b+d), 
(a, b) - (c,d) (ac, bd) 


for alla,b,c,d € Z. Let I = {(a,0) |a€ Z}. ThenT is a prime ideal of R, but 
not a mazimal ideal since I Cc (I,(0,2)) CR. 


Theorem 17.1.10 Let R be a principal ideal domain. Then a nonzero ideal 
P (4 R) of Ris prime tf and only if it 1s mazimal. 


Proof. Suppose P (# R) is a nonzero prime ideal. By Theorem 17.1.5, 
P = (p) for some prime element p € R. We now show that there is no ideal 
I of R such that P C I C R. Suppose J is an ideal of R such that P Cc I. 
Since P # I, there exists an element a € J such that a ¢ P. Then a and p are 
relatively prime and so there exist s, t € R such that 1 = sa+tp. Since sa € [ 
and tp € P Cc I, we must have 1 € J. This implies that [ = R. Hence, P is 
maximal. ll 


We now give characterizations of prime ideals and maximal ideals in a 
commutative ring with identity by the quotient rings of the ideals. 


Theorem 17.1.11 Let R be a commutative ring with 1 and P be an ideal of 
R such that P # R. Then P is a prime ideal if and only if R/P is an integral 
domain. 


Proof. Let P be a prime ideal of R. Since R is a commutative ring with 
1, the quotient ring R/P is also a commutative ring with 1. Now P # R and 
so the identity element 1+ P of R/P is different from the zero element 0 + P. 
Let us now show that R/P has no zero divisors. Let a+ P, b+ P € R/P, and 
(a+ P)(b+ P) =0+P. Then ab+ P = 0+P, which implies that ab € P. 
Since P is a prime ideal, either a € Porbé P,ie., eithera+P=0+Por 
b+ P=0+4P. Thus, R/P has no zero divisors. This implies that R/P is an 
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integral domain. Conversely, suppose R/P is an integral domain. Let ab € P. 
Then 0+ P = ab+P = (a+ P)(b+P), whencea+P=0+Porb+P=0+P. 
Thus, a € P or b}€ P and so P is a prime ideal. Ml 


Theorem 17.1.12 Let R be a commutative ring with 1 and M be an ideal of 
R. Then M is a mazimal ideal if and only if R/M is a field. 


Proof. Suppose that M is a maximal ideal. Since R is a commutative ring 
with 1, R/M is a commutative ring with 1. For all a € R, let @ denote the coset 
a+M in R/M. Let @ € R/M be such that @ 4 0. Then a ¢ M. Hence, the 
ideal (M, a) generated by MU {a} properly contains M. Since M is a maximal 
ideal, we have (M,a) = R. This implies that there exist m € M andre R 
such that m+ ra = 1. Thus, ™+7a = I and so 7a = I. Hence, @ has an 
inverse. This shows that every nonzero element of R/M is a unit and so R/M 
is a field. Conversely, suppose R/M is a field. Since R/M is a field, R # M. 
Let f be an ideal of R such that M cCJICR. There exists a € I such that 
a ¢ M. Then a@ # 0 and so there exists 7 € R/M such that ar = 1. Thus, 
(a + M)(r + M) = 1+ M, which implies 1 —- ar € M. Hence, 1 = m+ar 
for some m € M. Thus, 1 = m+ar¢M+I1 CJ. This implies that J = R. 
Therefore, Mf is maximal. Mf 


As a consequence of Theorems 15.1.9 and 17.1.10, the maximal ideals of 
Z are precisely those ideals generated by primes. Also, by Theorem 15.3.16, 
the maximal ideals in the polynomial ring F'[z] over a field F are those ideals 
generated by irreducible polynomials. 


Example 17.1.13 Consider the polynomial ring R[z,y] over an integral do- 
main R. Then Riz, y|/ (x) ~ Rly] and Riz, y\/ (y) ~ Riz], which are integral 
domains. Thus, (x) and (y) are prime ideals. Since R[z,y|/ (x) and Riz, y|/ {y) 
are not fields, (x) and (y) are not mazimal ideals. 


Example 17.1.14 Consider E, the ring of even integers. The ideal (4) is 
maximal, but not prime in E since 2-2 € (4), but 2-¢ (4). Note that E is 
commutative without identity. 


We now show the existence of maximal ideals in certain rings. In order to 
accomplish this, we require Zorn’s lemma. 


Theorem 17.1.15 Let R be a commutative ring with 1. Then every proper 
ideal of R is contained in a maximal ideal of R. 
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Proof. Let J be a proper ideal of R and set A= {J | I C J, J is a proper 
ideal of R}. Since [ € A, A # ¢. Also, A is a partially ordered set, where the 
partial order < is the usual set inclusion. We now show that any chain in A 
has an upper bound in A. Let C = {J | a € K} be a chain in A. Since I C Ja 
for all a, I GC Uada. Let a, 6 € Uada. Then a € Jag and b € Jg for some a, B. 
Since C is a chain, either Ja © Jg or Jg © Ja, say, Ja © Jg. Thus, a, b € Jy. 
Since Jg is an ideal of R, a—b € Jg C Unda. Let r € R. Then ra € Ja © Unda, 
whence UgJg is an ideal of R. Now UgJa # FR else 1 € Jy for some a, which is 
impossible since Jy # R. Hence, UgJa € A, which is clearly an upper bound of 
C and so by Zorn’s lemma, A has a maximal element, say, 14. We now show that 
M is a maximal ideal. If there exists an ideal J of R such that M CJC R, 
then J € A and so M is not maximal in A, a contradiction. Thus, no such J 
exists and so M is a maximal ideal. 


Corollary 17.1.16 Let R be a commutative ring with 1 anda € R. Then a is 
ina mazimal ideal of R if and only tf a is not a unit. 


Proof. Suppose a is not a unit. Then (a) C R else 1 = ra for some r. 
By Theorem 17.1.15, there exists a maximal ideal M such that (a2) C M. Now 
a € (a) C M. Conversely, suppose a € M, where M is a maximal ideal. If a is 
a unit, then 1 = a~'a € M and so M = R, a contradiction. 


Corollary 17.1.17 Let R be a commutative ring with 1. Then R has a mazi- 
mal ideal. 


Proof. In R, {0} is a proper ideal. Hence, by Theorem 17.1.15, there exists 
a maximal ideal M of R such that {0} C M. 


The fundamental theorem of arithmetic says that any integer n has a prime 
factorization n = pj'---p%*, where pi,...,ps are primes and ¢),...,é@5 are 
positive integers. The ideals (p;) are prime ideals of Z. The ideals (p;‘) are 
also special ideals of Z. Their study is motivated in part by the fundamental 
theorem of arithmetic. 


Definition 17.1.18 Let R be a commutative ring and Q be an ideal of R. Then 
Q is called a primary ideal if for alla, b € R, ab€ Q anda ¢ Q implies that 
there exists a positive integer n such that b” € Q. 


From the definition of primary ideal, it follows immediately that every 
prime ideal in a commutative ring is a primary ideal. Now in the ring Z, for 
any prime integer p, the ideal (p”) contains p” but not p, where n is a positive 
integer and n > 2. Hence, (p”) is not a prime ideal. The following example 
shows that (p”) is a primary ideal. 
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Example 17.1.19 Let p be a prime in Z and n be a positive integer. We show 
that (p") is a primary ideal. Let ab € (p”) anda ¢ (p"). Then there exists 
r € Z such that ab = rp”. Since p” does not divide a, p|b and so b = qp for 
some gq € Z. Thus, b” = q™p” and so b” € (p). 

Example 17.1.20 Let p(x) be irreducible in F(x], F a field, and n be a positive 


integer. Then (p(x)") is a primary ideal by an argument entirely similar to the 
one used in Example 17.1.19. 


Definition 17.1.21 Let R be a commutative ring and I be an ideal of R. Then 
the radical of I, denoted by VI, is defined to be the set 


VI ={a€R|a" El for some positive integer n}. 


Theorem 17.1.22 Let Q be an ideal of a commutative ring R. Then 


(i) /Q is an ideal of R and /Q DQ, 
(ti) if Q is a primary ideal, then /Q is a prime ideal. 


Proof. (i) Clearly “Q D> Q. Let a, b € VQ: Then there exist positive 
integers n, m such that a”,b™ € Q. Thus, (a — b)"*™ € Q and soa—be VQ. 
Let r € R. Then (ra)” = r"a” € Q and so ra € V/Q. Hence, /Q is an ideal of 
R. 

(ii) Let a, b € R be such that ab € /Q and a ¢ \/Q. There exists a positive 
integer n such that a”b” = (ab)” € Q. But a” ¢ Q. Since Q is primary, there 
exists a positive integer m such that 6” = (b")™ € Q. Therefore, b € /Q and 
so /Q is prime. 

Definition 17.1.23 Let Q be a primary ideal of a commutative ring R. Then 
the radical P = ./Q of Q is called the associated prime ideal of Q and Q is 
called a primary ideal belonging to (or primary for) the prime ideal P. 


Example 17.1.24 Let i be a positive integer. In Z, we show that (p*) is 
primary for (p), where p is a prime. It suffices to show that (p) = ,/(p%). 
Leta € JP’). Then there exists a positive integer n such that a™ € (p'). 
Therefore, a” = rp’ for some r € Z. This implies that pla and so a € (p). 
Hence, ,/(p*) C (p). Let a € (p). Then there exists t € Z such that a = tp. 


This implies that at = t'p' € (p') and soa € 4/(p*). Thus, (p) C y/(p'). 
In Flz] (F a field), a similar argurnent shows that (p(x)*) is primary for 


(p(z)) , where p(x) is irreducible and (p(x)) = 4/(p(x)*). 


Theorem 17.1.25 Let Q and P be ideals of a commutative ring R. Then Q 
is primary and P = JfQ if and only if 


(i) QC PC VQ and 
(ii) ab EC O. a € O implies b € P. 
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Proof. The necessity of (i) and (ii) is immediate. Suppose (i) and (ii) hold. 
Let ab € Q,a ¢ Q. Then b € P C V@ and so there exists a positive integer 
nm such that 6b” € Q, whence Q is primary. We now show that P = /Q. Let 
b € \/Q. Then there exists a positive integer n such that b” € Q C P. Let n be 
the smallest positive integer such that 6” € Q. Ifn = 1, then b € P. So assume 
that n > 2. Then bb"-! € @ and b"-! ¢ Q implies that b € P. Hence, /Q C P 
and so P= /Q. & 


We now show that every primary ideal J of a commutative ring R can be 
characterized with the help of some properties of the quotient ring R/T. 


Theorem 17.1.26 Let R be a commutative ring and I be an ideal of R. Then 
I is a primary ideal if and only if every zero divisor of R/I is nilpotent. 


Proof. First suppose that J is a primary ideal. Let a+ J be a zero divisor 
in R/I. Then there exists an element b+ I € R/I, b+ JI # I, such that 
(a+ I)(6+J) =I. Now ab € I and b ¢ I. Since I is a primary ideal, it follows 
that a” € I for some positive integer n. Hence, (a+ J)” = a" +] =I, showing 
that a+ J is nilpotent. 

Conversely, suppose that every zero divisor of R/J is nilpotent. Let a,b€ R 
be such that ab € Janda ¢ I. Thena+JI # I. Now (a+J)(6+1) =ab+I =I. 
Ifb+I=T, then 6 € I. Suppose b+] # I. This implies that b+ J is a zero 
divisor and so is nilpotent. Therefore, there exists a positive integer m such 
that 6° +I = (b+/)" =I. Thus, 6" € I. Consequently, I is a primary ideal. 


Consider Z. For the prime factorization of an integer n, n = pj’ ---p§*, we 
have 


(rn) = (py')- ++ (mse) = (py?) 1 (5°) 


and ,/(p;*) = (pi), 2 = 1,2,..., 8. However, in the polynomial ring Z[z, y], it 
can be shown that the ideal (z?, ry, 2) is an intersection of primary ideals, but 
not a product of primary ideals. These concepts involving prime and primary 
ideals are used in the study of nonlinear equations. For example, consider the 
following nonlinear equations: 
zy = 0 
rez = 0. 
In the polynomial ring R[z,y], let J = (2? — y,z?z). It can be shown that 
(x? — y,z) and (z?,y) are primary ideals and that I = (x,y) (2? — y,z) . In 
fact, it can be shown in any polynomial ring F/z,,...,x,] over a field F that 
every ideal is a finite intersection of primary ideals. This latter result is a type 
of fundamental theorem of arithmetic for ideals. It can also be shown that 
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fla? —y,z) = (x? —y,z) and /(z?,y) = (x,y). The solution to the above 


system of equations is 
{(z, 27,0) | z € R} U{(0,0,z) | z € R}. 


The ideal (x* — y, z) corresponds to {(z,z7,0) | z € R}, while the ideal (z,y) 
corresponds to {(0,0,z) | z € R}. 

We conclude this section by mentioning the following differences between 
the ideals of Z and Zz]. 


1. In the ring Z, every ideal is a principal ideal, but in Z[z] there exist ideals 
(for example, (z,2)), which are not principal. 


2. In the ring Z, a nontrivial ideal is a prime ideal if and only if it is a 
maximal ideal. In the ring Z[z], there are prime ideals (for example (z)), 
which are not maximal. 


3. In the ring Z, a nontrivial ideal J is a primary ideal if and only if J = 
(p") for some prime p and for some positive integer n. Hence, in Z, if I 
is a primary ideal, then I is expressible as some power of its associated 
prime ideal. In Z[z], this is not true, as (z,4) is a primary ideal with 
(z,2) as its associated prime ideal, but (2,4) 4 (z,2)” for any n > 1. 


17.1.1 Worked-Out Exercises 


® Exercise 1 Let R be an integral domain. Prove that if every ideal of R is 
a prime ideal, then FR is a field. 


Solution: Let 0 4 a € R. Then a’R is an ideal of R and hence it is a 
prime ideal. Now a? € a? R. Since a?R is a prime ideal, a € a?.R. Thus, a = a*b 
for some b € R. Then a(1 — ab) = 0. Since R is an integral domain and a # 0, 
1—ab=0 and so ab = 1, proving that a is a unit. Hence, RA is a field. 


& Exercise 2 Let R be a commutative ring with 1. Suppose that (x) is a 
prime ideal of R[z]. Show that R is an integral domain. 


Solution: Since (z) is a prime ideal R[z]/ (x) is an integral domain. Since 
R{z)/ (x) ~ R, R is an integral domain. 


Exercise 3 Let R be a commutative ring and J be an ideal of R. Let P be a. 
prime ideal of J. Show that P is an ideal of R. 


Solution: Let aé P CI andr € R. Then rar € I. Therefore, a(rar) € P 
and so (ar) € P. Since P is a prime ideal of I, ar € P. Hence, P is an ideal o7 
R. 
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Exercise 4 Show that a proper ideal J of a ring R is a maximal ideal if and 
only if for any ideal A of Reither AC Tor A+I=R. 


Solution: Suppose J is a maximal ideal of R and let A be any ideal of R. 
If A ZI, then A+ I is an ideal of R such that fC A+ J. Since I is maximal, 
it follows that A+ J = R. 

Conversely, assume that the proper ideal J satisfies the given condition. 
Let J be an ideal of R such that Ic J. Now J Z J. Therefore, J+ J = R. But 
i+ J=J. Thus, J = R. Hence, J is a maximal ideal of R. 


® Exercise 5 Let R be a PID which is not a field. Prove that any nontriv- 
ial ideal J of R is a maximal ideal if and only if it is generated by an 
irreducible element. 


Solution: Since F is not a field, there exists an element 0 # a € R such 
that a is not a unit. Then (0) C (a) C R. Therefore, (0) is not a maximal 
ideal. Let I be a maximal ideal of R. Then I 4 {0} and I = (p) for some p € 
R, where p is irreducible by Theorem 17.1.5 and Corollary 15.3.13. Conversely, 
let J = (p) and p be irreducible. Let J Cc J C R. Since R# is a PID, J = (a) for 
some a € R. Since p € (a), a divides p. Thus, p = ab for some b € R. Since p is 
irreducible, either a is a unit or 6 is a unit. If b is a unit, then a = pb~! € (p). 
Thus, J C I, which is a contradiction. Hence, a is a unit and so J = R. Thus, 
J is a maximal ideal. 


Exercise 6 Show that the ideal (x) in Z[z] is a prime ideal, but not a 
maximal ideal. 


Solution: Let f(z) = agt+aiz+---+anv” and g(x) = bo +byr+---+bmr™ 
be two elements in Z[z] such that f(r)g(x) € (x). Then aobp = 0. Thus, either 
ap = 0 or by = 0. Hence, either f(x) € (z) or g(x) € (x), showing that (z) 
is a prime ideal. Now the ideal (x, 2) of Z[z] is such that (x) C (2,2) C Z[z]. 
Hence, (x) is not a maximal ideal. 


® Exercise 7 Let R be a commutative ring with 1. Let A and B be two 
distinct maximal ideals of R. Show that AB = AN B. 


Solution: Since AB C A and AB C B, AB C ANB. Since A and 
B are distinct maximal ideals, there exists b € B such that 6 ¢ A. Then 
(A,b) = {a+br | a € A, r € R} is an ideal of R such that A C (A,6). Since 
A is maximal, (A,b) = R. This implies that 1 = a+ br for some a € A and 
réR. Letxz € ANB. Thenz=2l =2a+4+ 2br = 2a+ (xb)r € AB. Hence, 
ANBC AB. Thus, AB= ANB. 


Exercise 8 Let f(z) = 2° +12z++9r? +6. Show that the ideal I = (f(z)) 
is maximal in Z[z]. 
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Solution: J will be a maximal ideal if we can prove that f(x) is an irre- 
ducible polynomial in Z[z]. The content of f(z) is 1. Hence, f(z) is a primitive 
polynomial in Z[z]. Also, for the prime 3, we find that 3]6, 3]9, 3/12, 3 /1, 3? 
} 6. Hence, f(x) is irreducible in Z{x], by Eisenstein’s criterion. 


® Exercise 9 (i) Find all maximal ideals of the ring Ze. 


(ii) Find all ideals and all maximal ideals of the ring Zs. 


Solution: (i) The mapping 8 : Z — Z¢ defined by 8(n) = [n] is a homo- 
morphism of Z onto Zg and Ker @ = 6Z. If I is any ideal of Ze, then there exists 
a unique ideal A of Z such that Ker G C A and G(A) = I. Now Z, 2Z, 3Z, and 
6Z are the only ideals of Z which contain 6Z. Also, 8(Z) = Zs, B(2Z) = {[0], 
2], [4]}, 6(3Z) = {l0], [3]}, and B(6Z) = {{0]}. Hence, {(0], (2), [4]} and {(0), 
[3]} are the only maximal ideals of Zg since 2Z and 3Z are maximal ideals of 
Z. 

(ii) The mapping 6 : Z — Zs defined by G(n) = [n] is an epimorphism of 
rings and Ker @ = 8Z. Now Z, 2Z, 4Z, and 8Z are the only ideals of Z which 
contain 8Z. Also, 6(Z) = Zs, G(2Z) = {[0], [2], [4], (6]}, G(4Z) = {[0], [4]}, and 
G(8Z) = {[0]}. Hence, the ideals of Zg are Zs, {[0], [2], [4], [6]}, {[0], [4]}, and 
{[0]}. Now {[0]} < {[0], [4] } < {[0], [2], [4], [6]} C Zg. This implies that Zg has 
only one maximal ideal, which is {[0], [2], [4], (6]}. 


® Exercise 10 Show that (x?) is a primary ideal in Z[z] with (z) as its asso- 
ciated prime ideal. 


Solution: Let f(z) = ag +a,r+---+anz” and g(z) = bo +b) r4+---+by2r™ 
be two elements in Z[z] such that f(z)g(z) € (x?) and f(r) ¢ (z?). Then 
f(x)g9(z) = z*h(z) for some h(x) € Z[z]. Hence, apbp = 0 and agb; + a;b9 = 0. 
Since f(z) ¢ (x7), it follows that either ag 4 0 or a; # 0. If ap 4 0, then 
bo = 0 and b; = 0 and so g(x) € (2?). If ag = 0, then a, # 0. Hence, 
aod; + a;b9 = 0 shows that bp = 0. So we find that bR = 0, bob, + bi bo = 0 
and thus (g(z))? € (x”). Hence, (rz?) is a primary ideal. Now (2?) C (z) 
and f(x) € /(z?) if and only if (f(x))” € (x?) for some positive integer n. 
This is true if and only if the constant term of f(z) is zero, i.e., if and only if 


f(z) € (2). 


Exercise 11 Show that a commutative ring R with 1 is isomorphic to a subdi- 
rect sum of a family of fields if and only if the intersection of all maximal 
ideals of R is {0}. 


Solution: Suppose R is isomorphic to a subdirect sum of a family of fields 
{F; | 4 € I}. Then there exists a subring T of I¢7F; such that T = 0% /F; 
and R x T. Let a: RT be an isomorphism. Then 7;ca: R — F; is an 
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epimorphism for all i € J, where 7; is the ith canonical projection. Proceeding 
as in the proof of Theorem 13.1.14, we can show that 


Neer Ai = {0}, 


where A; =Ker 7; 0a for alli € J. Now R/A; ~ Fj. Since F; is a field, A; is a 
maximal ideal for all i € I. If A is the intersection of all maximal ideals of R, 
then A C MicrAi = {0}. Hence, A = {0}. Conversely, suppose that A = {0}, 
where A = Mic s{M; | M; is a maximal ideal of R}. By Theorem 13.1.14, R is 
monomorphic to the subdirect sum of a family of rings {R/M; | i € J}. Since 
each M; is a maximal ideal, we find that R/M; is a field. 


17.1.2 Exercises 
1. Find all maximal and prime ideals of Zo. 


2. Prove that J = {(5n,m) | n,m € Z} is a maximal ideal of Z x Z. 


3. Find all ideals and maximal ideals of Z,., where p is a prime and k is a 
positive integer. 


4. Let I = {a9 +}ayrt+--++anz” € Zz] | 3 divides ap}. Show that I is a 
prime ideal of Z[x]. Is J a maximal ideal? 


5. Let J be an ideal of a ring R. Prove that the following conditions are 
equivalent. 
(i) I is a prime ideal. 
(ii) If a,b € R\J, then there exists c € R such that acb € R\I. 


6. Let R be a finite commutative ring with 1. Show that in R, every prime 
ideal J ~ R is a maximal ideal. 


7. Let R be a Boolean ring. Prove that a nonzero proper ideal J of FR is a 
prime ideal if and only if it is a maximal ideal. - 


8. Let R be a ring with 1. Prove that a nonzero proper ideal J of R is a 
maximal ideal if and only if the quotient ring R/T is a simple ring. 


9. Let I be an ideal of a ring R. If P is a prime ideal of the quotient ring 
R/I, prove that there exists a prime ideal J of R such that J C J and 
J/I = P. 


10. Let R be a commutative ring with 1. Prove that there exists an epimor- 
phism from R onto some field. 


11. Let J be an ideal of a ring R with 1. Prove that the quotient ring R/I is 
a division ring if and only if J is a maximal ideal. 
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For all r € R, show that J, = {f(z) € R[z] | f(r) = 0} is a maximal 
ideal of R[z] and R[z]/I, ~ R. Also, prove that Merl, = {0}. 


Consider the polynomial ring K[z] over a field K. Let a € K. Define the 
mapping ¢, : K[z] > K by ¢,(f(x)) = f(a) for all f(x) € K[z]. Show 
that ¢ is an epimorphism and Ker ¢, is a maximal ideal of K[z]. 


Let R be a PID. 


(i) Prove that every nonzero nonunit element is divisible by a prime 
element. 

(ii) If {In }nen is a sequence of ideals of R such that I, C Ig C--- CI, € 
-++, prove that there exists a positive integer n such that I, = Ingy =---. 


(ili) Prove that every nonzero nonunit can be expressed as a finite product 
of prime elements. 


Let {J} be a collection of prime ideals in a commutative ring R such 
that {I} forms a chain. Prove that Nolo and Ug I, are prime ideals of 
R. 


If J; and Jp are ideals of a commutative ring 1, prove that /I, N Io = /h, 
NVI. 


Let R be a commutative ring with 1 and Q;, 1 = 1,2,...,n, be ideals 
in R. Set Q = M%1Qi. Prove that if /Q; = P for some ideal P of R, 
i1=1,2,...,n, then /Q =P. If /Q; = P,i=1,2,...,n, and each Q; is 
primary, prove that Q is primary. 


If J is an ideal of a commutative ring R with 1 such that JI is a maximal 
ideal, prove that [ is a primary ideal. 

In the polynomial ring Z[z], prove the following. 

(i) J = {f(x) € Z[z] | the constant term of f(x) is divisible by 4} is a 
primary ideal with J = (z, 2) as its associated prime ideal. 


(ii) The ideal (2,6) is not a primary ideal. 
Prove that every prime ideal is a primary ideal in a commutative ring. 


Let M be an ideal of a commutative ring R. Prove that R/M is a field 
if and only if M is a maximal ideal and z? € M implies x € M for all 
eR, 


Prove that in a PID every nontrivial ideal J can be expressed as a fi- 
nite product of prime ideals J = P,---P, such that P,, Po, ..., P, are 
determined uniquely up to order. 
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An ideal P of a ring R is called a semiprime ideal if for any ideal J of 
R, I? C P implies that I C P. 


(i) Prove that an ideal P of R is a semiprime ideal if and only if the 
quotient ring R/P contains no nonzero nilpotent ideals. 


(ii) If R is a commutative ring with 1, prove that an ideal P of Risa 
semiprime ideal if and only if VP = P. 

A commutative ring R with 1 is called a local ring if R has only one 
maximal ideal. Prove the following. 

(i) Zg and Zo are local rings. 

(ii) In a local ring, all nonunits form a maximal ideal. 

(iii) In a local ring R, for all r,s € R,r +s =1 implies either r is a unit 


or s is a unit. 


Let p be a prime integer and Q, = {¢ € Q | p does not divide 6}. Show 
that Q, is a local ring under the usual addition and multiplication of 
rational numbers. 


Let FR be a field and T be the set of all sequences {a,} of elements of 
R. Then (T,+,-) is a ring, where + and - are defined as in Worked-Out 
Exercise 6 (page 358). Prove the following. 


(i) The set J of all nonunits of T’ is a maximal ideal of T. 

(ii) I is the only maximal ideal of T. 

(iii) T is a local ring. 

Let R= Ri 9 Ro @®---@R, be the direct sum of the finite family of 


rings {R;, R2,...,Rn}, where each R; contains an identity. Prove the 
following: 


(i) If AG; is a maximal ideal of R; (1 <i<n), then Ri@ Ro® ---@ Ry-1 
OM; ® Riz: ®:-- PRy is a maximal ideal of R. 


(ii) Every maximal ideal M of R is of the form 
ROR G-:-OR10M 0 Ry: OR, 
where M; is a maximal ideal of R; for some i (1 <i <n). 


Show that the ring Z is isomorphic to a subdirect sum of a family of 


fields. 


An ideal I of a ring RF is called a minimal ideal if I 4 {0} and there does 
not exist any ideal J of R such that {0} 4 J C J. If I is a minimal ideal 
of a commutative ring R with 1, prove that either J? = {0} or ]=eR 
for some idempotent e € R. 
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30. In the following exercises, write the proof if the statement is true; other- 
wise, give a counterexample. 


(i) Let R be a commutative ring with 1 and P be a prime ideal of R 
such that P # R. If the quotient ring R/P contains a finite number of 
elements, then R/P is a field. 


(ii) In a PID, there exists a prime element. 
(iii) In a PID, every proper prime ideal is a maximal prime ideal. 


(iv) The intersection of two prime ideals of a ring R is a prime ideal of 
R. 


(v) If I is a prime ideal of a ring R, then I[z] is also a prime ideal of Riz]. 
(vi) If J is a maximal ideal of a ring R, then I[z] is also a maximal ideal 
of R[z]}. 

(vii) A commutative ring with 1 and with only a finite number of maximal 


ideals is a field. 


(viii) In the ring Z, the ideal (5) is a maximal ideal, but in the ring Z/#], 
the ideal (5) is not a maximal ideal. 


17.2. Jacobson Semisimple Ring 


In this section, we introduce an interesting class of commutative rings and give 
a simple characterization of this class. 
Throughout the section, we assume that A is a commutative ring with 1. 


Definition 17.2.1 The Jacobson radical of a ring R, denoted by radR, is 
the set 
radR =M{M | M is a mazimal ideal of R}. 


Since the ring R contains 1, maximal ideals in R exist and thus radR is 
well defined. 

The following theorem gives a characterization of radR with the help of 
elements of radR. 


Theorem 17.2.2 Lety¢ R. Theny € radR if and only if 1 — ry is a untt in 
R for allz € R. 


Proof. Suppose y € radR and there exists an element z € R such that 
1 — zy is not a unit. Then from the Corollary 17.1.16, there exists a maximal 
ideal M of Rsuch that 1—axy € M. Since y € radR, y € M. Therefore, ry € M. 
This implies that 1 = 1—2zy+zy € M, which is a contradiction. Hence, 1— ry 
is a unit. 


17.2. JACOBSON SEMISIMPLE RING 403 


Conversely, assume that 1 — zy is a unit in R for all x € R. Suppose y ¢ 
radR. Then there exists a maximal ideal M of R such that y ¢ M. Consider 
(M,y) ={m+ry|meM, re Ry}, the ideal generated by M U {y}. Clearly 
M c (M,y). Since M is a maximal ideal, it follows that (M,y) = R. Hence, 
1=m+ry for some m € M andr ¢€ R. Thus, 1 - ry = m € M. By the 
hypothesis, m = 1—ry is a unit. Hence, 1 = mm! € M. This implies that 
M = R, which is a contradiction. Hence, y € radR. 


Corollary 17.2.3 0 is the only idempotent element in radR. 


Proof. Let y € radR and y be an idempotent. Now l1—y=1-—lyisa 
unit. Hence, there exists u € R such that (1 —y)u=1. Then y= y(1-y)u= 
(y—y?)u=(y-y)u=0u=0. 


Corollary 17.2.4 radR contains all nil ideals of R. 


Proof. Let J be anil ideal of R. Now every element of I is nilpotent. Hence, 
for alla € I, r € R, ar is nilpotent. This implies that 1+ ar is a unit for all 
‘yr € R by Exercise 11 (page 282). Hence, a € radR. Thus, J C radR. 


Theorem 17.2.5 radR is an ideal of R and rad(R/radR) = {0}, where 0 = 
0+radR. 


Proof. Since the intersection of a family of ideals of R is an ideal, rad FR is an 
ideal of R. Denote J = radR. Now J 4 R and R/I is a commutative ring with 
identity. Let a+I € rad(R/J) anda+I € R/I. Then 14+J—-(2£+J)(a+J) is a unit 
in R/I. Thus, there exists u+ I € R/I such that (1+J—(x+J)(a+J))(ut+ J) = 
1+Jor(1-a2a+J)(u+I) =1+TJ. Hence, 1 — (1~2a)u € I and so by The- 
orem 17.2.2, 1 — (1 — (1 — ra)u) is a unit in R, ie., (1 — ra)u is a unit in R. 
This implies that 1 — ra is a unit in FR for all z € R. Therefore, a € I and so 
a+J=TJ. Consequently, rad(R/radR) = {0}. 


Let us now consider those commutative rings with 1 for which radk = {0}. 


Definition 17.2.6 R is called a Jacobson semisimple ring (J-semisimple 
ring) if radR = {0}. 


Example 17.2.7 (i) For any ring R, the quotient ring R/radR is J-semisimple 
by Theorem 17.2.5. 

(ii) The ring Z of integers is J-semisimple. In Z, the maximal ideals are 
of the form (p), where p is a prime. Let n € radZ. Then pln for all p € Z, p 
is prime. Since Z is a UFD, n= 0. Hence, radZ = {0}. 
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(iii) Every commutative regular ring R is J-semisimple. Leta € radR. Then 
there exists b € R such that a = aba. Now ab € radR and (ab)? = abab = ab. 
By Corollary 17.2.3, ab =0. Hence, a= aba =0. Thus, radR = {0}. 

(iu) Every field is J-semisimple. 

(uv) Every polynomial ring F[z] over a field F is J-semisimple. 


Theorem 17.2.8 A commutative ring R with 1 is J-semisimple if and only if 
ait is isomorphic to a subdirect sum of a family of fields. 


Proof. Suppose R is J-semisimple. Let {M; | « € I} be the collection of all 
maximal ideals of R. Then radR = Mic1M; = {0}. Hence, by Theorem 13.1.14, 
R is isomorphic to a subdirect sum of a family {R/M; | i € I} of rings. But 
R/M, is a field for all i € I. Hence, R is isomorphic to a subdirect sum of a 
family of fields. Conversely, suppose that FR is isomorphic to a subdirect sum of 
a family of fields {F; | i € I}. Then there exists a family of ideals M; such that 
each F; is isomorphic to R/M; and MicerM; = {0}. Since each M; is a maximal 
ideal of R and Nic; M; = {0}, it follows that radR C NiceyM; = {0}. Thus, R is 
J-semisimple. li 


17.2.1 Worked-Out Exercises 


© Exercise 1 Find radZj9. Is the ring Z)2 a J-semisimple ring? 


Solution: The mapping 6 : Z — Zig defined by G(n) = [n] is an epi- 
morphism of rings and Ker @ = 12Z. Now Ker @ is contained in the ideals, 
Z, 2Z, 3Z, 4Z, 6Z and 12Z. Also, B(Z) = Z12, B(2Z) = {{0], [2], [4], (6), (3), 
(10]}, 6(82) = {(0), 3], (6), (9]}, 8(4Z) = {(0), [4], '8]}, (6) = {[0}, [6]}, and 
B(12Z) = {[0]}. Hence, F = {[0], [2], [4], [6], [8], [10]} and J = {io}, [3], [6], 
[9]} are the only maximal ideals of Z12. Now radZj2 = IN J = {[0], [6]}. Since 
radZi2 # {(0]}, Zi2 is not J-semisimple. 


® Exercise 2 Is the ring Zj5 a J-semisimple ring? 


Solution: Proceeding as in Worked-Out Exercise 1, we can show that 
I = {(0], (3), [6], [9], [12}}, 7 = {[0], [5], [10]} are the only maximal ideals of 
Zi5. Now radZ15 = IM J = {[0]}. Hence, Zi5 J-semisimple. 


Exercise 3 Let R be a commutative ring with 1 and A be an ideal of R such 
that AC radR. Show that rad(R/A) = radR/A. 


Solution: Let b+ A € rad(R/A). Let r € R. Then (1+ A)—(b+A)(r+A) is 
a unit. Hence, there exists d+ A € R/A such that ((1—br)+.A)(d+ A) =1+A. 
This implies that 1—(d—dbr) € A CradR. Hence, 1—-(1—(d—dbr)) is a unit in 
R, i.e., d(1 —br) is a unit in R. Thus, 1— br is a unit in R for all r € R. Hence, 
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b€ radR, and so 6+ A € radR/A. Thus, rad(R/A) C radR/A. Now let b+A € 
radR/A, where 6 € radR. Then, 1 — bc is a unit for all c € R. Let cE R. Now 
there exists d € R such that (1 —bc)d = 1. Thus, ((1—dc)+ A)(d+A)=1+A 
in R/A,ie., (1+A)—(64+ A)(e+A) isa unit in R/A. Hence, 6+ A € rad(R/A). 
Thus, radR/A C rad(R/A). Hence, rad(R/A) = radR/A. 


17.2.2 Exercises 


1. Prove that the ring Z,, n > 1, is J-semisimple if and only if n is a square 
free integer. 


2. Is the ring Z19 a J-semisimple ring? 


3. Let R be a PID. If R has an infinite number of maximal ideals, prove 
that A is J-semisimple. 


4. Let R = R, x Ro be the direct product of two commutative rings Ry; and 
Ro with 1. Prove that radR = radR, x radRo. 


5. Let F(R) ={f | f: R— R}. F(R) is a commutative ring with 1, where 
+ and - are defined by 


(f+9)(z) = f(x) + 9(z) 
(f-g)(z) = f(z)g(z) 
for all f,g € F(R) and for alla ER. Lett eR. 


(i) Show that = {f € F(R) | f(t) = 0} is a maximal ideal and 
Merl = {0}. 


(ii) Prove that F(R) is a J-semisimple ring. 


6. Which of the following statements are true? Justify your answer. 


(i) If Fy and F% are two fields, then F, x F is a J-semisimple ring, but 
not a field. 

(ii) If Ry and Rg are two J-semisimple rings, then R; x R2 is a J- 
semisimple ring. 

(iii) A J-semisimple ring may contain a nonzero nil ideal. 

(iv) In a commutative ring R with 1, for any two ideals A and B, AB = 
{0} may not imply ANB = {0}, but in a J-semisimple ring this is always 
true. 


Chapter 18 


Noetherian and Artinian 
Rings 


In Hilbert’s work on invariant theory is the result that in certain polynomial 
rings, every ideal is finitely generated. Lasker, a student of Hilbert and a former 
world chess champion, showed that in certain polynomial rings, every ideal is 
a finite intersection of primary ideals. Noether generalized Lasker’s result to 
commutative rings in which any strictly ascending chain of ideals is finite. 


18.1 Noetherian and Artinian Rings 


In the present section, we introduce two special classes of rings—Noetherian 
rings and Artinian rings. Noetherian rings satisfy an ascending chain condition 
of ideals, whereas Artinian rings satisfy a descending chain condition of ideals. 
We first define these two properties of ideals. 


Definition 18.1.1 A ring R is said to satisfy the ascending chain con- 
dition (ACC) for left (right) ideals if for each sequence of left (right) ideals 
Aj, Ao,... of R with Ay C Ag C---, there exists a positive integer n (depending 
on the sequence) such that A, = An41 =---. R is said to satisfy the descend- 
ing chain condition (DCC) for left (right) ideals if for each sequence of left 
(right) ideals A,, Ao,... of R with Ay D Ap D---, there exists a positive integer 
n (depending on the sequence) such that An = Anyi =°-°°- 


Clearly the ACC on left ideals. is equivalent to the statement that any 
sequence of left ideals Aj, Ao,... of R such that A; C Ag C --- must be finite. 
A similar equivalence holds for the DCC. 

Let Z be a nonempty set of left ideals of a ring R. Then (Z, <) is a partially 
ordered set, where < is defined by the set inclusion relation. This partially 
ordered set may have a maximal element, i.e., there may exist an element 
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A € 7 such that A is not contained in any other element of Z. Also, this 
partially ordered set may contain a minimal element, i.e., an element of Z that 
does not contain any other element of Z. Considering all these conditions, let 
us introduce the following conditions on a ring. 


Definition 18.1.2 A ring R is said to satisfy the maximal condition (MC) 
for left (right) ideals if in any nonempty set of left (right) ideals of R, there 
exist some left (right) ideal which is maximal in the set, i.e., not contained in 
any other ideal of the set. R is said to satisfy the minimal condition (mC) 
for left (right) ideals if in any. nonempty set of left (right) ideals of R, there 
exist some left (right) ideal which is minimal in the set, 1.e., does not contain 
any other left (right) ideal of the set. 


Example 18.1.3 The ring Z of integers satisfies the maximal condition for 
ideals, but does not satisfy the minimal condition for ideals. Let I be any 
nonempty collection of ideals of Z. Let Ay € Z. Then there exists a nonnegative 
integer n such that A, = (n). If A, is not maximal, then there exists an ideal 
Ag = (m) such that Ay C Ag. Then m #4 n and m divides n. Again, if Ag 
is not maximal, then there exists an ideal A3 = (r) such that Az C Ag. Then 
r#zm,r#zn, andr divides m and n. If A3 is not maximal, then we repeat 
this process. Since Z is a UFD, n has finitely many distinct divisors. Hence, 
the above process must terminate after finitely many steps. Thus, Z contains a 
mazimal element. Consider the set J = {mZ | m in a positive even integer} of 
ideals of Z. For anymZe€ J, 2mZ€ J, andmZ Dd 2mZ. Therefore, it follows 
that J has no minimal element. 


Theorem 18.1.4 In any ring R, the following conditions are equivalent. 
(i) R satisfies the ACC for left ideals. 
(it) R satisfies the MC for left ideals. 
(iti) Every left ideal of R is finitely generated. 


Proof. —_(i)=(ii): Let A be any collection of left ideals of R. Let A; € A. 
Then A is either maximal in A or there exists a left ideal Ag € A such that 
A; C Ag. If Ai is maximal in A, then we have proved the assertion. If A) is 
not maximal in A, then either Aj is maximal in A or there exists A3 € A such 
that A> C A3. By the ACC, this process must terminate in a finite number of 
steps, say, n steps. Then A, is maximal in A. 

(ii)=>(iii): Let A be any left ideal of R. Let a; € A. Then either (a)), = A 
or (a1), C A. If (a1), = A, then A is finitely generated. Suppose (a), C A. 
Let ag € A and a2 ¢ (a;),. Then (a1), C (a1,a2), and either (a), a2), = A or 
(a1,@2), C A. If (a1, a2), = A, then A is finitely generated. If (a1,a2), C A, 
then we continue this process. If in a finite number of steps, say, n, we obtain 
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(a1,€2,...,@n), = A, then A is finitely generated. If this is not the case, then 
there exist elements a1, a2,... in A such that 


(a1), C (a1, a2), C --- C (a1, 42,...,@n)) Co 


-In this case the set A = {(a1),, (a1, @a1) ,..-, (@1,€2,+--,@n),,--.} is a col- 
lection of left ideals of R which does not have a maximal element. However, 
this contradicts our assumption that R satisfies (ii). 

(iii) (i): Let Ay, Az, ... be any sequence of left ideals of R such that 


Ay Ng Gn 


Then A = US, A; is a left ideal of R and is finitely generated, say, A = 
(a1,42,..+,;@n),. Now a; € Aj; for some A;,, 7 = 1,2,...,n. Let k be the 
maximum of i), ..., in. Then @1,a2, ...,a@n € Ax. This implies that A = 
(@1,42,..-,4n); © Ay C A. Hence, we must have that A = Ay. Thus, for any 
positive integer 7, Ap41 D A, = A D Axi;. Consequently, 


A, © Ag C++» C Ap = Anyi =: =A 
Corollary 18.1.5 Any principal ideal ring satisfies the ACC. @ 


Corollary 18.1.5 provides us with many examples of rings satisfying the 
ACC. For instance, Z and the polynomial ring F'[x] over a field F’ satisfy the 
ACC since they are principal ideal rings. 


Definition 18.1.6 A ring which satisfies the ACC for left (right) ideals is 
called a left(right) Noetherian ring. 


A ring which is both left Noetherian and right Noetherian is called a 
Noetherian ring. 
The following theorem follows from Theorem 18.1.4. 


Theorem 18.1.7 In any ring R, the following conditions are equivalent. 
(i) R is a left Noetherian ring. 
(1%) R satisfies the MC for left ideals. 
(iti) Every left ideal of R is finitely generated. Wl 


Example 18.1.8 (i) A principal ideal ring is a Noetherian ring. 
(it) A polynomial ring over a field is a Noetherian ring. 


We now study the homomorphic images, quotients, and finite direct sums 
of Noetherian rings. 


Theorem 18.1.9 Jf R is a left Noetherian ring, then any homomorphic image 
of R is a left Noetherian ring. 
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Proof. Let A be a left Noetherian ring and f : R — S be an epimorphism 
of rings. Let 
7S ae 


be any ascending chain of left ideals of S. Let I, = f~!(J,) for all k > 1. Then 
I, is a left ideal of R for allk and 4] C Ig C ---. Since # is left Noetherian, there 
exists a positive integer n such that I, = [,4; for alli > 1. Let y © Jngi, i > 1. 
Since f is onto, there exists  € R such that f(x) = y. Then x € Ing; = In 
and so y € Jpn. Therefore, J; = Jn4; for all « > 1, proving that S is left 
Noetherian. i 


Theorem 18.1.10 Let J be an ideal of a ring R. If I and R/I are both left 
Noetherian rings, then R is left Noetherian. 


Proof. Let A, C Ag C --- be an ascending chain of left ideals in R. Let 
w:R—- R/I be the natural homomorphism of & onto R/I. Then (Ai) C 
w(Ag) C --- is an ascending chain of left ideals in R/I. Since R/I is left 
Noetherian, there exists a positive integer n such that W(An) = (Anti) for 
alli > 1. Also, AN 2 © Ag NI C --- is an ascending chain of left ideals 
in J. Since J is left Noetherian, there exists a positive integer m such that 
Am OI = Am+iNt for alli > 1. Let k be the larger of m and n. Then 
W(Ag) = W(Agsi) and Ay NI = Aggy, OT for all i > 1. Let b € A;,y;. There 
exists x € A, such that ¥(b) = (a), ie., b+ 1 = 2+. Therefore, b—« € I 
and also b— az € Agi,;. This implies that b- a2 € Agy;Nf = Ay NI. Hence, 
b-~a2€ A, andso be A,. Thus, A, = Ay,; for all 2 > 1. Consequently, R is 
left Noetherian. Ml 


Theorem 18.1.11 A finite direct sum of left Noetherian rings is left Noethe- 
rian. 


Proof. Let R= Ri @R®O-:-@OR, be a finite direct sum of left Noethe- 
rian rings. We show the result for n = 2. The general case will follow by 
induction. Let R = Ry ® Ro, where R, and Rp are left Noetherian. Now 
(Ri@®R2)/Ri ~ Re. Thus, (Ri@Re2)/R: is left Noetherian. Since (Ri ®Re)/Ri 
and R are left Noetherian, R, @ Re is left Noetherian by Theorem 18.1.10. 


Note: All the results which are established for left Noetherian rings can also 
be proved for right Noetherian rings by simply replacing left ideals with 
right ideals. 


Since every ideal of Z is a principal ideal, Z is Noetherian. Every ideal of Z is 
generated by a single element, but the ideals of Z[z] may not be principal ideals, 
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ie., may not be generated by a single element. Interestingly, the ideals of Z[z] 
are finitely generated. Thus, Z[z] is not a principal ideal ring, but nevertheless 
is a Noetherian ring. This result follows from the following theorem. 


Theorem 18.1.12 If R is a commutative Noetherian ring with 1, then the 
polynomial ring R[x] is a Noetherian ring. 


Proof. We show that every ideal A of R[z] is finitely generated. For each 
integer n > 0, let I, be the set of all a € R such that either a = 0 or a is the 
coefficient of x” of a polynomial f(z) € A of degree n. Suppose a,b € I, and 
a #0,b#0. Then there exist f(r), g(x) € Asuch that deg f(r) = deg g(x) = n 
and a is the coefficient of z” in f(x) and 6 is the coefficient of x” in g(z). If 
a—b=0, then a—b € I,. Assume a — b # 0. Now a — 0 is the coefficient 
of 2” of f(x) — g(x) € A. Therefore, a —b € In. Also, for r € R, if ra 4 0, 
then ra is the coefficient of z” of rf(z) € A and so ra € I,. Hence, I, is 
an ideal of R for n > 0. We now show that I, © In41. Let a be a nonzero 
element of [,. There exists f(r) = ag +ayz +--+ +@,-12" !+az" € A. Then 
zf(x) = ape + ayz* +--+ +@p_y2" + art! © A. Therefore, a € In41 and so 
In © Ins1. Thus, we obtain an ascending chain 


IbpChChc-:: 


of ideals of R. Since R is Noetherian, there exists an integer m such that 
Im = I, for all n > m. Again, every ideal of a Noetherian ring is finitely 
generated. Hence, each of the ideals Jp, 4,..., J is finitely generated. Let 


Ii, = (x1, Ak2, aa Akt, ) 


for k = 0,1,...,m, where ag; is the leading coefficient of f,;(x) € A, a poly- 
nomial of degree k. Note that ao; = foj(z) for k = 0 and j = 1,2,...,t, are 
the polynomials of degree 0 in R[x]. Let 


S = {frj(z) |O<k<m, 1 <5 < te} 
and B be the ideal generated by S. Then 


Ba foie) sie 9 Jog GE) aati t) osm eS A 


since each fz;(x) € A. Next we show that A C B. We prove this by induction 
on the degree of the polynomials in A. Let f(x) be any polynomial of degree 
0 in A. Then f(x) € Ig C B. Hence, any polynomial of degree 0 in A is also 
in B. Now assume that any polynomial of degree less than r in A is also in B. 
Consider a polynomial 


f(x) =bo + bir+---+6,27 EA 
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with b, £0. Ifr <_m, then 6, € I, and hence b, = cyay1 + coGrq +++ + + CpGrt, 
for some c1,C2,...,¢, € R. Hence, the polynomial 


h, (x) = e1fri(z) at C2 fro(z) Senha Cr fri, (x) €B 


and the coefficient of x* of this polynomial is b, # 0. Thus, h,(x) is of degree 
r with b, as the-coefficient of x”. Therefore, f(x) — h,-(x) is a polynomial of 
degree less than r and f(x) — h,(x) € A. Thus, by the induction hypothesis, 
f(x)-h,(z) € B. But A, (x) € B. Consequently, f(r) € B. Hence, by induction, 
if f(z) € A with deg f(x) < m, then f(z) € B. Ifm <1, then b, €1, =In = 
(Qm1,@m2,-+-;@mt,). Therefore, there exist dmi,dm2,--.,@mt, € R such that 


b, = Am1Amt + dm2Am2 a dente Umtm « 
This implies that the polynomial 
ho(x) = f(z) — 2°~" (dmifmi(@) + dm2fme(Z) +--+ + dmimfmtm(e)) (18.1) 


is a polynomial in A of degree less than r. Hence, by the induction hypothesis, 
ho(x) € B. But dmifmi (x) + dmofmo(x) + ---+ dmtpfmtm(x) € B. From Eq. 
(18.1), it follows that f(z) € B. Therefore, by induction, if f(z) € A with 
deg f(z) > m, then f(x) € B. Consequently, we find that A = B, proving that 
A is finitely generated. 


Corollary 18.1.13 (Hilbert Basis Theorem) Let R be a commutative ring 
urth 1. If R is a Noetherian ring, then the polynomial ring Rix1,...,2n] is a 
Noetherian ring. 


If F is a field, then F is clearly Noetherian since it has only two ideals. 
Thus, the polynomial ring F'[r1,...,2p] is a Noetherian ring. 

Thus, we find that the Hilbert basis theorem gives us a wide class of Noethe- 
rian rings. 

We now introduce another class of rings called Artinian rings. First we note 
the following equivalence. 


Theorem 18.1.14 In any ring R, the following conditions are equivalent. 
(i) R satisfies the DCC for left ideals. 
(ii) R satisfies the mC for left ideals. 


Proof. The proof is similar to the proof of Theorem 18.1.4. We leave the 
proof as an exercise. 


Example 18.1.15 Z does not satisfy the DCC since (2) D (4) D (8) D-:- ts 
an infinite chain with (2") > (2°*1), n=1, 2,.... The polynomial ring F[z| 
does not satisfy the DCC since (rz) > (2?) > (23) D «+: is an infinite chain 
tithe (a) a) er Ty Dae 
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Example 18.1.16 Let R be the ring of Example 10.1.8. Forr € R, define 
I,={f €R| f(z) =0 for all -r<a<r}. 
Now I, is an ideal of R and I, C I; ift <r. Therefore, 
HhIOhDBRD::: 
is an infinite strictly descending chain of ideals and 
hcl Ch Cr 


is an infinite strictly ascending chain of ideals of R. Hence, R satisfies neither 
the ACC nor the DCC. 


Definition 18.1.17 A ring which satisfies the DCC for left (right) ideals is 
called a left (right) Artinian ring. 


A ring which is both left Artinian and right Artinian is called an Artinian 
ring. 

By Theorem 18.1.14, it follows that a ring R is left Artinian if and only if 
the mC holds for left ideals in R. 


Example 18.1.18 Let p be a fired prime and 
foe) a Tr 
Zip) = {< €Q|0<a<pr, nen}. 


Then (Z(p™), +, -) is a commutative ring without identity, where + (addition) 
is modulo 1 anda-b = 0 for all a,b € Z(p™). From the definition of multi- 
plication, tt follows that every subgroup of (Z(p™),+) ts an ideal. Hence, the 
ideals of Z(p™) are precisely the subgroups of (Z(p~™), +). 

Let I be a nontrivial ideal of Z(p™). Let k be the smallest positive integer 
such, that - ¢ I for some integer q,0 <q < p*. If plq, then i ¢ I for some 


integer a, 0 <a < p*-1, contrary to the choice of k. Therefore, gcd(p,q) = 1. 
Now et 
1 2 neu 
J=90, = sep es SS 
Pp Pp “?p 


is a@ subset of I. Let us show that I = J. 
Consider the rational number +, where gcd(p,r) = 1 andn > k. Suppose 
that = € I. Since gced(p,r) = 1, there exist integers x and y such that ra+py = 


1. Now f 
eC a Le 
p 
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(both the numbers are reduced modulo 1) are in I. Hence, 


1 
foe al Drag 


pk 


pe aa! 


This is contrary to the choice of k. Hence, I = J = {0, oEoT 7 eo Tyeee ; 
We denote this ideal by [,. [t is also clear that for any positive siege h 18 
an ideal of Z(p™). These ideals form the following strictly ascending chain 


{IHcohchc---Chc-:: 


in Z(p™), proving that Z(p~) is not Noetherian. Since every proper ideal is 
finite, every descending chain of ideals must be finite. Therefore, Z(p™) is 
Artinian. 


It is known that any finite ring with more than one element and without 
zero divisors is a division ring. The following theorem generalizes this result. 


Theorem 18.1.19 Let R be a left Artinian ring with more than one element. 
If R does not contain zero divisors, then R is a division ring. 


Proof. Let04aéR. Now 
(a), 2 (2°), 2 (), 2 


where (a”), is the left ideal generated by a”. Since RF is left Artinian, there exists 
a positive integer n such that (a”),=(a"t!), =---. Therefore, a® € (a"t1),. 
Thus, there exist r € R and m € Z such that 


a? Sra! t ma™, 


Now a # 0 and & has no zero divisors. Therefore, a” + 0. This implies that 
a = ra”+ma? = (rat+ma)a. Let e = rat+ma. Then bea = ba implies that be = b 
for all 6 € R and e* = e. This also shows that e 4 0. Now eb = e’b implies 
b = eb. Hence, e is the identity element of R. Now e = ra+ ma = (r+me)a. 
This implies that left inverse exists for each nonzero element of R. Hence, a7! 
exists in R for all nonzero element a € R. Consequently, R is a division ring. 


Corollary 18.1.20 A commutative Artinian ring 1s a field if and only if it 1s 
an integral domain. Wl 


We now want to characterize J-semisimple rings which are either Noetherian 
or Artinian. 


Theorem 18.1.21 Let R be a commutative ring with 1. If R is an Artinian 
ring, then radR is a nilpotent ideal. 
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Proof. Let J = radR. Now J” is an ideal of FR for all positive integers n 
and 
LDIAD IF Dk, 


Since R is Artinian, there exists a positive integer n such that J” = J™+1 =... 
Let J = J”. Then J? =J. Suppose that J # {0}. Let 


F = {T | T is an ideal of R, T CI and IT # {0}}. 


Now I € F and so F # ¢. The minimal property of R on ideals implies that 
F contains a minimal element, say, To. Then Tp C J, [Tp 4 {0}, and TJ is 
minimal in F. Now IT) # {0} implies that Ia # {0} for some nonzero a € Tp. 
Now Ja is an ideal of R. Also, I(Ia) = I?a = Ia # {0} and Ia C Tp C I. 
Thus, Ia € F. By the minimality of To, Tp = Ia. Therefore, there exists b € I 
such that a = ba. Now be J = J” C J =radh. Thus, 1 — 2b is a unit for all 
xz € Rand so (1 — 5)“ exists in R. As a result, we deduce that a = 0 since 
a(1 — b) = 0. However, this is a contradiction. Hence, J” = {0} and so J is 
nilpotent. 


Corollary 18.1.22 Let R be a commutative ring with 1. If R is an Artinian 
ring, then every nil ideal of R is nilpotent. 


Proof. Let I be a nil ideal of R. Then J C radR by Corollary 17.2.4. Since 
radF is nilpotent, there exists a positive integer n such that (radR)” = {0}. 
Then J” C (radR)” = {0}. Hence, J” = {0} and so J is nilpotent. I 


Theorem 18.1.23 Let R be a commutative ring with 1. If R is J-semisimple 
Artinian, then R is a direct sum of a finite number of fields. 


Proof. Let F be the collection of all maximal ideals of R. Then F 4 ¢. We 
now show that F has only a finite number of elements. Suppose that |F| = oo. 
Then F contains an infinite set {M; | i © N} of distinct maximal ideals of R. 
Also, 

M, > M\ M2 > M\M2M3 2 ---. 


Since R is Artinian, there exists a positive integer nm such that 
M1 M3--- My, = M\M2-.-- Mnsi 


for alli > 1. Therefore, M,M2---M, C My41. Since M,+ is also a prime 
ideal, M; C M,41 for some 7, 1 <i <n. This contradicts the assumption that 
Mi, Mo,..., Mn, My+i are all distinct maximal ideals. Therefore, R has a 
finite number of maximal ideals. Since R is J-semisimple, 


A{M | M is a maximal ideal of R} = {0}. 
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We can find maximal ideals My, Mo,..., M, such that Mj Mon---MM,, = {0}, 
but 
T,= M,N Mgn---O M190 Mi419---A My # {0} 


for alli, 1 <i <n. Thus, M; NJ; = {0} for all i, 1 <i <n. Since M; is 
maximal and J; Z M,1,;+M; = R for alli, 1 <i<n. Hence, R= I; @ M; for 
all i, 1 <i <n. This implies that R/M; ~ J; for all 2, 1 <i <n. Since R/M; 
is a field, J; is a field for all i, 1 <i<n. Let z € R. Then er =a;+™, for some 
a; € I; and m; € M,;, for alli, 1 <<i<n. Let y=a)+a9+---+4,. Then 


r-y = (x — aj) — @, — ag — +++ — G31 — O54, — ++ — An 
Mi — Q, — AQ — +++ — Gj_-1 — j41 — +++ — a, EM; 


since a, € M; fork #i,1<k <n. Therefore, z — y € N7_,M; = {0} and so 
c=y € 0, J;. This implies that R = 377, lh. Now N21 CIA My = 
igtke 


{0}. Hence, R = @7.,/;. 8 


Theorem 18.1.24 Let R be a commutative ring with 1. If R is J-semisimple 
Artinian, then R is Noetherian. 


Proof. Let R be a J-semisimple commutative Artinian ring. Then R is 
isomorphic to a direct sum of a finite number of fields. Let R ~ FU@Fo@-: -OFy, 
where F; is a field, 1 <i<n. Now each F; contains only two ideals and hence 
F; is Noetherian. Thus, R is a finite direct sum of Noetherian rings. Hence, 
by Theorem 18.1.11, R is Noetherian. 


Remark 18.1.25 In this book, we proved Theorem 18.1.24 for J-semisimple 
commutative Artinian rings for the sake of simplicity. However, it is known, 
in general, that any Artinian ring with 1 is Noetherian. 


18.1.1 Worked-Out Exercises 


® Exercise 1 Show that a subring of an Artinian ring may not be Artinian. 


Solution: The field Q of rational numbers has only two ideals and hence 
is Artinian. The ring Z is a subring of Q, but Z is not Artinian. 


® Exercise 2 Show that the sum of all nilpotent ideals of a commutative 
Noetherian ring R is a nilpotent ideal. 


Solution: If F is nilpotent, then the result is immediate. Suppose R is 
not nilpotent. Let A = )0,-; A; be the sum of all nilpotent ideals of R. Then A 
is the ideal generated by Uje, A;. Let F = {A; | 2 € I}. Since R is Noetherian, 
F has a maximal element, say, B. Let us show that A; C B for alli € J. Let 
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A; € F. Now A;+B is nilpotent and B C A;+B. Since B is a maximal element 
of F and A;+ B € fF, it follows that A; + B = B. Hence, A; C B for allie J. 
This implies that A = (Uie;A;) C B. But B = A, for some k € I. Therefore, 
A= B. Thus, A is nilpotent. 


Exercise 3 Let R be a commutative Noetherian ring with 1. Show that every 
ideal of R contains a finite product of prime ideals. 


Solution: Let F = {A | Ais an ideal of R and A does not contain any finite 
product of prime ideals of R}. We show that F = ¢. Suppose F 4 ¢. Then F 
has a maximal element, say, Ap. Now Ag cannot be a prime ideal. Thus, there 
exist ideals B and C of R such that BC C Ap, but B Z Ao and C Z Ap. Now 
Ag C Ag+ B and Ag C Ag + C. Hence, Ap + B and Ap + C are ideals of R 
such that Ag + B, Ap + C ¢ F. Then Ag+ Band Ao +C contain a finite 
product of prime ideals. This implies that (Ap + B)(Ap + C) contains a finite 
product of prime ideals. Now (Ap + B)(Ao + C) = ApAp + AoC + ApB+ BC C 
Ao. This implies that Ag contains a finite product of prime ideals, which is a 
contradiction. Thus, F = ¢. Hence, every ideal of R contains a finite product 
of prime ideals. 


Exercise 4 Let f be an epimorphism of a Noetherian ring & onto itself. Show 
that f is an isomorphism. 


Solution: For each positive integer n, f” is an epimorphism and 
Ker f C Ker f? C Ker f? C.--. 


is an ascending chain of ideals in R. Since R is Noetherian, there exists a 
positive integer m such that Ker f” = Ker f+ for all i > 1. Thus, Ker 
f™ = Ker f™*!. Let x € Ker f. Since f™ is onto R, there exists an element 
y € Rsuch that f(y) = 2. Now 0 = f(r) = f™*+(y). This implies that y € 
Ker f™t! = Kerf™ . Hence, x = f™(y) = 0. Thus, f is one-one and so is an 


isomorphism. 


® Exercise 5 tot r= {1G | jacz,neegh, 


(i) Show that R is a subring of Mo(Q). 
(ii) Show that FR is not left Noetherian. 


(iii) Let A be a nonzero right ideal of R such that every element of A is 


of the form | ; : . Show that A is finitely generated. 
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(iv) Let A be a nonzero right ideal of R such that every element of A is 


of the form ji 


(v) Show that FR is right Noetherian. 


: | with a 4 0. Show that A is finitely generated. 


Solution: (i) It is a routine verification to show that R is a subring of 


M;(Q). 


(ii) For any positive integer 7, let 


n= {| 9 § | Imeat. 


ole .. 
Then each J, is a left ideal of R. Since # = oe, In C Ins. But : a | ¢ 
[,. Therefore, I, C In4i. Thus, 
LCchCcigc-::: 


is an infinite strictly ascending chain of left ideals of R. Hence, F is not left 
Noetherian. 


(iii) Case 1: Suppose c = 0 for all : : | In this case, the elements 
0 6 : 
of A are of the form 0 0/° where b € Q. Since A # {0}, there ex- 


ists a nonzero rational number 6 such that | : : | é A. Thus, ; 1 | = 


0 b 0 0 {01 
EF lll eA. Hence, A= | } at 


ad a 


Case 2: Suppose 6 = 0 for all : : | € A. In this case, proceeding as in 


Case 1, we can show that A = ; ; | R. 


: such that b # QDandc ¢ 0. 


Case 3: Suppose A contains an element 


0 5b 


wA=| 9 7 


| R, then A is generated by | : : | . Suppose | : : | RCA. 


Now A contains an element : such that bv # cu. Then bv —cu ¢ 0 and 


Bir ea dee ea 
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now | oO |=[0 ne 1 or. 


0 0 0 0 (at 
oo) fo 
00} {0 
0 0 0 b 0 b 
Thus, we find that Ga b= 2 | oGace oo | © A, Since c # 0, this 
. : 0 0 : 0 1 0 0 
implies that 01 € A. Hence, A is generated by (| 0 0 | ; | 01 ps 


i.e., A is finitely generated. 


(iv) Let no be the smallest positive integer such that 


some b,c € Q. We show that A is generated by either ( mo, 0 | ; | oa | ; 


0 0 no 0 01 
E t ppor (| 0 ale AL 


Now | 5 Wiel e ali 5 | € A: This implies that 


fo o]=[2 3]o a} 


Hence, 
no 0 0 b 
: 0 0 : no 0 
If c #0, then it follows that 0 1/¢€ A and A is generated by { 0 01: 


0 1 0 0 ; a b : 
if mae | |): Hreveny element ofA i ofthe orn | ¢ 3 witha #0, 


then A is generated by { e mos 0 | ; ; : | }, where no is the smallest positive 
b 
integer such that if 0 € A for some bE Q. 


(v) From (iii) and (iv), it follows that every right ideal of R is finitely 
generated. Hence, FR is right Noetherian. 
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18.1.2 Exercises 


1. 


10. 


11. 


Give an example of a ring A with the following properties. 
(i) R is left Noetherian, but not right Noetherian. 

(ii) Ris left Artinian, but not right Artinian. 

(iii) R is right Artinian, but not left Artinian. 


(iv) R is noncommutative and both Noetherian and Artinian. 


. Show that a subring of a Noetherian ring may not be Noetherian. 


. Give an example of a ring R in which every proper ideal is finitely gen- 


erated, but A is not Noetherian. 


. Ina right Artinian ring with 1, if ab = 1 for a,b € R, prove that ba = 1. 


. Prove that every homomorphic image of a left Artinian ring is left Ar- 


tinian. 


. Let R be a commutative Artinian ring with 1. Show that in R, every 


nonzero prime ideal is a maximal ideal and show that FR has only a finite 
number of prime ideals. 


. Show that a Noetherian domain in which the sum of two principal ideals 


is a principal ideal is a PID. 


. Prove that every homomorphic image of an Artinian ring is Artinian. 


. Let I be an ideal of a ring R. If I and R/T are both Artinian rings, prove 


that Ris Artinian. 
Let R be aright Artinian ring and J be a nonnilpotent right ideal of R. 
Prove the following. 


(i) The collection F, of all nonnilpotent right ideals of R which are con- 
tained in J, contains a minimal element Jo such that I? = Ip. 


(ii) Let F = {J | J is a right ideal of R, JIp #0, J © Ip}. Then F 
contains a minimal element J; and J, contains an element u # 0 such 
that ulo => Ii. 


(iti) J is not a nil right ideal. 


(iv) I contains a nonzero idempotent element. 


Prove that a commutative ring R with 1 is Noetherian if and only if every 
prime ideal is finitely generated. 
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12. Let R be a ring with 1. Let f : R — [0,1] be such that 


13. 


f(a —6) 
f (ra) 


min{ f(a), f()}; 
f(a) 


IV IV 


for alla,br ER. 


(i) Prove that R is left Artinian if and only if for every mapping f : R > 
(0, 1] that satisfies the above conditions, |Z(f)| < oo. 


(ii) Prove that R is left Noetherian if and only if for every mapping 
f : R— (0,1) that satisfies the above conditions, |Z(f)| is a well-ordered 
subset of (0, 1). 

Write the proof if the statement is true; otherwise give a counterexample. 
(i) Every finite ring is both Noetherian and Artinian. 

(ii) Every Noetherian domain is a field. 


(iii) Let R be a commutative ring with 1. If R is J-semisimple and Ar- 
tinian, then # is regular. 
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Amalie Emmy Noether (1882- 
1935) was born on March 23, 1882, in Er- 
langen, Germany, the oldest child. Her fa- 
ther, Max Noether, a noted mathematician 
himself, was a professor at the University 
of Erlangen. She studied mathematics and 
foreign languages at Erlangen from 1900 to 
1902. 

In 1903, Noether started her mathemat- 
ics career at the University of Géttingen. 
Since at that time girls could not be admit- 
ted as regular students, she was a nonma- 
triculated auditor. In 1904, she was permit- 
ted to enroll at the University of Erlangen ; 
and in 1907 she received her Ph.D, summa cum laude. Her thesis was on algebraic 
invariants. 

In 1915, on Hilbert’s invitation, she went to Gottingen. There she lectured on 
courses given under Hilbert’s name. She applied her invariant theoretic knowledge on 
problems considered by Hilbert and Klein. Hilbert made several personal attempts 
to get her a regular position, but prejudice against women at that time thwarted his 
efforts. Finally, in 1922, she was appointed as an unofficial associate professor; later, 
she received a modest salary. She taught at Géttingen from 1922 to 1933. Due to 
the Nazi regime uprising, all Jewish professors were dismissed in April 1933. Through 
the efforts of Herman Weyl, she was able to get a visiting professor’s position at Bryn 
Mawr College and left for the United States in October 1933. She lectured and did 
research at Bryn Mawr College and at the Institute of Advanced Study. Noether died 
of surgical complications on April 14, 1935. 

Influenced by Hilbert’s axiomatization of Euclidean geometry, Noether became 
interested in an abstract axiomatic approach to ring theory. Between 1922 and 1926, 
she published a series of papers focusing on “the general theory of ideals.” In her 
paper “Abstract construction of ideal theory in the domain of algebraic number fields,” 
published in 1926, she characterized rings in which every ideal is uniquely expressed 
as a product of prime ideals. This is analogous to Euclid’s fundamental theorem 
of arithmetic. Two of the generalized structures she associated with ideals are the 
“group” and the “ring.” She introduced the present-day definition of a ring in her 
paper, “Theory of ideals in a ring,” published in 1921. She showed that the ascending 
chain condition is important to ideal theory. She introduced the concept of a primary 
ideal and proved that in a commutative ring satisfying the ascending chain condition, 
every ideal can be expressed as an intersection of primary ideals. 

‘In 1932, while working on noncommutative rings in linear algebra with Richard 
Brauer and Helmut Hasse, she proved that every simple algebra over an ordinary 
algebraic number field is cyclic. From 1932 to 1934, she worked on noncommutative 
algebras by means of cross products. 

Noether published 45 research papers. 


Chapter 19 


Modules and Vector Spaces 


19.1 Modules and Vector Spaces 


Our main interest here is to set down only the results of vector spaces which 
are needed for our study of fields in the next chapter. We do this in such a 
way that the reader will become acquainted with the notion of a module. 


Definition 19.1.1 Let R be a ring. A commutative group (M,+) is called a 
left R-module or a left module over R with respect to a mapping-: Rx M — 
M ¢@f for allr,s € R and m,m’ € M, 

fi)r-(m+m)=r-m+r-m, 

(ii) r-(s-m) =(rs)-m, 

(it) (r+s)-m=r-m+s-m. 

If R has an identity 1 and if1-m=™m for allm e€ M, then M is called a 
unitary or unttal left R-module. 


A right R-module can be defined in a similar fashion. 

In the above definition, we used the same notation for the addition in the 
ring R and the addition in the group M. We also used the same notation for 
the multiplication in R and the multiplication between the elements of R and 
M. It should be clear to the reader by now that there are actually four distinct 
operations involved. We write rm for r-m. 


Example 19.1.2 In a ring R, every left ideal is a left R-module and every 
right ideal is a right R-module. In particular, R is a left and right R-module. 


Example 19.1.3 Every commutative group M is a module over the ring of 
integers Z. Forn € Z anda € M, the element na is defined to be a added to 
itself n times if n is positive and —a added to itself |n| times if n is negative. 
Oa is defined to be the zero element of M. Under these definitions, M becomes 
a unitary left Z-module. 
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Let M be any commutative group and F be any ring. If we define rm = 0 
for allr € R, m € M, then M forms a left R-module, called a trivial module. 

Since all results that are true for left R-modules are also true for right R- 
modules, we prove results only for left R-modules. From now on, unless stated 
otherwise, by an R-module, we mean a left R-module. 


Definition 19.1.4 Let M be an R-module and N be a nonempty subset of M. 
Then N is called a submodule of M if N is a subgroup of M and for allir € R, 
a€ N, we haverae N. 


It is clear that a submodule of an R-module is itself an R-module. 

Using arguments similar to those used for subgroups and ideals, one can 
show that the intersection of any nonempty collection of submodules of an 
R-module is again a submodule. 


Definition 19.1.5 Let X be a subset of an R-module M. Then the submodule 
of M generated by X is defined to be the intersection of all submodules of 
M which contain X and is denoted by (X). X is called a basis of (X) if no 
proper subset of X generates (X). If M = (X) and X is a finite set, then M 
is said to be finitely generated. When X = {xr} and M = ({r}), then M is 
called a cyclic R-module and in this case we write M = (x). 


We ask the reader to prove that any finitely generated module has a finite 
basis. 

The proof of the following theorem is similar to that of the corresponding 
theorem for ideals, Theorem 11.2.7. Hence, we omit its proof. 


Theorem 19.1.6 Let M be an R-module and X be a nonempty subset of M. 
Then 


(Ay = {OE ries +, Ng L5 [rie Rn, € Z, Li, £5 eX, 
1<i<kl<f<lkle Nt}. 


If M is a unitary R-module, then 


k 
(X) ={S ona | ri R, ci EX, 1 <i <k, KEN}. 


i=l 


Example 19.1.7 (i) Q is a Q-module. If N is a submodule of Q, then N is 
a left ideal of Q. Since Q is a field, the only left ideals of Q are {0} and Q. 
Hence the submodules of Q are {0} and Q. 

(it) We know that Q ® Q is a commutative group. For all z € Q and for 
all (a,b) € Q@Q, define x(a, b) = (xa, xb). Then Q@ Q is a Q-module. We 
now determine all submodules of QGQ. Let M be a nonzero Q-submodule of 


QeqQ. 
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Case 1: Suppose for all (a,b) ¢ M, b = 0. Now there exists (a,0) € M@ 
such that a # 0. Then (1,0) = +(a,0) € M. Thus, M = Q 4 {0}. 

Case 2: Suppose for all (a, b) € M, a = 0. Now there exists (0,6) € M@ 
such that b #0. Then (0,1) = ¢(0,6) € M. Thus, M = {0} 6Q. 

Case 3: Suppose there exists (a,b) € M such that a #0, b #0. 

Case 3a: Suppose M = ((a,b)). Then M is a cyclic submodule of Q@ Q 
generated by (a, d). 

Case 3b: Suppose M # ((a,6)). Then ((a,6)) C M. Thus, there exists 
(a’,b') € M\{(a,b)). Then a’ # 0 or b’ ¥ O. Suppose that a’ = 0. Then 
(0,1) = 7 (0,8) € M. Therefore, (a,0) = (a,b) — (0,1)0 € M. Hence, (1,0) = 
La, 0) € M. Thus, (1,0), (0,1) € M. This implies that M = Q@ Q. Similarly, 
if b) = 0, then M=QE6Q. 

Now suppose that a’ 4 0 and b' 40. If 3 = E = ¢ (say), then t(a’,b') = 
(ta’, tb’) = (Sa’, £0’) = (a,b) € ((a,b)) , which is a contradiction. Therefore, 
& # & and’so ab! — ba’ # 0. Let (p,q) € QGQ. Choose t = Benes, and 
s= ae Then (p,q) = t(a,b) + s(a’,b') € M. Thus, QGQ C M. Hence, 
M=QeQ. 

Consequently, if M is a Q-submodule of Q@Q, then M is of the following 
form: 

(i) M = {0}, or 

(ii) M = {0} ®Q=((0,1)), or 

(ii) M = Q ®@ {0} = ((1,0)), or 

(iv) M = ((a,b)),a 40,640, a,b € Q, or 

(v) M=Q6Q. 

This also proves that M is finitely generated. 


Definition 19.1.8 Let F be a field. A unitary (left) F-module M is called a 
(left) vector space over F. The elements of M are called vectors and the 
elements of F are called scalars. A submodule of M is called a subspace of 
M. If X is a subset of M such that M = (X), then X is said to span or 
generate M and M is called the span of X over F. 


Example 19.1.9 Let F be any field and F” denote the Cartesian product of F 
with itself ntimes. Then F” becomes a vector space over F under the following 
definitions: For all (a,,a2,..., On), (61, 59,..-,; bn) € F™ andae F 


(a1, @2,..-,;@n) + (bi, bo,....,6n) 
@(@1,@2,...,Gn) 


(a1 + bj, +09 + b,. ++9On + bn), 
(aaj, @Q2,...,4Gn). 


The set 


KALA, 02s.4 AO Vice 2022. 300, 02570) 
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spans F™ since for all (a1, @2,...,Qn) © F”, 
(a1, @2,...,@n) = a1(1,0,0,...,0) + a2(0,1,0,...,0) +---+a,(0,0,0,...,1). 


When n = 2 or 3 and F is the field of real numbers, then the vector space F” 
over F' is the one usually encountered in elementary analytical geometry. 


By Example 19.1.9, R® is a vector space over R. 
Example 19.1.10 Consider the vector space R* over R. Let 
U = {(a,b,c) € R3 | 2a + 3b + 5c = O}. 
Then U is a subspace of V3(R). Let 
U; = {(a,b,c) € R? | 2a + 3b + 5e = 5}. 


Now (0,0, 1) and (1,1,0) € Wi, but (0,0,1) + (1,1,0) ¢ U1. Hence, U; is not a 
subspace of R?. 


Example 19.1.11 Let V be a vector space over F. Then {0} and V are sub- 
spaces of V. These are called trivial subspaces of V. 


Theorem 19.1.12 Let V be a vector space over F and S be a nonempty subset 
of V. Then S is a subspace of V if and only if for alla € F and for allz,y € S, 
ac+yeS. 


Proof. Suppose S is a subspace of V. Then for all a € F and for all z,y € S, 
az € S and so ar +y € S. Conversely, suppose for all a € F and for all 
z,yé€S,ar+ye€S. Since S F ¢, there exists c € S. By Exercise 2 (page 431), 
—z = (—1)z. Therefore, 0 = -—r +2 = (-l)r +c € S. Hence, for all x € S, 
—x =(-1)r+0€S. Also, for allz,yeS,x+y=1le+ye€S. S inherits the 
associative and commutative laws. Thus, (S,+) is a commutative group. Now 
for all a € F and for all ¢ € S, ax =ar+0€ S. Therefore, S is a vector space 
over F since the other properties are inherited. 


Theorem 19.1.13 Let V be a vector space over F and {Ug | a € I} be any 
nonempty collection of subspaces of V. Then MactUa is a subspace of V. 


Proof. First note that 0 € U, for all a € J and so 0 € NgeUg. Therefore, 
Nace ~ od. Leta € F and z,y € NeeUa. Then z,y € U, for all a. Since Ug 
is a subspace of V, az + y € UQ for all a € J and so az + y € NaerUa,. Thus, 
NeaerU, is a subspace of V by Theorem 19.1.12. M 


Theorem 19.1.14 Let V be a vector space over F and S be a nonempty subset 
of V. Then 
(S) = {So ais; |a;€F, 3 € S}, 


where S_a;s; is a finite sum. 
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Proof. Let U = {)\aj;s; | a; € F, 5; € S}. Leta € F and ¥} ajs;, 5 bj38; € U. 
Then a(3> a;s;) + > bjs; = >>(aa;)s; + )5b;s; € U and so U is a subspace of 
V by Theorem 19.1.12. Since for all s € S, s =1s €U,U DS. Thus, U D (S$) 
since (5) is the smallest subspace of V containing S. Let }>a;s; ¢ U. Then 
since s; € SC (S), ajs; € (S). Thus, S$) ajs; € (S), whence U C (S). @ 


Definition 19.1.15 Let V be a vector space over the field F. A subset X of V 
is called linearly independent over F if for every finite number of distinct 
elements £1,22,.-.,2n © X, 4,2, +4920 +--+ + 4ntn = 0 implies that ay = 
ag = -+:-@, = 0 for any finite set of scalars {a,,a2,...,an}. Otherwise X is 
called linearly dependent over F. 


The set X in Example 19.1.9 is linearly independent over F. {0} is lmearly 
dependent over F. 


Definition 19.1.16 Let V be a vector space over F. A subset A of V is called 
a basis for V over F if A spans V, i.e., V = (A), and A is linearly independent 
over F. 


Consider the zero vector space, {0}, over the field F. We note that the 
empty subset, ¢, is linearly independent over F' vacuously and that @ spans 
{0}. Hence, ¢ is a basis for {0}. 


Example 19.1.17 The set 
X = {(1,0,0,...,0),(0,1,0,...,0),...,(0,0,0,...,1)} 


of Example 19.1.9 is a basis for F". We showed there that X spans F” over F. 
Suppose 


(0,0,...,0) = a1(1,0,0,...,0) +.@2(0,1,0,...,0) +---+an(0,0,0,...,1). 


Then (0,0,...,0) = (a1,@2,...,@Qn). Therefore, we must have a; = 0 fori = 
1,2,...,n. Thus, X is linearly independent. 


Theorem 19.1.18 Let V be a vector space over F and S be a subset of V. If 
s €(S), then (SU {s}) = (S). 


Proof. Clearly (S) € (SU{s}). If S = ¢, then (S) = {0} and so s = 0. 
Hence, (SU {s}) = ({0}) = {0} = (S). Suppose S 4 ¢. Let ais; + as € 
(SU {s}), where s; € S. Then )7a;s;,as € (S) and so Yiajs; + as € (S). 
‘Hence, (SU {s}) = (S). 


Theorem 19.1.19 Let V be a vector space over F and A = {21,22,..., Zr} 
be a subset of V which spans V. Let B be any linearly independent set of vectors 
in V. Then B contains at most r vectors. 
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Proof. If B contains less than r vectors, the theorem is true. Suppose B 
contains at least r vectors, say, yi, y2,---,Yr € B. Then since A spans V, 


5 i 
n= aia: 
i=l 
and since y; # 0, not all a;; = 0, say, a1; 4 0. Thus, 
si 
c= So (-a77 aa) ai + arty. 
i=2 


This implies that z1 € ({y1,2,...,2,7}). Hence, ({y1,22,...,2r}) = V by 
Theorem 19.1.18. Assume ({y1,Yy2,---,Yk)Zk+1)---,2r}) = V, the induction 
hypothesis. Then 


Yet. € ({y1, ¥2, +205 Uk, Lke4ly--- 1 Zr}) . 
Thus, 


k r 
Yet = So i,k 1Yi + > Qik 12% 
i=1 i=k+1 


and not all a; 44; =0 for? =k+1,...,r, say, ag4i1441 4% 0. This implies that 


k T 
_ -1 e -1 . : -1 
Tk+1 = Sei pp eek tL) Yi + S (Og 41 p41 F,e+1) Li + One pe 1Ye+1: 
i=l i=k+2 


Thus, Lk+1 = ({y1, Y2,--+> Yk, YR+1; Th+42, aera ,Zr}) . Hence, 


V = ({Y1s Yds +s Yhes Yt, Zh42, +++, Lrf) 


by Theorem 19.1.18. Thus, ({y1,y2,-.-,;yr}) = V by induction. If there ex- 
ists y € B such that y A y%, i = 1,2, ...,r, then y = S77_, ayy; and so 
0 = Sa1 ay + (—l1)y and since —1 F¥ 0, yi, 42, ---, Yr, y are not linearly 
independent, a contradiction. Therefore, y does not exist and so B = {yj, yo, 
5 ye) 


Theorem 19.1.20 Let V be a vector space over F, A = {mj,...,2,}, and 
B= {yi,...,ys} be two bases for V. Thenr = s. 
‘Proof. Since A spans V and B is linearly independent, s < r by Theorem 


19.1.19. Similarly, r< s. Ml 


Definition 19.1.21 Let V be a vector space over F. If V is spanned by a finite 
set of vectors, then V is called finite dimensional over F. 


Lemma 19.1.22 Let V be a vector space over F and A be a linearly indepen- 
dent subset of V. Ifx ¢V anda ¢ (A), then AU {x} is linearly independent. 
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Proof. Let 21,...,2n € A. Suppose 0 = a,x, + agte+ --- + apE, + az. 
Suppose a £0. Then 


av = (—a)~ta,2, +---+(—a)~la,z, € (A), 


a contradiction. Thus, a = 0. Hence, 0 = a}21+a9r9+ ---+a,2,. Since {21, Za, 
..., £r} is linearly independent, a; = 0, ..., a, = 0. Thus, AU {z} is linearly 
independent. Ml 


Theorem 19.1.23 Let V be a finite dimensional vector space over F. Then V 
has a basis. 


Proof. If V = {0}, then @ is a basis for V. We now assume that V # {0}. 
Let zr; € V be such that x; 4 0. Then 2 is linearly independent. If (x11) # V, 
then there exists ro € V such that zr. ¢ (z,). By Lemma 19.1.22, 2; and 
rq are linearly independent. Suppose 2),...,2% © V are linearly indepen- 
dent and ({z,...,2~}) # V. Then there exists z,4; € V such that rx41 ¢ 
({x1,...,2%}). Therefore, 21,...,2%, Ze41 are linearly independent. Since V 
is finite dimensional, V is spanned by, say, r vectors. By Theorem 19.1.19, 
any linearly independent set of vectors in V cannot have more than r vec- 
tors. Hence, if we continue the above process of constructing z;’s, then there 
must exist a positive integer s such that {z1,...,25} is linearly independent, 
({z1,-..,@s}) =V, and s <r. Thus, {z1, ...)2s} is a basis of V. il 


Theorem 19.1.23 gives us a method for constructing a basis for a finite 
dimensional vector space V of dimension n over F. We first take any nonzero 
vector 2, of V. If (1) = V, then {z,} is a basis of V. If (21) C V, then we take 
any ro € V, ro € (x1). Then by Lemma 19.1.22 {x1, x9} is linearly independent 
over F. If ({z1,22}) = V, then {z1, z2} is a basis for V over F. If ({z1,22}) C V, 
we can choose z3 € V,23 ¢ ({21,22}) and so on. In a finite number of steps, 
precisely n steps, we must arrive at a basis for V over F. 


Definition 19.1.24 Let V be a finite dimensional vector space over F. The 
dimension V is the number of elements in a basis for V. 


From the statements following Definition 19.1.16, it follows that the zero 
vector space, {0}, is of dimension 0. 


Theorem 19.1.25 Let V be a vector space of dimension n over the field F. 
Then X = {21,22,...,In} is a basis of V if and only if every vector in V is a 
unique linear combination of x1,20,...,2n over F. 
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Proof. Suppose X is a basis of V over F. Then by Theorem 19.1.14, every 
vector uv € V is a linear combination of 71, 22,...,2n. Let 


v= 101, +--+ + Antn = 121 +--+ + dnt 
be any two linear combinations of 71,22, ..., 2,. Then 


0= (a, — b1)21 Seti (ax — bn) Zn- 


The linear independence of X over F' implies that a; —b; =0,..., an —byp = 0. 
That is, the representation of v as a linear combination of 2), 29,..., 2, is uni- 
que. Conversely, suppose every vector in V is a unique linear combination of 
21, 42,...,2n over F. Then clearly X generates V over F. Suppose 0 = a121+:-- 
+an2y for a; € F. Since also 0 = 02, + --- +0z,, we have a; = 0,1 =1,...,n. 
Thus, X is linearly independent over F. By definition, X is a basis of V over 
F.u 


We now show that every nonzero vector space, not necessarily finite dimen- 
sional, has a basis. For this we prove the following lemma. 


Lemma 19.1-26 Let V be a vector space over a field F and X be a nonempty 
subset of V. Then X is a basis for V if and only if X is a maximal linearly 
independent set over F. 


Proof. If X is a basis for V, then X is linearly independent over F and 
(X) = V. Let y € V,y ¢ X. Then V = (X) C (XU{y}) C V so that 
V = (X U{y}). Since the proper subset X of X U {y} also generates V, X 
Uf{y} cannot be linearly independent over F. Thus, X is a maximal linearly 
independent set over F. Conversely, let X be a maximal linearly independent 
set over F. It suffices to show that V = (X). If V D (X), then there exists 
y €V,y € (X). By Lemma 19.1.22, X U{y} is linearly independent over F, 
which contradicts the maximality of X. Thus, V = (X).™ 


Theorem 19.1.27 Let V be a vector space over the field F. Then V has a 
basis. 


Proof. If V = {0}, then ¢ is a basis for V. We now assume that V # {0}. 
Let xz be a nonzero element of V. Then {z} is a linearly independent subset 
of V. Let T be the set of all linearly independent subsets of V that contain 
{xz}. Clearly T # ¢. T is a poset with respect to the set inclusion relation. By 
Zorn’s lemma, we can show that T has a maximal element, say, X. Then X is 
a maximal linearly independent subset of V and by Lemma 19.1.26, it follows 
that X is a basis of V. ll 

Finally, we state the following theorem without proof. The finite dimen- 
sional case was proved in Theorem 19.1.20. 
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Theorem 19.1.28 Let V be a vector space over a field F. If A and B are two 
bases of V, then |A| = |B|. @ 


From Theorem 19.1.27, we find that a vector space V over a field F' has a 
basis B. If B is a basis for V over F, then |B| is called the dimension of V 
over F. 


19.1.1 Worked-Out Exercises 


© Exercise 1 Let V be a vector space of dimension n. Show that any set of 
n linearly independent vectors is a basis of V. 


Solution: Let B be a set of n linearly independent vectors. Suppose 
V # (B). Let y € V be such that y ¢ (B). Then BU {y} is a set of n+1 
linearly independent vectors by Lemma 19.1.22, a contradiction to Theorem 
19.1.19. Hence, B is a basis of V. 


© Exercise 2 Let u, = (0,1,1,0), ue = (1,0,1,0), and wg = (—1, —2,0,0) be 
three vectors in R*. Show that {u1, ug, ug} is a linearly independent set. 
Extend this set to a basis of R?. 


Solution: Let a), a2,a3 € R be such that 
a,U1 + aou2 + a3gu3 = 0. 


Then ag — ag = 0, a1 — 2a3 = 0, and a, + a2 = 0. From this, it follows that 
a, = a2 = a3 = 0. Hence, {w, ue, uz} is a linearly independent set. Suppose 


(0,0,0,1) € ({ti, us, uz }). 
Then there exists 6, b2,b3 € R such that 
by uy + bau + b3u3 = (0,0, 0,1). 
Thus, bo — b3 = 0, by — 2b3 = 0, 6; + bg = 0, and 1 = O, a contradiction. 
Therefore, eg = (0,0,0,1) € ({u1, ue, u3}). Hence, {u1, ug, uz, e4} is a linearly 


independent set of vectors in R*. Since the dimension of R? is 4, {u, ue, us, ea} 
is a basis. 


© Exercise 3 Let V be a nonzero vector space of dimension n. Let X be a 
finite subset of V such that V = (X) . Show that X contains a subset Y 
such that Y is a basis of V. 
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Solution: Let X = {21,z2,...,2:}. Clearly t > n. Since V # {0}, X 
contains a nonzero element. Thus, X contains a linearly independent subset. 
If X is linearly independent, then X is a basis of V and n = t. Suppose 
X is not linearly independent. Then there exists z;, say, z:, such that x, € 
(pote. oe1j it) Then VS tir go ee) Let oe ea ta = 1 By 
repeating the process finitely many times, we can show that there are s vectors 
Picts yy Cais Gays cag i | suck thet 


Tiy,-+-, Lig E Zig @iyietg Zils Ween DS 


Let 
a {x1, 22, he ppeepcay (aig ys sia 5a. }: 


Then Y C X, |JY| =n, and V = (Y). Tf Y is not linearly independent, then 
there exists y € Y such that y € (Y\{y}). Then V = (Y\{y}) and |Y\{y}| = 
n —1, a contradiction to the fact that the dimension of V is n. 


Exercise 4 Let T = {(z,y,z) € R® | 22 + 3y +z = 0}. Show that T is a 
subspace of V3(R). Find a basis for T. 


Solution: Since (0,0,0) 6 T, TF ¢. Let (41, y1, 21), (v2, yo, 22) € T and 
r ER. Then 22, + 3y, + 21 = 0 and 2z2 + 3yo + 22 = 0. Hence, 2(z) + 22)+ 
3(y1 + y2)+ (21 + 22) = 0 and 2rz, 4+ 3ry, + rz, = r(221 + 3y1 + 21) = 0. 
Therefore, (21, yi, 21)+ (x2, yo, z2) € T and r(z1, m1, 21) € T. Thus, T is a 
subspace of V3(R). Now 221 + 3y1 + 2; = 0 implies that (21, yi, 21) = (21, 
Y1, —221 — 3y1) = £1(1,0, —2)+ y: (0,1, —3). Since (1,0, —2), (0,1, -—3) € T and 
(z1, yi, 21) is an arbitrary element of T, T = ({(1,0, —2), (0,1, -3)}). It is 
easy to verify that {(1,0,—2), (0,1, —3)} is a linearly independent set. Hence, 
{(1,0, -2), (0,1, -3)} is a basis of T. 


19.1.2 Exercises 


1. For the vector space R? over R, determine whether or not the sets listed 
are bases of R?. 


(i) (@, 1,0), 1,1, 1), (1,0, 0)}. 

(ii) {(2, 0,0), (0, 2, 0), (0, 0, 2)}. 

(iii) {(—1, 0, 0), (0, -1, 0), (0,0, —1)}. 
(iv) {(1, 0, 0), (1, 1,0), (1, 1,1), (0,1, 0)}. 


2. Let M be an R-module,m e€ M andr € R. Prove that r0 = 0, Om = 0, 
and —(rm) = (-r)m = r(—m). 


3. Show that the intersection of two submodules of an R-module M is a 
submodule. 


19.1. 


10. 


11. 


12. 
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. Show that the Z-module Q has no finite set of generators. 


. Find all subspaces of the real vector space R?. Is is true that for any 


elements u = (a,b) and v = (c,d) of R?, there exists a nontrivial subspace 
W of R? such that u,v € W? 


. Let A,B, and C be submodules of an R-module M. 


(i) Prove that A+ B= {a+b|aeéA, b€ B} is a submodule of M. 
(ii) If A C C, prove that A+ (BNC) =(A+B)NC. 


. Let M be an R-module and a € M. Show that T = {ra+na|reR, 


n € Z} is a submodule of M. 


. Let M be a unitary A-module. M is called a simple R-module if M # 


{0} and the only submodules of M are M and {0}. Prove that M is 
simple if and only if M is generated by any nonzero element of M. 


. Let M be a unitary R-module. M is called Noetherian if for any se- 


quence 
Aq GC Ay Gee An Gees 


of submodules of M, there exists a positive integer n such that A, = 
Ani =.-... Prove that M is Noetherian if and only if every submodule 
of M is finitely generated. 


Let M bea unitary R-module. M is said to satisfy the maximal condition 
on submodules if any nonempty collection of submodules of M has a 
maximal element. Prove that M is Noetherian if and only if M satisfies 
the maximal condition for submodules. 


Let M be a unitary R-module. M is called Artinian if for any sequence 
Aa 2 Age Ag Oo i 


of submodules of M, there exists a positive integer n such that A, = 
An+1 =-+:+:. Prove that M is Artinian if and only if any nonempty set of 
submodules of M has a minimal element. 


Let N be a submodule of a unitary R-module M and a € M. Let 
a+N={at+b|beEN}. 


Prove the following. 

(i)acat+N. 

(ii) For alla,b€ M,a+N=b+N if and only ifa—beEN. 

(iii) For all a,b € M, either (a +N)N(6+N)=g¢o0ra+N=b+4+N. 
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13. 


14. 


15. 


16. 


17. 
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Let N be a submodule of an R-module M. Let 
M/N = {a+N |ae N}. 
Define the following operations on M/N 


(a+ N)+(b+N) = (a+bdb)4+N 
r(ia+N) = ra+N 


for ala+N,b+N €M/N,r €R. Prove that M/N is an R-module. 


Let N be a submodule of an R-module M. Prove that M is Artinian 
(Noetherian) if and only if N and M/N are Artinian (Noetherian). 


Let V be a finite dimensional vector space over F. If U and W are two 
subspaces of V, prove the following: 

(Gi) U+W ={ut+w|ueu,w € W} is a subspace of V. 

(ii) dimU+ dimW = dim(U + W)- dim(UN W),. 

Let N be asubmodule of an R-module M. N is called a direct summand 
of M if there exists a submodule P of M such that M = N+P and 
NN P = {0}.'In a finite dimensional vector space V over F, show that 
every subspace is a direct summand of V. 

Write the proof if the statement is true; otherwise give a counterexample. 


(i) If {u,v, w} is a linearly independent subset of a vector space V, then 
{u, u+v, u+v-+ wh} is also a linearly independent subset. 


(ii) If W is a subspace of a finite dimensional vector space V such that 
dim W = dim V, then W = V. 


(iii) Let V be a vector space over a field F. If 0 #£ vu € V, then there exists 
a basis containing v. 


(iv) If S and T are two basis of a vector space V, then SUT is a basis of 
V. 


Chapter 20 


Rings of Matrices 


In this chapter, we study some elementary properties of rings of matrices. Rings 
of matrices provide a rich source of examples for noncommutative ring theory. 
They are also useful for the understanding of noncommutative ring theory since 
they often appear in representation theorems. 


20.1 Full Matrix Rings 


Let R be a ring with 1. Let M4,(R) be the ring of all n x n matrices with entries 
from R. Let E,; be the element of M,,(R) whose (i,j) entry is 1 and all other 
entries are 0, 1 < 2,7 <n. Let Fi;, Eq: € My(R). Then the following can be 
easily verified. 

_ _f Evifj=k 
ER eee 


Let (aij) € M,(R). Then (a5). = SoA ai; Ei;. 
The following describes ideals of M,(R). 


Theorem 20.1.1 Let M be an ideal in M,,(R). Then there exists an ideal I of 
R such that M = M,(I), t.e., M is the set of alln x n matrices with entries 
from I. 


Proof. Let J ={a€ R|a=ay, for some (a) € M}. Since 0 € M,0€ I. 
Thus, I 4 ¢. Clearly if a,b € J, thena—be I. Leta € J andr € R. Then 
a = aj; for some )7},_., aij Hiy € M. Since M is an ideal, 


n 
arE\, = E41( aij Ez)r Ey, eM. 
t,7e1 
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Hence, ar € J. Similarly, since 


ray = rEwy( SS ai; Ej) Eu. eM, 
ij=l 
ra € I. Thus, J is an ideal of R. We now proceed to show that M = M,(I). 
Let een a4; Ei; € M. Let 1 < k,l <n. Now 
an Ey, = Eye( >> aj Eiy)En € M. 
ij=l 
Therefore, ay; € I for 1 < k,l <n. This implies that get aij Ei; € Mp(L). 


I 
Thus, M C M,(I). Conversely, let 7? j.1 bij Big € Mn(I). Let 1 < k,l <n. 
Then by; = ci; for some Le ci Fiz € M. Since M is an ideal, 


be Ext = C11 Bet = Ea( >> cj Big) Eu € M. 


aj=l 
Therefore, )7? ;1 b:; Ei; € M. Thus, M,(I) © M. Consequently, M = M, (I). 


Corollary 20.1.2 Let R be a ring with 1. If R is simple, then M,(R) is 
simple. & 


Theorem 20.1.3 Let R be a ring with 1. Let I be an ideal of R. Then 


Mn(R)/Mn(I) = Mp (R/T). 


Proof. Define f : M,(R) — M, (R/I) by 
F((aig)) = (ag + 2) 


for all (a;;) € M,(R). Then it can be easily verified that f is an epimorphism 
and Ker f = M,(1). Hence, 


M,(R)/Mn(l) ~ M, (R/I). 0 


In the next theorem, we describe the center of M,(2) when R is a commu- 
tative ring with 1. 


Theorem 20.1.4 Let R be a commutative ring with 1. Then C(M,(R)), the 
center of M,(R), is the set of all scalar matrices in M,(R). 
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Proof. Let 3721 @F kk, jai bij Big € Mn (A). Then 


nr 


oo aE Kk) o> en oe ie 3 aby; Ey; = S abrs Ens 


ij=l kj=l rjs=1 


and 

(Par big Baz) (2h @E kk) = hin bik Ex 
ps s=1 brstlrs 
= ee 1 Obs rs 


since R is commutative. Therefore, 


$3, aE Kn) ( . bij Biz) = oS bij Ex) o aE KK). 
4g=1 4,j=1 
Thus, ))¢=1 @Bx. € C(Mn(R)). 
Now, let g = Sop ja1 ij Big € C(Mn(R)). Let Exe € Mn(R), 1 Sk <n. 


Then 
n nr 
Exk( D5 ij Eiz) = (5 aij Bi) Bea 
‘j=l ‘j=l 
implies that i On; Ei = Doe) airing and hence by comparing the corre- 
sponding entries, we get aj, = 0 = ay; for all 7,7 = 1,2,....n,a 4k, 7 Ak, 
1<k<n. Thus, all entries in g are zero except (possibly) the diagonal entries. 
Hence, g = > -f—1 QheEne. Let Er; € Mn(R) be such that r # 5,1 <r,s<n. 
Then 
o Akk Eek) Ens = a(S Akh Lek) 
k=1 

implies that a,,Hrs = ia Therefore, app = dss, 7 # 8,1 <7r,8s <n. 
Consequently, g is a scalar matrix. 


20.1.1 Worked-Out Exercises 


© Exercise 1 Let R be aring with 1. Let A and B be ideals of R. Show that 


Solution: Let fj. cj Hig € Mn(AB). Then cj; € AB. Let 
& 
Cy = So ai, bi, € AB, 
I=1 
a, € A, b;, € B, 1 <i <s. Then 
cy Biy = (heidi) By 


Dol=1 (Gi; bi, Eig) 
= De (a4 Bibi, £13) € Mn(A)Mn(B). 


I! 
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Thus, 73-1 cj Biz € Mn(A)Mn(B) and so M,(AB) C M,(A)M,(B). Let 
Dei ja1 Eig € Mp(A) and Dp ja1 bij Fi; € M(B). Let ci) = fai ainday, 
1<i,j <n. Then cj = 0f-1 Ginbey € AB, 1 <i,7 <n. This implies that 


(32 aig Eay)( > big Bag) = > cig Eig € Mn (AB). 


\ tj=l aj=l 4j=1 


Thus, M,,(A)M,(B) C M,(AB). Consequently, M,(AB) = M,(A)M,(B). 


© Exercise 2 A ring FR is called a prime ring if {0} is a prime ideal. Prove 
that a ring R with 1 is a prime ring if and only if M/,(R) is a prime ring. 


Solution: Suppose R is a prime ring and M,(R) is not a prime ring. 
There exist nonzero ideals P and Q of M,(R) such that PQ = the zero ideal 
of M,,(R). There exist nonzero ideals A and B of R such that P = M,(A) and 
Q = M,(B). Thus, PQ = M,(A)M,(B) implies that AB = {0}. Since R is a 
prime ring, A = {0} or B = {0}, which is a contradiction. Hence, M,(R) is 
a prime ring. Conversely, suppose that M/,,(R) is a prime ring and R is not a 
prime ring. Thus, there exist nonzero ideals A and B of R such that AB = {0}. 
Then M,(A), M,,(B) are nonzero ideals of M,,(R) such that M,,(A)M,(B) = 
the zero ideal of M,,(f), a contradiction. Hence, R is a prime ring. 


20.1.2 Exercises 
1. If Ris a field, find all ideals of M,(R). 


2. If R is a Noetherian ring, prove that M,(R) is a Noetherian ring. 


3. If R is a ring with 1, prove that M,(R)[z] ~ M,(R{[z)). 


20.2 Rings of Triangular Matrices 
Let A,B, and C be rings with identity such that cB, is a unital bimodule, 


ie., B is a unitary right A-module, B is a unitary left C-module and for all 
a € A, for all b € B, and for all c € C, c(ba) = (cb)a. 


Let 
a 0 A 0 
a={|§ o|iecases, ceol=| 4% al 


Define + and - as the usual matrix addition and multiplication, i.e., if | ; : | ; 
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/ 
E y | eR then 


b’ 
a 0|,[fa 0] _ fata’ 0 
boc od — b+b c+d 
a0} a Delo aa’ 0 
be Yoc¢ a ba’ + cb’ cc’ 


Since ba’ + cb’ € B, + and - are well defined. It is easy to check that (R,+,-) 
is a ring. 

Consider A@ B, the (external) direct sum of the rings A and B. Let (a,b) € 
A@ B and a’ € A. Define (a,b)a’ = (aa’,ba’). Then A @ B is a unital right 
A-module. 

We now proceed to describe all right ideals of R. 

Let I be a right ideal of R. Let 


a 0 


m= {lod} €A@8 | ; : 


Jen for some oe C| 


and 


x={eec| Re oes for some a € A, beat. 


We now claim the following: 

(i) M is a right A-submodule of A @ B; 
(ii) KC is a right ideal of C; 

(iii) {}OKBCM. 

(i): Clearly M # ¢ and (M,+) is an Abelian group. Let (a,b) € M 


and a’ € A. Then ae cI for some c eC. Now | 2 | € 1 and 


nr 


boc b 


; 
ae | € R. Since I is a right ideal of R, 


0 0 
aa’ OO} {a 0 a’ 0 cl 
bar’ O} |b ce 0 0 ; 
Thus, (a,b)a’ = (aa’,ba’) € M. It is now easy to verify that M is a right 


A-submodule of A @ B. 
(ii): Clearly K # ¢, and (K,-+) is an Abelian group. Let k € K andc€ C. 


Then eae | eI for somea € A, b € B. Since J is a right ideal of R, 


- [om [-{s ello fer 
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Thus, kc € K. Hence, K is a right ideal of C. 


(iii): Let k € K, y € B. Then 2 


h : é€ I for some a € A, b € B. Since I 


is a right ideal of R, 


fa o}=[S e][y o]e 


Hence, (0, ky) € M. Thus, {0} ® KB C M. 
Conversely, let Mand K be defined as in (i), (ii), and (iii). Let 


2={| 5 a ER| (a,b) € M, cx}. 


ut | let ? |e 8 then 
boc y 


z 


Palle 


Now (a,b) € M, x € A. Since M is a right A-submodule of A @ B, (az, br) = 
(a,b)x € M. Nowc € K and y € B. Hence, (0,cy) € {0} KB C M. Thus, 
(ax, br + cy) = (az, br) + (0, cy) € M. Since K is a right ideal of C, cz € K. 


Therefore, av) a c= i eo | € I. Now it can be easily 


ax 0 
ba +cy cz |- 


boc yz br +cy cz 
verified that J is a right ideal of R. 
We summarize the above discussion in the following theorem. 


Theorem 20.2.1 Let R, A,B, and C be defined as above. Let M be a right 
A-submodule of A® B, K be a right ideal of C, and {0} ®KBC M. Let 


i={|¢ ER| (a,b) eM, cex}. 
Then I 1s a right ideal of R. Conversely, let I be a right ideal of R. Then there 
exists a right A-submodule M of A® B and a right ideal K of C such that 
{0}®BKBCM and 


a 0 
r={| S| eRi@nem, cex|.m 


The following theorem, which is dual to the above theorem, can be proved 
in a similar manner. We leave its proof as an exercise. 
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Theorem 20.2.2 Let R,A,B, and C be defined as above. Let M be a left 
C-submodule of B@C, K be a left ideal of A, and BK @ {0} C M. Let 


r={]3 DERI @oem ocx}, 


Then I is a left ideal of R. Conversely, let I be a left ideal of R. Then there exists 
a left A-submodule M of BOC and a left ideal K of A such that BK @{0} C M 


and 
a 0 
r= {15 eR 1O9 em vex} 


Let M and N be right R-modules and f : M — N. Then f is called a 
R-homomorphism if (i) f(a + 6) = f(a) + f(b) and Gi) f(ar) = f(a)r for 
alla,b € M,r © R. If f is a one-one function from M onto N and f isa 
R-homomorphism, then f is called an R-isomorphism or simply an isomor- 
phism from M onto N. M and N are isomorphic as right R-modules, if 
there exists an R-isomorphism from M onto N. Similar conventions hold for 
left R-modules. 


Theorem 20.2.3 Let R, A,B, and C be defined as above. Let I = 2 : | 


and J = | ‘ : | . Then the following assertions hold. 

(i) I is an ideal of R. 

(ii) R/T ~ A®C, where ABC its ee (external) direct sum of rings. 

(iti) I is a Noetherian (Artinian) right R-module if and only if B is a 
Noetherian (Artinian) right A-module. 

(iv) I is a Noetherian (Artinian) left R-module if and only if B is a Noethe- 
rian (Artinian) left C-module. 

(uv) J is a right ideal of R. 

(vi) R/ J ~ B@C as a right R-module. 


Proof. (i) Let M = {0} @ B and K = {0}. Then by Theorems 20.2.1 and 
20.2.2, I is an ideal of R. 
(ii) Define f: R — A@C by 


(le e]) = 


Bg | € R. Clearly, f is an epimorphism. Now - 


for all b 


0 : 
2] exer i 


and only if f ie : }) = (0,0) if and only if (a,c) = (0,0) if and only if 
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a=0andc=0. Thus, Ker f = /. Hence, 
R/I~ A@C. 


(ii) Suppose I is a Noetherian right R-module. Let B; C By C --- be an 
ascending sequence of right A-submodules of B. Let 


Then J; is a right ideal of R and J; C [441 Cl,i1=1,2,.... Thus, Cig C--- 
is an ascending sequence of right R-submodules of J. Since I is a Noetherian 
right R-module, there exists a positive integer n such that I, = I+» for all 
k > 0. Therefore, B, = Bz+, for all k > 0. Hence, B is a Noetherian right A- 
module. Conversely, let B be a Noetherian right A-module. Let ly C Ip C::- 
be-an ascending sequence of right R-submodules of J. Let 


B= {ben |} gl ent, en... 


Clearly (B;,+) is an Abelian group. Let b € B; and a € A. Then | ; ; | € 
a 0 : , ‘ 0 0 0 0 
T; and | 0 0 | € R. Since J; is a right R-module, | ba 0 | = | 5 0 | 


ae e€ I;. Hence, ba € B;. Thus, B; is a right A-submodule of B,i = 


1,2,.... Clearly B; © Biy1,i = 1,2,.... Therefore, B) C By C ... is an 
ascending sequence of right A-submodules of B. Since B is a Noetherian right 
A-module, there exists a positive integer n such that B, = By+, for all k > 0. 
Thus, In = Insz for all k > 0. Hence, J is a Noetherian right A-module. 

(iv) The proof of this part is analogous to the proof of part (iii). 


a 0 b 0 a 0 
tet | § ee 5 [evan | § 2 | € Then 


Meo he ciao ol 
(s s][y 2]-[v e]e2 


Thus, J is a right ideal of R and hence a right R-submodule. 


and 
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/ 
(vi) Clearly R/J is aright R-module. Let (b,c) € BOC and : | ER. 


Define a binary operation - 


a’ 0 
(b,c): ey | = (ba’ + cb’, cc’). 
Clearly (ba’ + cb’, cc’) € B @C. It can now be easily checked that B@C isa 
right R-module under -. Define 


f:R>BeC 


by 
i([5 2])-o0 
forall | § ye Re Let | § eee oer Then 
a 0 a’ 0 ata’ 0 
(| § | + b! al = ae aa 
= (6+0,c+2¢) 
= (bye Oe) 
a 0 a’ 0 
Sale| o 2) 
Now 


ll 
— 
[ad 
Q 
~ 
4+ 
i) 
z= 
le) 
ce 
ww 


Ale 2) [e 2]: 


Hence, f is an R-homomorphism. Clearly f is onto B@C and Ker f = J. 
Consequently, 
R/J~Bec.E 


20.2.1 Worked-Out Exercises 


0 Bxercie 1 Let = {|} | janteg, nezh—| 


0 
ZI 
(i) Find all right ideals of R. 
(ii) Show that R is right Noetherian, but not left Noetherian. 


OD 
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Solution: (i) Let J be a right ideal of R. Suppose J # R. By Theorem 
20.2.1, there exists a right Q-submodule M of Q@Q, aright ideal K of Z such 
that {0} 6 KQ C M, and 


i={/4 3 € R| (a,b) € M, cex}. 


Since Z is a PID, K = (n) for some n € Z. Now as in Example 19.1.7(ii), 
we can show that M is of the following form: 

(1) M = {0}, or 

(2) M = {0} @Q, or 

(3) M=Q 6 {0}, or 

(4) M = ((a,b)) for some a,b € Q, a £0, 6 £0, or 

(5) M=Q6Q. . 

Case 1. M = {0}. Since {0} @KQ C M, K = {0}. Therefore, in this case, 
J = {0}. 

Case 2. M = {0} 8 Q =((0,1)). In this case, 


s=[t ole 


lon 


ie., J is a principal right ideal of R. 
Case 3. M = Q @ {0}. Since {0} @ KQ C M, K = {0}. Therefore, in this 
case, 


0 0 
a | be | R, 
i.e., J is a principal right ideal of R. 

Case 4. M = ((a,b)) , for some a,b € Q,a #0, 640. Since {(0} BKQC 
M, (0,n) € M. Thus, (0,n) = u(a,b) for some u € Q. Hence, ua = 0 and 
n = ub. Since a # 0, ua = 0 implies that u = 0 and hence n = 0. Thus, 
K = {0}. Therefore, in this case, 


i.e., J is a principal right ideal of R. 

Case 5. M=Q6Q. 

Case 5a. K # {0}. Then n ¥ 0. Let E i € J. Then c € K and so 
c=nm for some m € Z. Now 
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1 0 0 | ze 
n 


Hence 
, lon 


a 
5 
C J. Therefore, 


lon 1 


q | 0 | Re Thus, Jc 


1 0 
a[22]a 


Consequently, J is a principal right ideal of R. 


| R. Clearly ; 


Case 5b. K = {0}. Then J = | ar | . In this case, J is generated by 


Q 0 
; ; | ; : : | , 1.e.; J is finitely generated. 
(ii) Let J = | _ : | . Then J is an ideal of R. Now Q is a left Z-module. 


Let A, = (x) , k is a positive integer. Then Aj, is a left Z-submodule of Q. 
Since Set ¢ Ax, Ap © Agii. Thus, 


"Ay C Az C++) C Ag C Aggy Co 


is a strictly ascending sequence of left Z-submodules of Q. Hence, Q is not a 
Noetherian left Z-module. Therefore, by Theorem 20.2.3, J is not a Noetherian 
left R-module. Thus, FR is not left Noetherian. 

By (i), if J is a right ideal of R, then J is a finitely generated. Since every 
right ideal of R is finitely generated, R is right Noetherian. 


20.2.2 Exercises 


Q Q 
(i) Find all left ideals of R. 
(ii) Show that R is left Noetherian, but not right Noetherian. 


1. Consider the ring Rk = oD | ‘ 


: ; _|Q 0 
2. Consider the ring R = RR | ‘ 


(i) Find all left ideals of R. 
(ii) Show that R is left Artinian, but not right Artinian. 


Chapter 21 


Field Extensions 


In this chapter, we study a special type of ring called a field. Results about 
fields have applications in number theory and the theory of equations. The 
theory of equations deals with roots of polynomials. It is here that our main 
interest lies. This interest leads us to an introduction of Galois theory. 

The importance of the concept of a field was first recognized by Abel and 
Galois in their research on the solution of equations by radicals. However, the 
formal definition of a field appeared more than 70 years later. The works of 
Dedekind and Kronecker seem to be responsible for the entrance of the concept 
of a field into mathematics. However, in 1910, in his paper, Algebraic Theorie 
der Képerer, Steinitz gave the first abstract definition of a field. His work freed 
the concept of a field from the context of complex numbers. 


21.1 Algebraic Extensions 


Let us recall that the characteristic of a field F is either 0 or a prime p. By 
Theorem 11.1.9, the intersection of any collection of subfields of a field F is 
again a subfield of F. Hence, a field contains a subfield which has no proper 
subfield, namely, the intersection of all its subfields. 


Definition 21.1.1 A field F is called a prime field if F has no proper sub- 
field. 


Theorem 21.1.2 Let F be a field. 

(i) If the characteristic of F is 0, then F contains a subfield K such that 
kK~Q. 

(ii) If the characteristic of F is p > 0, then F contains a subfield K such 
that K ~ Zp. 
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Proof. Define f: Z—F by 
f(n) =n1 


for all n € Z, where 1 denotes the identity of F. Then f is a homomorphism. 
(i) Suppose the characteristic of F is 0. Then Ker f = {0} and so f is 
one-one. Define f* : Q — F by 


for all § ¢ Q. Let $,5 € Q. Now ¢ = § if and only if ad = bc if and only if 
f(ad) = f(bc) if and only if f(a) f(d) = f(c) f(b) if and only if f(a) f(b)-! = 
f(c)f(d)~? if and only if f*(¢) = f*(§). Hence, f* is a one-one function. Now 


PG) = Te) 

= f(ad+ bc) f(bd)-! 
(Fla) f(@) + FOF) FOF" 
= fas)! + fore 
f(§) + £°(G). 


Also, 
og Eee) 

= fac) f(bd)* 

= fa)f(c) f(b) F(a)? 
F(a) f(b)-* Fle) f(a) 
FRE (G)- 
Thus, f* is a homomorphism. Hence, Q ~ Z(f*), where Z(f*) is the image of 
f*. Let K =Z(f*). 

(ii) Suppose the characteristic of F is p > 0. Now 


Z/Ker f ~ I(f). 


Since the characteristic of F is not zero, Z(f) # {0}. Therefore, Z(f) is a non- 
trivial subring with 1 of the field F. Consequently, Z(f) is an integral domain 
and so Z/Ker f is an integral domain. This implies Ker f is a prime ideal of 
Zand Z + Ker f. There exists a prime q such that Ker f = qZ. Now q1 = 0 
implies that p|q and so q = p. Hence, Z/Ker f ~ Z,. @ 


Let L be a subfield of Q. Since L\{0} is a subgroup of Q\{0} under multi- 
plication, 1 € L. Hence, Z C L and so Q C L. Thus, Q has no proper subfield. 
Similarly, Z, has no proper subfield, where p is a prime. 

Thus, the subfield K of the field F in Theorem 21.1.2 is the prime subfield 
of F. 

The following theorem can be easily verified. We leave its proof as an 
exercise. 
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Theorem 21.1.3 Let F be a field and K be a subfield of F. The following 
conditions are equivalent. 

(i) K is the prime subfield of F. 

(ii) K is the intersection of all subfields of F. @ 


Let F be a field and K a subfield of F. The field F is called an extension 
of the field K. We express this by F'/K and call F/K a field extension or an 
extension field. 


Definition 21.1.4 Let F/K be a field extension and C be a subset of F. Define 
K(C) to be the intersection of all subfields of F which contain K UC. Then 
the subfield K(C) of F is called the subfield of F generated by C over K.C 
is called a set of generators for K(C)/K. 


Let K[C] be the smallest subring of F' containing K UC. Since any subfield 
of F which contains K UC must contain K[C], we have that K(C) equals 
the intersection of all subfields which contain K[C]. Now K[C] is an integral 
domain since it is a subring (with identity) of a field. Thus, by Theorem 12.1.6, 


K(C) = {ab} | a,b € K[C), 6 # O}. 


That is, K(C) is the set of all rational expressions of the elements of K[C]. 
Hence, K(C) is a quotient field of K[C]. 

Let F/K be a field extension and c1,c2,...,Cn € F. Considering Definition 
21.1.4, it follows that K(c1,c2,...,¢n) = K(c1,¢2,..-,Cn—1)(Cn). Recall that 
K(c1) = {ab“! | a,be K{ey], bx 0}. 


Definition 21.1.5 Let F/K be a field extension. An element a € F is said to 
be algebraic over K if there exist ko, ki, ..., kn € K, not all.zero, such that 
ko + kjat+ ---+kn,a”™ = 0; otherwise a as called transcendental over K. 


Let F/K be a field extension and let a € F. Then a is algebraic over K if 
and only if a is a root of a nonzero polynomial with coefficients from K. 


Example 21.1.6 The element /2 in R is algebraic over Q since V/2 is a root 
of x? — 2 € Q[z]. The element i € C is algebraic over R and Q since i is a 
root of 7 +1 € Q[z]. 


Example 21.1.7 Jt can be shown that 7, e € R are transcendental over Q. In 
the quotient field F(x) of the polynomial ring F(z), F a field, x is transcendental 
over F since Sy) a;x' = 0 if and only if a; =0 fori =0,1,...,n. 


Theorem 21.1.8 Let F/K be a field extension andc € F. Then c is algebraic 
over K if and only if c is a root of some unique irreducible monic polynomial 
p(x) over K. 
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Proof. Suppose c is algebraic over K. There exists a nonzero polynomial 
f(x) € K[z] such that c is a root of f(x) and f(x) ¢ K. By Theorem 16.1.15, 
there exist irreducible polynomials f;(r), fo(x),...,fm(z) € K[z] such that 
f(x) = file) fo(x)--- f(z). Thus, 


O= fe) = file) fle) --- fm(C)- 


Since F has no zero divisors, we must have f;(c) = 0 for some 7. Thus, there 
exists an irreducible polynomial h(x) = bop +6)2+ ---+bm2x™, bm # 0, such that 
h(c) = 0. Let p(x) = b= A(z). Then p(z) is an irreducible monic polynomial in 
K[z] with c as a root. 

Let g(x) be any polynomial in K[z], which has ¢ as a root. Let p(z) be 
a monic polynomial of smallest degree in Kz], which has c as a root. There 
exist q(x), r(x) € K [x] such that g(x) = q(x)p(x) + r(x), where either r(x) = 0 
or deg r(z) < deg p(z). Now 


0-= g(c) = q(e)ple) + r(c) = alc) -0 + r(c). 

Thus, r(c) = 0, whence r(z) = 0 else we contradict the minimality of the de- 
gree of p(x). This implies that p(x)|g(x) in K[z]. Let s(x) be any irreducible 
polynomial in K[z], which has c as a root (one such polynomial is f;(x) for 
some i, 1 <i <m). Then p(z)|s(x). Now p(z) is not a constant polynomial in 
K[z] since it has c as a root. Thus, since s(z) is irreducible in K[z], p(x) must 
be irreducible in K|z]. Also, p(r) = ks(x) for some k € K. If we choose s(x) 
monic, then k = 1 and so we have the desired uniqueness property of p(x). The 
converse is immediate. Hi : 


The proof of Theorem 21.1.8 yields the next result. 


Corollary 21.1.9 Let F/K be a field extension and c € F be such that c is 
algebraic over K. Then the unique monic irreducible polynomial p(x) over K 
having c as a root satisfies the following properties: 

(i) There is no polynomial g(z) € K |x] having smaller degree than p(x) and 
which has c as a root. 

(it) If c is a root of some g(x) € K[z], then p(x)|9(z) in K[z]. 


We call the polynomial p(z), in Corollary 21.1.9, the minimal polynomial 
of c over. K. The degree of p(z) is called the degree of c over K 


Example 21.1.10 By Examples 21.1.6, 15.3.6, and 15.3.7, we have that x? —2 
is the minimal polynomial of /2 over Q and xz? +1 is the minimal polynomial 
of i over R. 
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Theorem 21.1.11 Let F/K be a field extension and c € F. 

(i) If c is transcendental over K, then K(c) ~ K(x), where K(x) is the 
quotient field of the polynomial ring K[z]. 

(1) If c is algebraic over K, then Kc] ~ K[z]/(p(x)), where p(x) is the 
minimal polynomial of c over K. 


Proof. Define the mapping a: K[z] —+ K[c| by for all f(z) € K[z], 
a(f()) = f(c). 
Then by Theorem 14.1.14, a is a homomorphism of K[z] onto K[c]. Thus, 
K{z]/Ker a ~ K[c]. 


(i) Now f(x) € Ker a if and only if f(c) = 0, ie., if and only if c is a root 
of f(z). Hence, Ker a = {0} if and only if c is transcendental over K. Thus, c 
is transcendental over K implies a is an isomorphism of K(z] onto K |[c] and so 
by Exercise 5 (page 324), a can be extended to an isomorphism of A(z) onto 
K(c). Consequently, if c is transcendental over K, then K(x) ~ K(c). 

(ii) Suppose c is algebraic over K. Since K[z] is a principal ideal domain, 
there exists g(x) € Kz] such that Ker a = (g(x)). Now a(g(x)) = g(c) = 0. 
Hence, c is a root of g(x). Thus, p(x)|g(z) and so there exists g(x) € K[z] such 
that g(x) = q(x)p(x). This implies that g(x) € (p(x)) and so 


Ker a = (9(z)) € (p(z)). 


Since p(c) = 0, p(x) € Ker a. Therefore, (p(x)) C Ker a. Consequently, Ker 
a= (p(z)). # 


Corollary 21.1.12 Let F/K be a field extension andc € F. Then 
(i) K|c] c K(c) af and only if c is transcendental over K, 
(ii) K[c] = K(c) if and only if c ts algebraic over K. 


Proof. Since K[c] C K(c) always holds, (i) and (ii) are equivalent state- 
ments. Hence, we show that (ii) holds. Suppose c is algebraic over K. Then 
by Theorem 21.1.11, 

K\c] = K{[z]/ (p(x) 


and since p(z) is irreducible, K{z]/ (p(z)) is a field. Thus, K{c] = K(c). Con- 
versely, suppose K{c] = K(c). If c = 0, then c is the root of the polynomial 
z € K[z]. Suppose that c 4 0. Then c+ € K(c) and so c7! = ky + kye+ 
----+ky,c” for some k; € K. This implies that 0 = —-1+kpc+kje?+---+kyc™t! 
and so c is algebraic over K. > 
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Let F/K be a field extension. Under the field operations of F’, F can be 
considered as a vector space over K. The elements of F are thought of as 
“vectors” while those of K are thought of as “scalars.” Recall that (F,+) is a 
commutative group and that for all k},ko € K and aj,a9 € F, ki(a; + a2) = 
kya, + ky a9, (ky + k2)a1 = k1a1 + k2a1 hold from the distributive laws and that 
(kik)a1 = ki(k2a1) holds from the associative law of multiplication. 


Definition 21.1.13 Let F/K be a field extension. The dimension. of the vector 
space F over K is called the degree or dimension of F/K and is denoted 
by [F : K]. If the dimension of F/K is finite, then F'/K is called a finite 
extension. 


Theorem 21.1.14 Let F/K be a field extension and c € F be algebraic over 
K. Let p(x) be the minimal polynomial of c over K. If deg p(x) = n, then 
{1,c,c?,...,c°—"} is a basis of K(c)/K. 


Proof. By Corollary 21.1.12, K{c] = K(c). Let g(c) € K[c] and g(x) be 
the corresponding element in K[z]. There exist q(x), r(x) € K[z] such that 
g(x) = q(z)p(z) + r(x), where either ee = 0 or degr(x) < degp(zr). Thus, 

g(c) = Gee) ele) = r(c). Hence, {1,c,c? c”1} spans K (c)/K. Suppose 
0= 0 ki ic’, ky © K. If the k,’s are not all’ Zero, 5 then cis a root of a polynomial 
of degree <n—1< 7, a contradiction. Thus, k; = 0 fori =0,1,...,n—1 and 
so {1,c,c?,..., c"~"} is linearly independent over K. Hence, {1, c, c? gies} 
is a basis of K(c)/K. 


Corollary 21.1.15 Let F/K be a field extension. If c € F is algebraic and of 
degree n over K, then [K(c): K] =n. @ 


Example 21.1.16 The field extension Q(./2)/Q is of degree 2 and {1, /2} 
is a basis of Q(V/2) over Q since p(x) = x? — 2 is the minimal polynomial of 
V2 over Q by Example 21.1.10. Thus, Q(./2) = {a + bvV/2 | a, bE Q}. 


The student may recall from another mathematics course that a + 6/2 = 
e+ dy2 if and only if a = ¢ and b =d, where a, b,c,d € Q. This becomes clear 
now since 1 and 2 are linearly independent over Q by Theorem 21.1.14. 


Example 21.1.17 By Theorem 21.1.14, the field extension R(t)/R is of degree 
2 and {1, i} is a basis of R(i) over R since p(x) = 241 is the minimal 
polynomial of i over R. Thus, R(i) = {a+ bi | a, bE R}. Hence, we see that 
R(t) is C, the field of complex numbers. 


Theorem 21.1.18 Let F/K be a finite field extension. Then every element 
of F is algebraic over K. 
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Proof. Let 7 be the dimension of F'/K. Let c € F be such that c # 0, 
c #1. (Clearly 0 and 1 are algebraic over K.) If the set {1,c,c’, ...,c"} does 
not contain n+1 distinct elements, then c?~* = 1 for some i, j (0<i<j <n) 
and so c is a root of 27~* — 1. Suppose 1, ¢,c?,...,c” are distinct. Then they 
must be linearly dependent since they are more in number than the dimension 
of the vector space F over K. Hence, there exist ko, k1,...,kn € K not all zero 
such that 0 = 77.9 kic’. Thus, cis a root of the polynomial 3°7_) kiz* over K. 


The converse of Theorem 21.1.18 is not true, that is, it is not necessarily 
the case that if every element of F is algebraic over K, then F'/K is a finite 
field extension. It can be shown that the set of all elements A of R, which are 
algebraic over Q is a field such that [A : Q] is infinite (Theorem 21.1.22 and 
Example 21.1.25). A is called the field of algebraic numbers. 


Theorem 21.1.19 Let K(c)/K be a field extension. Then K(c)/K is finite if 
and only tf c is algebraic over K. 


Proof. If K(c)/K is finite, then c is algebraic over K by Theorem 21.1.18. 
If c is algebraic over K, then K(c)/K is finite by Corollary 21.1.15. 


Let F/K bea field extension. A subfield L of F is called an intermediate 
field of F/K if K CLC F. Since a—b€ LF for all a,b € L and ka € L for all 
ke K anda €é L, it follows that D is a subspace of F over K. An intermediate 
field L of F/K is called proper if L ¢ F. 


Theorem 21.1.20 Let F/K be a field extension and L be an intermediate 
field of F/K. Then, 


[F: K)={F: L][L: Ky}. 
Moreover, F/K is a finite extension if and only if F/L and L/K are finite 


extensions. 


Proof. Let V be a basis of F/I and U be a basis of L/K. We show that 
W ={uv|uwEeU,veV} 


is a basis of F/K. Let c € F. Since V is a basis of F'/L, there exist v1, u2,...,Un € 
V and c),¢2,..-,¢n € LE such that 


c= bakes (21.1) 
a=1 
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Since U is a basis of L/K, there exist uj,u2,...,Um € U and kyj,ko;,.. 
kimj € K such that 


ca 


Cj = \. kyu, J => LoD te, (21.2) 
i=l 


Substituting Eq. (21.2) into Eq. (21.1), we obtain 


Thus, W spans F over K. Suppose 


0= yo Myton 
where u; € U, v; € V, and kj; € K for allt=1,2,...,m;7=1,2,...,n. Then 


0= 5 


j=l i 


3 


key Ui)0; 
1 
and since V is linearly independent over L, 


m 
0= ee 7 = LD rune he 

al, 
Thus, kj = 0 fori =1,2,...,m;j =1,2,..., n since U is linearly independent 
over K. Hence, W is linearly independent over K, whence W is a basis of F 
over K. Let u,v’ € U and v,v’ €E V. If u 4’, then uv F w’v’ since v and v’ 
are linearly independent over L. If vy = v’, then uv = u'v’ if and only if u = wu’. 
Consequently, for all u,u’ € U and for all v,v’ € V if either u #4 wu’ orv #v’, 
then uv # u’v'’. Hence, [F : K] = |U x V| = |U||V| = [F : LI[L : K]. Now if 
either U or V is infinite, then W is infinite. If U and V are finite sets, then W 
is a finite set. Hence, F/K is a finite extension if and only if F/L and L/K 
are finite extensions. 


Example 21.1.21 Consider the field extension Q(./2, V3)/Q. By Example 
21.1.10, «2 — 2 is the minimal polynomial of /2 over Q. Also, x? — 3 is the 
minimal polynomial of V3 over Q(/2). (That x? —3 is irreducible over Q(/2) 
follows by an argument that is similar to the one used in Worked-Out Exercise 
1, page 454.) Thus, {1,/2} is a basis of Q(V2)/Q and {1, V3} is a basis of 
Q(V2, V3)/Q(/2). By Theorem 21.1.20, {1, 2, V3, V6} is a basis of Q(V2, 
V3)/Q. [(Q(v2, V3) : Q) = 4, [(Q( V2, V3) : Q(V2)] = 2, and [Q(V2) : Q] = 2. 


Theorem 21.1.22 Let F/K be a field extension. If L is the set of all elements 
in F, which are algebraic over K, then L is an intermediate field of F/K. 


21.1. ALGEBRAIC EXTENSIONS 453 


Proof. Any k€ K isa root of the polynomial x — k over K. Thus, L D K. 
Let a and 6 be elements of L, where a is of degree m over K and 6 is of degree 
n over K. Then K(a)/K is of degree m and K (a, b)/K(a) is of degree at most 
n. Hence, by Theorem 21.1.20, K(a,b)/K is a finite extension. By Theorem 
21.1.18, every element of K (a,b) is algebraic over K. Since a — 6 and ab™! (for 
b #0) are elements of K(a,b), a —b and ab-1(for b # 0) are algebraic over K. 
Thus, a — b and ab“! (for #0) € L and so L is a field. 


Definition 21.1.23 A field extension F/K 1s called algebraic if every ele- 
ment of F is algebraic over K; otherwise F'/K is called transcendental. 


Theorem 21.1.24 Let L be an intermediate field of the field extension F/K. 
Then F'/K is an algebraic extension if and only if F/L and L/K are algebraic 
extensions. 


Proof. Suppose that F/K is algebraic. Let a € F. Then a is a root of 
a nonzero polynomial p(x) € K{z]. Since K C L, p(x) € L{z]. Thus, a is 
algebraic over L and so F/L is algebraic. Every element of L is an element 
of F. Hence, L/K is algebraic. Conversely, suppose F'/I and L/K are alge- 
braic extensions. Let c € F. Then c is a root of some nonzero polynomial 
co + cz +++++en2" € Liz]. Thus, c is algebraic over K(co, ci, ...,€n) 
whence K(co,¢1,-.-,C€n)(c)/K(co,¢1,..-.,€n) is a finite extension. Since co, 
Cl,.--,Cn are algebraic over K, repeated application of Theorem 21.1.20 yields 
that K(co,¢1,---,¢n)(c)/K is a finite extension. Therefore, c is algebraic over 
K by Theorem 21.1.18. Hence, F'/K is an algebraic extension. Ml 


Example 21.1.25 Let F = Q({,/p | p © Z, p is a prime}) C R. We show 
that F/Q is algebraic and [F : Q] = 00. Now for any prime p, ,/p ¢ Q. 
Let pi,.--,Pn be any distinct primes. Suppose p # pi, t = 1,2,...,n, and 
p is a prime. Assume that ,/p € Q(,/pi, ..-, Pn), the induction hypoth- 
esis. (The case n = 0 is ,/p ¢ Q and this case is described above.) We 
show that if pi,..-,;Pn41 are distinct primes and p # p;,1 =1,2,...,n +1, 
then \/p € Q(,/p1,---,./Pn41)- Suppose ,/p € Q(,/pi,---5./Pnti)- Then there 
exist a,b € Q(./p1,---,/Pn) such that /p = a+ b\/pnayi. If a = 0, then 


p = b?pni1, a contradiction since p and pny, are distinct primes. If b = 0, 
then \/p =a € Q(,/p1,---5./Pn), @ contradiction to our induction hypothesis. 
Suppose a #0 andb #0. Then p = a? + pnyib? + 2ab,/Pn41-. Hence, \/Prt1 = 
(p — a? — pn41b?)/2ab € Q(,/pi,.--,,/Pn) and so \/p € Q(./pi,.--,./Bn), @ 
contradiction. of the hypothesis. Hence, ,/p ¢ Q(,/p1,..-,./Pn+i). Thus, by the 
induction hypothesis, we find that for any positive integer k, if p1,...,Dk, p are 


distinct primes, then ,/p ¢ Q(,/p1,---,./Pr). Hence, 
Qc Q(v2) ¢ Q(v2, V3) c-- 
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is an infinite strictly ascending chain of intermediate fields of F/Q. Hence, 
F'/Q must be of infinite dimension. Leta € F. Then there exist primes pi, ..., 
Pn such that a € Q(,/pr, ..., \/Pn). Since Q(,/p1, .-., ./Pn)/Q is a finite field 
extension, a is algebraic over Q by Theorem 21.1.18. Hence, F/Q is algebraic. 
Note that from this example, it follows that [R : Q] = oo. 


The above example provides us with a field extension F/Q which shows 
that the converse of Theorem 21.1.18 is not true. Since the field of algebraic 
numbers A contains F, we have [A : Q] = oo. 


Definition 21.1.26 Let F/K and L/K be field extensions anda: F — L be 
a homomorphism. Then o is called a K-homomorphism if o(a) =a for all 
ack. 


Let F'/K and L/K be field extensions and o : F + L bea K-homomorphism. 
Since o is a nonzero homomorphism, Ker o # F. Therefore, Ker 7 = {0} since 
the only ideals of F are F' and {0}. This implies that o is one-one. Hence, o 
is an isomorphism of F' onto o(F'). We simply call o a K-isomorphism of F 
into L. If L = F = o(F) and o is a K-isomorphism of F into LZ, then we call 
o a K-automorphism. 


Theorem 21.1.27 Let F/K be an algebraic extension anda: F — F bea 
K-homomorphism. Then o is an automorphism. 


Proof. As above o is one-one. To show a is an automorphism, it only 
remains to be shown that o(F) = F, i.e., o is onto F. 

Let a € F. Let f(z) = ag tayz+---+a,2* € K[z] be the minimal 
polynomial of a over K. Let 6 be any root of f(z) in F. Then f(o(b)) = 
ag + ayo (b) + +++ + apo(b)* = (ap + a,b + +--+ ayb*) = 0. Hence, o(b) is a 
root of f(z). Let F” be the subfield of F generated by all roots of f(x) over 
K that lie in F. Then F’/K is a finite extension. Since 0 maps a root of f(z) 
to a root of f(z), 0 maps F’ into F’. Since [F’ : K]| = [o(F’) : K], it now 
follows that [F” : o(F’)] = 1 by Theorem 21.1.20 and so F’ = o(F”). Hence, 
a € F’ =o(F") Co(F). Thus, o is onto F. 


21.1.1 Worked-Out Exercises 
© Exercise 1 Show that the polynomial x? — 7 is irreducible in Q(V3)[z]. 


Solution: Suppose 2?—7 = (x—(a+bV3))(x—(c+d,/3)), where a,b,c,d € 

Q. Then x? —7 = x? — ((a +c) + (b+ d) V3) 2 + (ac + 3bd + adV3 + be3). This 
implies that 

(a+c)+(b+d)vV3 

ac + 3bd + ady/3 + beV/3 


0 
—7. 
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Since {1, V3} is linearly independent over Q, a+c=0 and b+d=0. Hence, 
—a? — 3b? + (—2ab)/3 = —7. 


Thus, ~a* — 3b? = —7 and —2ab = 0. Hence, ab = 0. Suppose a = 0. Then 
3b? = 7. Now b = @ for some integers m and n with gcd(m,n) = 1. Therefore, 
3m? = 7n?, which contradicts the fundamental theorem of arithmetic. Suppose 
b = 0. Then a? = 7, which again leads to a contradiction of the fundamental 
theorem of arithmetic. Thus, x? — 7 is irreducible in Q(V/3)[z]. 


© Exercise 2 Find (Q(V/3, V7) : Q(V3)] and [Q(V3) : Q]. Also, find a basis 
for Q(V3, V7)/Q(V/3) and a basis for Q( am 3, /7)/Q. 


Solution: By Worked-Out Exercise 1 (page 454), 2? —7 is irreducible over 
Q(V3). Thus, 
[Q(V3, V7) : Q(v3)] = deg(x? — 7) = 2. 


By Theorem 21.1.14, {1, V7} is a basis for Q(V/3, V7)/Q(V3). Since z? — 3 is 
irreducible over Q, [Q(/3) : Q] =2 and {1, V3} is a basis for Q(/3)/Q. Thus, 


[Q(V3, V7) : Q) = 1Q(V3, V7) : Q(VAIQ(V3) : Q] =2-2=4. 
By Theorem 21.1.20, {1, /3,V7, V21} is a basis of Q(/3, V7)/Q 
© Exercise 3 Find an element u € R such that Q(/2, 77) = Q(u). 


Solution: We claim that u = /20/7. Since u = 20/7 € Qv2, 2,77), 
Q(u) C Q(V2, V7). Now V2V7 € Qu) implies that 14/2 = (/2v/7) € Q(u). 
Hence, /2 € Q(u). Since V2, /277 € Q(u), V7 € Q(u). Therefore, Q(Vv2, 
¥7) © Q(u). Thus, Q(v2, Y7) = Q(u). 


© Exercise 4 (i) Let F bea field and a,b be members of a field containing F. 
Suppose that a and b are algebraic of degree m and n over F’, respectively. 
Suppose m and n are relatively prime. Show that [F(a,b) : F] = mn. 


(ii) Show that the result in (i) need not be true if m and n are not 
relatively prime. 


Solution: (i) Let f(x) € F[z] be the minimal polynomial of a of degree 
m. Now f(z) € F[z] C F(b)[z]. Thus, a satisfies a polynomial of degree m over 
F(b). Hence, [F'(6)(a) : F(b)] < m. Since F'(b)(a) = F(a,b), [F(a,6) : F(d)] < 
m. Now [F'(a,b) : F] = [F (a,b) : F(0)|[F(0) : F] < mn. Also, 


[F(a,b): F) = [F(a,6): F(b)|[F(d) : F) = [F(a,b) : F(b))n. 


Thus, n|{F (a,b) : F]. Similarly, m|[F(a, b) : F]. Since m and 7n are relatively 
prime, mn|[F (a, 6) : F). Therefore, [F'(a,6) : F] > mn. Consequently, [F(a, 6) : 
F] = mn. 
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(ii) Let F=Q,a= 26, and b = 24. Then a is algebraic over F' of degree 
6 and b is algebraic over F of degree 4. We claim that F(a,b) = F(2%). Now 
b = (213)3 € F(22) and a = (213)? € F(213). Thus, F(a,b) C F(212). Now 
23 = 24-6 = 24(26)-1 € F(a,b). Hence, F(a,b) = F(27). Since x!” — 2 is 
the minimal polynomial of 272, [F(212) : F]) =12424=4-6. 


© Exercise 5 Consider the unique factorization domain F[t], where F is a 
field and ¢ is transcendental over F’. Show that the polynomial z?+tz+t € 
F(t)[z] is irreducible over F(t). Also, show that 2? +tr +t € F(z)[t] is 
irreducible over F(z). 


Solution: Now t /1,t|t, but t? /t¢. Note t is prime in Ft]. Thus, 2? + 
tz +t € F(t)|a] is irreducible over F(t) by Eisenstein’s criterion. If we consider 
z* +tz+tas a polynomial in t over F(x), then 2? +tr +t = (x +1)t +2. It 
follows that Eisenstein’s criterion does not apply. However, since (x + 1)t + 2” 
is of degree 1 in t, it is irreducible over F(z). 


Exercise 6 Let K [u,v] denote the polynomial ring in two algebraic indepen- 
dent indeterminates u,v over the field K. Let F denote the field of quo- 
tients K(u,v) of K[u,v]. Prove that the polynomial 2? + vz + w is irre- 
ducible over F. 


Solution: Suppose x? + vz + wu is reducible over F. Then 
et+urtua (2 + put) (< + Hat} ; 
q(u, v) g(u, v) 


where p(u, v), g(u, v), f(u,v), g(u, v) € K[u, v]. We may assume that p(u, v) and 
q(u,v) are relatively prime in K [u,v] and also f(u,v) and g(u,v) are relatively 
prime in K[u, v]. Now 


ug(u, v)g(u, v) = p(u,v) f(u,v). (21.3) 


Hence, g(u,v) divides p(u,v), p(u,v) divides ug(u,v), g(u,v) divides f(u, v), 
and f(u,v) divides ug(u, v). Also, 


Consequently, 
vq(u,v)a(u,») = plu,v)g(w,v) + 9lu,») f(u,). (21.4) 
Therefore, g(u, v) divides q(u,v) and q(u, v) divides g(u, v). Thus, 


g(u, v) = kq(u, v) 
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for some k € K. Hence, g(u,v) and p(u,v) are relatively prime. Similarly, 
q(u,v) and f(u,v) are relatively prime. Thus, p(u,v) divides u and f(u,v) 
divides u by Eq. (21.3). Hence, 


either p(u, v) = kyu or p(u,v) = ky, (21.5) 


either f(u,v) = kou or f(u,v) = ke (21.6) 
for some ki, kg € K. Suppose that p(u,v) = kyu and f(u,v) = keu. Then 
substituting into Eq. (21.4) we obtain 

ug(u, v)g(u,v) = kyug(u, v) + keug(u, v). 
Thus, 
uq(u, v)g(u, v) = kyukgq(u, v) + koug(u, v). 


Hence, vg(u,v) = (kik + k2)u. However, this contradicts the algebraic inde- 
pendence of u,v over K. Substituting the remaining possibilities in Eqs. (21.5) 
and (21.6) into Eq. (21.4), we also obtain a contradiction of the algebraic 
independence of u,v over K. Thus, x? + vz + u is irreducible over F-. 


Exercise 7 Let F = K(z,y), where K is a field and z, y are algebraically 
independent indeterminates over K. Show that F # K(z)K(y), where 


K(2)K(y) = {Xilpilz)/ai(z)) (u(y) /vily)) | pile), a(x) € K(x], 
uily), vi(y) € K[y], q(x) A 0, vi(y) A OF. 


Solution: Now 215 ¢ K(x)K(y) else 5 = (Si(Si(a)oi(y)) /A(z) tu), 
after obtaining a common denominator. Thus, 


h(z)k(y) = (e+ yh (x)gi(y)). 


This implies that x+y divides h(x)k(y). Hence, x+y divides h(z) or k(y) since 
x+y is prime in the UFD Kz, y], a contradiction of the algebraic independence 
of x,y over K. 


21.1.2 Exercises 


1. Show that Q(/3, V3) = Q(V3). 


2. Let F/K be a field extension. Show that [F : AK] = 1 if and only if 
F=kK,. 

3. Consider the field extension R/Q. 
(i) Show that 7? is transcendental over Q. 
(ii) Show that ./7 is transcendental over Q. 


21.1. 


15. 


16. 


17. 


18. 


19. 


20. 
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. Consider the field extension R/Q. Show that 7—3 is transcendental over 


Q. 


. Consider the field extension R/Q. Show that a is transcendental over 


Q(Vv2). 


. Consider the field extension R/Q. Show that 7 + 2 is transcendental 


over Q. 


. Let F/K be a field extension such that [F : K] < oo. Let p(x) be an 


irreducible polynomial in K[z]. Suppose p(c) = 0 for some c € F. Prove 
that deg p(x) divides [F’: Kk]. 


. Find [Q(/5) : Q]. 

. Show that Q(v3 — V5) = Q(v3, v5). Find [Q(v3 — v5) : Q]. 

. Show that the polynomial x? — 5 is irreducible over Q(/2). 

. Find the minimal polynomial of 2+Vv5 over Q. 

. Let c = V3. Show that Q(c) = Q(c?). 

. Find [(Q(V2, V5) : Q(V2)], (Q(V/2, V5) : Q], a basis for Q(V/2, V5)/ 


Q(/2), and a basis for Q(/2, V5)/Q. 


. Let F/K be a field extension and c € F be algebraic over K. Let f(z) € 


K{z]. Show that f(c) is algebraic over K. 


Prove that if [F': K] = p, pa prime, then F'/K has no proper intermediate 
fields. 


Let L and M be intermediate fields of the field extension F/K. Suppose 
that [L : K] is a prime. Prove that either LY M =K or LC M. 


Let F/K bea field extension, f(x) be a nonzero polynomial in K[z], and 
c € F. If f(z) is algebraic over K, prove that c is algebraic over K. 


Let F/K be a field extension such that [F : K] = p, pa prime. Prove 
that ifce F,c¢ K, then F = K(c). 


Let F/K be a field extension and a, b € F be algebraic over K. If a has 
degree m over K and b # 0 has degree n over K, prove that the elements 
a+b, ab, a—b, ab-! have degree at most mn over K. 


Prove that /2 + J3, /2 — 3 have degree 4 over Q and that J/2V3, 
J2/ V3 have degree 2 over Q. Find the minimal polynomials of these 
elements over Q. 
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21. Let F/K bea field extension and R be a ring such that K C RC F. 
Prove that if every element of FR is algebraic over K, then F is a field. 


22. Let F/K be a field extension and u,v € F. 
(i) Prove that K(u,u+v) = K(u,v). 


(ii) If u and u+ v are algebraic over K, prove that [K(u, v) : K] is finite 
and v is algebraic over K. 


23. Answer the following statements true or false. If the statement is true, 
prove it. If it is false, give a counterexample. 


(i) Let F/K be a field extension and L be an intermediate field of F/K. 
Let V be a basis of F/I such that 1 € V and U be a basis of L/K such 
that 1 € U. Then U UV is linearly independent over K. 


(ii) Let F/K be a field extension and L be an intermediate field of F/K. 
Let V be a basis of F/L and U be a basis of L/K. Then U UV is a basis 
of F/K. 

(iii) Let F/K be a field extension and c,d € F. If K(c,d) = K(c), then 
d = f(c) for some polynomial f(x) € K[z]. 


21.2 Splitting Fields 


Here we give some results concerning the existence of field extensions which are 
generated by roots of polynomials. These results are basic to Galois theory. 

Consider the polynomial ring K [z] over the field K. Let f(x) € K[z]. In the 
quotient ring K[z]/ (f(x)) , we let g(x) denote the coset g(x) + (f(x)). Thus, 
if g(z) = hp kia’, then by the definition of addition and multiplication of 
cosets, we have that g(x) = ~"_9 kiz". 


Theorem 21.2.1 (Kronecker) Let K be a field. If f(x) is a nonconstant 
polynomial in Kz], then there exists a field extension F/K such that F contains 


a root of f(x). 


Proof. Since K’{z] is a unique factorization domain, there exist irreducible 
polynomials f;(z),..., fn(z) € K[z] such that f(z) = fi(z)--- f,(z). Thus, a 
root of any f;(z),i = 1,2,...,n, isa root of f(x). Hence, it suffices to prove the 
theorem for f(z) irreducible in K [x]. The ideal (f(z)) is maximal in K[z] and 
so F = K[z|/(f(z)) is a field. Let a be the natural homomorphism of K[z] 
onto K[zr]/ (f(z)) . Since KN(f(r)) = {0}, a maps K one-one into F. Thus, say, 
K C F, that is, we identify k € K with k in F. Hence, a(f(x)) = f(z) = f(2), 
where f(x) = f(x) + (f(z)) and = = x + (f(x)). Now a(f(x)) = 0 and so 
f(z) = 0. Therefore, f is a root of f(r). Ml 
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The field extension F/K in Theorem 21.2.1 has some interesting proper- 
ties. Consider the subring K[z] of F. Then a({@9 kiz*) = So ky" for all 
9 kx’ € K[z| and so a maps K[z] onto K[z]. Since a also maps K[z] onto 
F, we have F = Kz] = K(Z). Thus, for f(x) irreducible in K[z], we have 
by Theorem 21.1.14 that [F : K] =n and {1,z,...,z" 1} is a basis of F/K, 
where n = deg f(x). 


Example 21.2.2 z?+1 is irreducible in R[z]. NowC = R/ (zx? +1) = R[Z] = 
{a+ bz | a, be R} is a field, where FT = 2+ (x? +1). Since x? = —1, we may 
call C the field of complex numbers. We may think of & as 1. 


Example 21.2.3 Consider the polynomial z+ — 3 € Q|z]. By Eisenstein’s 
criterion, z+ — 3 is irreducible in Q[z]. Set \ = x + (x*—3) in the field 
Q[z]/ (x* — 3). Then 


Qlz|/ (24 ~3) = Q(\) = {a+b\ +02 + dd | a,b,c,d € Q} 


and {1,X,7,A°} is a basis of Q(A) over Q. Let us multiply two elements of 
Q(A) and determine the form a+ b\ + cd\* + dad for their product. Consider 
(1 ++ A8) and (14 A?). Then 


(LEA+A)(L4 A?) = 1 FAFA? 4-203 4-5. 


Now 
ltate?+2r3 42° = o(et~3) +14 40407 +223 
using the division algorithm. Thus, 


LHrAFA 4242 4A5 = AAA —3) +1444 d? +228 
A-O+14+4\4 2? 4 243, 


Hence, 
(LHA+A9)\(1 4-47) = 14 404d? + 223, 


Let us find (1+A+ 3)-!. Since 24 — 3 is irreducible over Q, the ged of «4 —3 
and x*+z-+1 is1. Therefore, there exist s(x), t(x) € Q[x] such that 
1 = s(z)(x* — 3) + t(z)(1+2+4+2°). 


Thus, 
1 
1 


s(A)(A4 — 8) + t(A)(1 +4443) 
O+t(A)A+A4+9). 


Hence, t(A) = (1L+A+A9)7!. We have not really calculated t(\), however. To 
do this calculation, we must know the exact form of s(x) and t(x). The method 
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for finding s(x) and t(a) is described below. Now by repeated use of the division 
algorithm, we have 


a* —3=2(29 +241) 4 (-2? — 2-3) 


e+rtl = (-2+1)(-2? —-2-3)+(-2+4) 
2 (x + 5)(—x + 4) + (~23) 


-—z*—xr-—3 


—c+4 = (s30— %)(-23) +0. 
Thus, by back substitution, we obtain 
-23 = -2?-2-3-(r+5)(-r+4) 
-23 = -2?-2-3-(2+5)[e2+24+1-(-24+1)(-2? —2-3)] 


= (—a? — 42 +6)(—2? — 2-3) — (x + 5)(22 +241) 
(-2? — 42 + 6)[z* — 3 -—2(22 +241)] - (2 +5)(2? +241) 
(—2? — 42 + 6) (24 — 3) + (23 + 42? — Tr —5)(2? + 24+ 1). 


This implies that 


1= 3-0 — 4z + 6)(x* — 3) + (-s5)(2" + 42? — 72 —5)(23 +241). 
Therefore, 


ie) = isdes — pat +anr+s5. 
23 23 23 23 


Consequently, 


ast yt 4g 53 
(1+A+”°) aaa 39° — 29° — 39> 
Since d is a root of z+ — 3 in Q(A), we know by Corollary 14.1.10 that x — A 
divides x* — 3 over Q(A). In fact, x4 — 3 = (x — d)(x3 + Az? + 72x +- V3). We 
know there exists a field Q(A)(Az), where Az is a root of 27+Ax*+d2x+ 3 over 
Q(A) by Theorem 21.2.1. Over the field Q(A)(Ao), 2° + Az? + Az + AS factors 
into (x — Ao)q(x), where q(x) has degree 2. There exists a field Q(A)(A2) (Aa), 
where A3 is a root of q(x), and over the field Q(A)(A2(3), (Zz) factors into 
(a — A3)(a — Aq). Thus, 


ax* — 3 = (a — A)(a — Az) (a — A3)(e = Ms) 


over Q(A)(Aa)(A3)(A4). In this particular erample, we can take 2 = —A and 
so Q(A) = Q(A) (A2). Hence, 
QA, A2, A3, 44) = Q(A, Aa). 
Now over Q(A), 
at —3 = (x —d)(x@ + A)(z? +?). 


Also, x? + d* is irreducible over Q(A), a fact we leave as an exercise. Thus, 
} 


(Q(X) : Q] = 4 and [Q(A)(As) : Q()] = 2. Hence, (Q(A)(As) : Q] = 8. 
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Example 21.2.3 leads us to believe that given any polynomial f(z) in a 
polynomial ring K[z] over a field K, there exists a field extension F'/K such 
that f(x) factors completely into linear factors. This is indeed the case, as we 
will presently show. 


Definition 21.2.4 Let K be a field. A polynomial f(x) in Ka] is said to 
split over a field S D K if f(x) can be factored as a product of linear factors 
in S|z}. A field S containing K is said to be a splitting field for f(z) over K 
if f(x) splits over S, but over no proper intermediate field of S/K. 


Example 21.2.5 The field of compler numbers C is a splitting field for the 
polynomial x* +1 over R. This follows since x* +1 = (x+i)(x —1) in Cz] and 
C/R has no proper intermediate fields because [C : R] = 2. (fC DLIDR, 
where L is an intermediate field of C/R, then 2=[C: L][L: R] and so either 
[C: L])=1 or {L:R] =1. Thus, either C= L or L=R.) Note that C is not 
the splitting field of c? +1 over Q since x? +1 splits over Q(t) C C. 


Theorem 21.2.6 Let K be a field and f(x) be a polynomial in K[z] of degree 
n. Let F/K be a field extension. If 


f(z) = e(z — c1)(z — cn) -- (2 — &) in F(z], 
then K(c1,c2,...,¢n) is @ splitting field for f(x) over K. 


Proof. Since cj, c2,...,¢, are the roots of f(x), f(z) splits over K (ci, ¢2,..., 
Cn). Let L be an intermediate field of K'(¢1,c2,...,¢n)/K such that f(x) splits 
over L. Since K[z] is a UFD, there is only one way f(z) can split over L, 
namely, f(x) = e(x — ¢))(x — cg) --- (x — en). Thus, ¢1,¢2,...,¢n € L, whence 
LD K(c,¢2,..-,;¢n). Hence, K (ce, ¢2,..., Cn) is the smallest intermediate field 
over which f(z) splits. ll 


The field Q(A, 43) of Example 21.2.3 is a splitting field for z+ — 3 over Q. 
We now prove the existence of splitting fields. 


Theorem 21.2.7 Let K be a field and f(x) be a nonconstant polynomial over 
K. Then there is a splitting field for f(x) over K. 


Proof. If deg f(z) = 1, then K is a splitting field for f(r) over K. Assume 
the theorem is true for all polynomials of degree n—1 (> 1). Suppose deg f(z) = 
n. There exists a field K; > K such that Ky contains a root c; of f(x) by 
Theorem 21.2.1. Thus, f(x) = (x — c1) fi (x) in Ky[z] and deg fi(xz) =n —-1. 
By the induction hypothesis, there exists a field extension E/K such that 
fi(z) splits in E[z|. Thus, f(z) splits in E[z], say, 


f(x) = c(z — e)(x — en) -+-(@ — en). 
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By Theorem 21.2.6, the intermediate field K (cj, cg,..., Cn) of B/K is a split- 
ting field for f(x) over K. 


The intermediate field Q(+/3, 11/3) of C/Q is a splitting field for zt — 3 
over Q. The field Q(\, \3) of Example 21.2.3 is also a splitting field for 24 — 3 
over Q. However, we cannot conclude that Q(W3, iW3) = Q(A, 3). Hence, 
splitting fields for a given polynomial over a field are not unique. We will show, 
however, that they are unique up to isomorphism. 


Theorem 21.2.8 Let a be an isomorphism of the field K onto the field K’. 
Let p(x) = ko + kix + kon? +--+ kyx” be an irreducible polynomial in K[z] 
of degree n, c be a root of p(x) in some field extension of K, and p(y) = 
a(ko) + a(ki)y + a(ka)y?+ +--+ a(kn)y” be the corresponding polynomial in 
K'ly]. Then p'(y) is irreducible in K’|y]. If c is a root of p'(y) in some field 
extension of K', then a can be extended to an isomorphism a! of K(c) onto 
K’(c’) with ol (c) = c’. a’ is the only extension of a such that a'(c) =’. 


Proof. By an argument similar to the one used in the proof of Theorem 
14.1.14, a can be uniquely extended to an isomorphism @ of K[z] onto K’[y] 
so that for every polynomial bg + biz + bez? +---+bn2™ € K[z], 


G(bo + bya + box? +--+ + bm a™) = abo) + a(d1)y + a(d2)y? +++» + a(bm)y™. 


We leave to the reader the verification that p’(y) is irreducible in K’[y]. 
Let @ be the natural homomorphisms of K[z] onto K[z]/ (p(xr)) and fi’ be the 
natural homomorphisms of K’|y| onto K’[y]/ (p’(y)) . Then Ker G = Ker 6’ 0@. 
Hence, there exists an isomorphism a* of K[z]/(p(x)) onto K'[y]/ (p'(y)) such 
that @’0a@ = a* of. By Theorem 21.1.11 and Corollary 21.1.12, there exist iso- 
morphisms y and 7’ of AK[z]/(p(x)) onto K(c) and K'[y|/ (p i(y)) ) onto K’(c’), 
respectively. Thus, a’ is the map 7/0 a* o y~!. The situation is described by 
the following diagram: 


K[z] K' Ty) 
ig : Wed 
Ae] a K'ly] 
(Pia) (ty) 
iy a \/ 
K(c) K'(c’) 


Let a” be any other extension of a to an isomorphism of K(c) onto K’(c’) 
such that a@”(c) = c’. Now {1,c,...,c%~'} is a basis for K(c)/K and {1, ¢,..., 
c’™—1} is a basis for K'(c’)/K’. We have that 


n-1 


aS he!) = Fo al (ki)o"( (y= eat) ci=a! (F hac’. 


=0 i=0 
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Hence, a” = ao’. H 


Corollary 21.2.9 Let E/K be a field extension and p(z) be an irreducible 
polynomial in K{z]. Ifa, b € E are roots of p(x), then K(a) ~ K(b). 


Proof. Let K = K' and a be the identity map. 
From Corollary 21.2.9, we have Q(¥/3) ~ Q(i¥/3) in Example 21.2.3. 


Theorem 21.2.10 Let a be an isomorphism from the field K onto the field 
K’. Let 
f(z) =ko + kyo + kor? +--- +k,” 


be a polynomial in K(x] and 
f(y) = oko) + a(ka)y + a(he)y? + +++ + oC Fen uy” 


be the corresponding polynomial in K'|y]. 
If S is a splitting field for f(x) over K and S" is a splitting field for f'(y) 


over K', then a can be extended to an isomorphism a’ of S onto S$". 


Proof. The proof is by induction on deg f(x). If deg f(x) = 1, then K = S 
and K’ = S’. In this case, we can take a’ = a. Assume the theorem is true 
for all polynomials of degree less than n (the induction hypothesis). Suppose 
deg f(x) = n. Extend a to an isomorphism @ of K [x] onto K’|y] as in Theorem 
21.2.8. Let p(x) be an irreducible factor of f(x) and cq; € S be a root of 
p(x). Let c, € S’ be a root of G(p(r)) = p(y). Then by Theorem 21.2.8, a 
can be extended to an isomorphism a, of K(ci) onto K’(c,). Extend a; to 
an isomorphism a] of K(c;){z] onto K’(c,)[y]. Now f(z) = (a — ¢1)fi (x) in 
K(cr)[a] and f(y) = (yc) fi(y) in K (C4) ], where f(y) — @i(fr(e)). Clearly 
S is a splitting field for f(a) over K(c,) and S” is a splitting field for f{(y) 
over K’(c,). Since deg fi(xz) = n — 1 = deg fi(y), a, can be extended to an 
isomorphism of S onto $” by the induction hypothesis. 


Corollary 21.2.11 Let f(z) € K[z]. Any two splitting fields for f(x) over K 
are isomorphic. 


Proof. Let S and S’ be two splitting fields for f(x) over K. In Theorem 
21.2.10, take K = K’ and a the identity mapping on K. @ 


Definition 21.2.12 Let F/K be a field ertension and a, b € F. Thena andb 
are called conjugates if a and b are roots of the same irreducible polynomial 
over K, 
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We ask the reader to prove that the notion of conjugates defines an equiv- 
alence relation on F. 


Example 21.2.13 Consider the field extension C/R. Leta,b€ R. Thena+ 
bi and its complex conjugate a — bi are conjugates in the sense of Definition 
21.2.12. This is obvious if b = 0. Suppose b 4 0. Thena+bi ¢ R. Let 
f(x) = x? + 2az + (a? +b). Sincea+bi ¢ R, [R(a+ bi): R) = 2. Nowa+ bi 
is a root of f(x) and f(x) must be irreducible over R. a — bi is also a root of 


f(z). 


In certain cases, the following theorem is useful in coer the irre- 
ducibility of a polynomial. 


Theorem 21.2.14 Let F be a field. Let p be a prime in Z anda € F. Then 
the polynomial z? — a is reducible over F if and only if zc? ~ a has a root in F. 


Proof. Suppose f(r) = 2? —a € Fz] is reducible. Let f(z) = g(x)h(x) for 
some g(x), h(x) € Fla], degg(z) =m,0<m<p, and 0 < degh(x) < p. Since 
f(z) is monic, we can take g(x) to be monic. By factoring g(x) as a product of 
linear factors in a splitting field of g(a) over F, we see that the constant term 
of g(x) is (—1)d for some d € F. Since gcd(m, p) = 1, there exist integers s 
and t such that 1 = sm+tp. By Theorem 21.2.1, there is a field extension of 
F which contains a root of f(x). Let b be such a root of f(z). 

Case 1: Suppose the characteristic of F is p. Since b is a root of f(z), 
bP = a. Thus, 

(c—b)P= 2? —- bP = 2P —a 


and all the roots of f(x) equal b. Now every root of g(x) is also a root of f(x). 
Thus, all the m roots of g(x) are equal to b. Hence, 6™ = d. Now 


Paper apr Sob = ba, 


Hence, b = d’a’ € F and so f(z) has a root in F. 
Case 2: Suppose that F’ has characteristic 0. Let c be any other root of 
f(x). Then 
P=a= dP. 


Hence, c = bu, where u = c7?t!bP-! and uP? = 1. From this, it follows that the 
roots of f(z) are of the form 


b, buy,...,bup—1, 
where u? = 1. As in case 1, we have that the product of the roots of g(z) is 


d= b™ujug--+Um—-1 = 5", 
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where v? = 1. Now 1 = sm + tp implies that 
bo” — yd? = bl? = ba. 
Therefore, b = v-*d°a’. It then follows that 
a = DP = (vSd8a*)? = uP (d5a*)? = (d'a‘)?. 
Thus, d°a! € F is a root of f(z). 
The converse follows from Corollary 14.1.10. Ml 


21.2.1 Worked-Out Exercises 


® Exercise 1 Find a splitting field $ of c+ — 102? + 21 over Q. Find [S : Q] 
and a basis for S/Q. 


Solution: Note that 24 —10a2?-+21 = (x? —3)(2z* — 7) over Q. Therefore, a 
splitting field S of x — 10z? +21 over Q is Q(V/3, V7). Hence, [S$ : Q] = 4 and 
{1, V3, V7, V21} is a basis for $/Q, as can be seen from Worked-Out Exercise 
2 (page 455). 


~ Exercise 2 Show that the splitting field of z? — 1 over Q is of degree p—1, 
where p is a prime. 


Solution: Let f(r) = x? —1 € Qj]. Now f(z) = (x — 1)g(x), where 
g(z) = xP} + aP-27 +.--4+2+4+1. Also, 


Hence, 


1)? —1 
(ape SS Se (Pert ( E i 
x 1 p-1 


Now since p is prime, p|(®) for all 1 <r < p—1. Also, p? does not divide eae 
Therefore, by Eisenstein’s criterion, g(x + 1) is irreducible over Q. Thus, g(z) 


is irreducible over Q. Let € = er, where i? = —1. Then the roots of f(z) 
are 1,€,£7,...,€?~! and the roots of g(z) are €,£€7,...,€?-+. Now the splitting 
field of f(x) is S = Q(1,€, €7,...,€8-!) = Q(€). Also, g(x) is the minimal 
polynomial of € over Q. Hence, [S : Q] =p — 1. 


® Exercise 3 Find the splitting field of the following polynomials over Q. 
(i) ct +1. 
(ii) 2° +23 +1. 
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Solution: (i) Let f(z) = 2z4+1. Then f(z) = (27+ V2r+1)(x? -V2r+1) 
over Q(\/2). Therefore, the roots of f(x) are 


—V24tiv2 V2+i/2 
2 : 2 
Let $ be the splitting field of f(z) over Q. We claim that S = Q(/2,i). Now 


pe eg 


and 
Jin tH Y-Wl eg 


This implies that i = ig € S. It now follows that Q(/2,i) C S. Clearly $ C 


Q(/2,2). Consequently, S = Q(V/2, i). Now x? — 2 is the minimal polynomial 
of V2 over Q and x? +1 is the minimal polynomial of i over Q. In fact, x7 +1 is 
the minimal polynomial of i over Q(/2). Thus, [S$ : Q] = [S : Q(V2)][Q(V2) : 
O) 22 =4, 

(ii) Let f(z) = 2®© + 23 +1. Now (2° — 1) = (x3 — 1)(z® + 23 + 1). The 
roots of (x9 — 1) are 1,€, €7,...,€8 and 1, €°, €®are the roots of (x? — 1), where 
= es, Hence, €, £7, €4, €°, &”, €8 are the roots of © + 2? + 1. Therefore, 
S=Q(E, é%, &4, &, 7, €8) = Q(E) is the splitting field of c® + 23+ 1 over Q. 
Since 2° + x? + 1 is irreducible over Q, [5 : Q] =6. 


21.2.2. Exercises 
1. Prove that the polynomial p’(y) in Theorem 21.2.8 is irreducible in K’[y]. 


2. Let F/K be an algebraic field extension. Define ~ on F by for all a, 
b €¢ F,a~ b if and only if @ and 6 are conjugates. Prove that ~ is an 
equivalence relation. 


3. (i) Show that the polynomials z? — 2x — 1 and x? — 2 have the same 
splitting field over Q. 
(ii) Find a pair of polynomials in Q[z], other than the pair given in (i), 
which have the same splitting field over Q. 


4. Find a splitting field $ of the polynomial r3 —3 over Q. Find [S : Q] and 
a basis for S/Q. 


5. Find a splitting field S of the polynomial z?+2+[1] over Zs. Find [S : Zs] 
and a basis for S/Zs. 


6. Find a splitting field S of the polynomial x? + [1] over Zo. Find [S : Zo] 
and a basis for S/Zo. 
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10. 


11. 


12. 


13. 


14. 


15. 


. Find a splitting field S of the polynomial z+ — 7z? + 10 over Q. Find 


[S : Q] and a basis for S/Q. 


. Prove that Q(-$3 + i) is a splitting field of the polynomial 24+ 2241 


over Q. Find [Q(-$ + Bi) : Q]. 


. Let f(x) € K[z], a polynomial ring over the field K. Let S be a splitting 


field for f(x) over K. Prove that for any field L, SD LD K,Sisa 
splitting field of f(x) over L. 


Let f(z),g(z), and h(x) € K[z], a polynomial ring over the field K. 
Suppose that S is a splitting field of f(x) over K and f(x) = g(z)hA(z). 
Prove that S$ contains a splitting field of g(x) over K. 


Let f(z), g(x) € K[a], a polynomial ring over the field K. Suppose that 
g(x) = f(ax +b), where 0 # a,b € K. Prove that f(z) and g(x) have 
equal splitting fields over K. 


Prove that if f(z) is a polynomial in K [2] of degree n, then [S : K] < nl, 
where S is a splitting field of f(x) over K. 


Let K bea field and f;(z), fo(z),..., fn(z) € K[z] be such that deg fi(z) 
>1,1<%i< 7. Show that there exists a field extension F/K such that 
each f;(z) has a root in F. 


Let F be a field of prime characteristic p and a € F. Prove that x? -z—a 
is reducible over F if and only if 2? — z —a has a root in F. 


Answer the following statements, true or false. If the statement is true, 
prove it. If it is false, give a counter example. 


(i) Let f(x) be an irreducible polynomial of degree n over a field K of 
characteristic 0. Let S = K(c1, c2,...,Cn) be a splitting field of f(x) over 
K, where cj, c2,...,Cn are the roots of f(z). Then K(c2,...,¢n) CS. 


(ii) The polynomial f(z) = 2° — x — 30 is reducible over Q. 
(iii) C is a splitting field of some polynomial over Q. 


21.3 Algebraically Closed Fields 


The most important result in Steinitz’s work in 1910 was his proof of the 
existence and uniqueness of an algebraic closure of a field. In this section!, we 
present these results. 


1This section may be skipped without any discontinuity. The only place this section is 
needed is in Exercise 4 (Section 24.1). 
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Definition 21.3.1 A field K is called algebraically closed if for all f(x) € 
Kz] with deg f(x) > 1, f(x) has a root in K. 


Theorem 21.3.2 Let K be a field. The following conditions are equivalent. 
(i) K is algebraically closed. 
(ii) Every irreducible polynomial in Kz] is of degree 1. 
(iii) Let f(x) € Kaz], deg f(z) > 1. Then f(x) splits as a product of linear 
factors over K. 


(iv) If F/K is an algebraic field extension, then F = K. 


Proof. (i) (ii) Let p(x) € K[z] and p(z) be irreducible. By (i), there exists 
a € K such that p(a) = 0. Then p(x) = (x — a)g(x) for some g(x) € K[z]. 
Since p(x) is irreducible, g(x) € K. Hence, deg p(x) = 1. 

(ii)=(iii) Let f(a) € K[x] and deg f(r) > 1. Let f(z) = pi(x)---ps(x), 
where pi(x) € K [2] is irreducible, 1 <i < s. Then degpj(r) = 1,1 <i<-s. 
We may write p;(z) = kj(x — a;), where ki,a; €E K, 1 <i<s.Letk =ky---ks. 
Then f(z) = k(x — a,)---(a — as). Thus, f(z) splits as a product of linear 
factors over K. 

(iii)=>(iv) Let F/K be an algebraic field extension. Let c € F and let 
p(x) € K[z] be the minimal polynomial of c over K. Since p(z) is irreducible, 
deg p(x) = 1 by (iii). Therefore, p(z) = az+b € K[z]. Since p(c) = 0, actb = 0. 
Thus, c= —a~!b € K. Hence, K = F. 

(iv)=>(i) Let f(z) € K [a], deg f(z) > 1. There exists a field extension F/K 
such that F has a root of f(x), say, a. Then K(a)/K is an algebraic field ex- 
tension. Therefore, K(a) = K and soa € K. Thus, K is algebraically closed. 


We now prove the existence of an algebtaically closed field. The following 
proof is due to Artin. 


Theorem 21.3.3 Let K be a field. Then there exists an algebraically closed 
field F such that K is a subfield of F. 


Proof. We first construct an extension F,/K such that if f(x) € K[z] and 
deg f(z) > 1, then f(x) has a root in Fy. Let K be the set of all polynomials 
in K[z] of degree > 1. Let S be a set which is in one-one correspondence with 
K. For f(z) € K, let zy be the corresponding element in S. 

Consider the polynomial ring K[S]. Let I be the ideal of K[S] generated 
by all polynomials f(z) in K[S]. We claim that I # K[S]. Suppose that 
I = K[S]. Then there exists g; € K[S] such that 


afilzy,) ae 92f2(r fy) Sea Onfn(xz,) =1. (21.7) 
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Write x; = xys,, 1 < i <n. Since the polynomials g;, 1 <i < n, involve only 
a finite number of indeterminates, say, 41,19, ..., 2m, with m > n, we may 
write Eq. (21.7) as 


> 9i(21, 22, .-+, 2m) fi(ai) = 1. (21.8) 
i=l 


By Exercise 13 (page 468), there exists a finite extension L/K such that each 
polynomial f;, 1 <7 <n, has a root in L. Let c; be a root of f;in L, 1 <i<n. 
Let c; = 0 for n <i < m. Substituting ¢; for 73,1 <i <n, in Eq. (21.8), we 
get 0 = 1, a contradiction. Hence, J 4 K[S]. 

Let M be a maximal ideal of K[S] such that I C M. Let Fy = K[S]/M. 
Then F} is a field containing an isomorphic copy (K + M)/M of K. Thus, F, 
can be regarded as a field extension of K. Also, if f € K[z] and deg f(x) > 1, 
then x; + M is a root of f in Fy. 

By induction, we can form a chain of fields 


PCmC:CRG::: 


such that every polynomial of degree > 1 in F, has a root in F,4,. Let F = 
Us, Fn. Then F is a field. Let f € Fla]. Then f € F,[z] for some positive 
integer n. Thus f has a root in F,41 C F. Hence, F is algebraically closed. 


Corollary 21.3.4 Let K be a field. Then there ezists an algebraic field exten- 
sion F/K such that F is algebraically closed. 


Proof. By Theorem 21.3.3, there exists a field extension E/K such that EF 
is algebraically closed. Let F = {a € E | a is algebraic over K}. Then F/K 
is an algebraic extension. Let f(z) € F[a] and deg f(x) > 1. Then f(x) has a 
root cin &. Thus, c is algebraic over F. Since F'/K is an algebraic extension, 
cis algebraic over K. Hence, c € F' and so F is algebraically closed. @ 


Definition 21.3.5 Let K be a field. A field F > K is called an algebraic 
closure of K if 

(i) F/K is algebraic and 

(11) F is algebraically closed. 


For any field AK, Corollary 21.3.4 guarantees the existence of an algebraic 
closure of K. 


Lemma 21.3.6 Let F and L be fields with L algebraically closed. Leta: F - 
L be an isomorphism of F into L. Leta be an algebraic element over F in some 
field extension of F. Let f(x) € F[z] be the minimal polynomial of a. Then o 
can be extended to an isomorphism n of F(a) into L and the number of such 
ertensions is equal to the number of distinct roots of f(a). 
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Proof. Let f(z) = ag+a,r+---+a,2” € Fz] and f?(z) = 0(a9)+ o(a,)r+ 
+++ + 0(an)z” € L{z]. Since L is algebraically closed there exists a root b of 
f° (a) in L. Since a is algebraic over F, F(a) = Fla] by Corollary 21.1.12. Thus, 
ifu € F(a), then u=co+cat::-+ca* € Fla]. Define 7: F(a) > L by 
n(co + cya +-++++cya*) = o(cg) tole, )b+---+ o(cz)b™ 

for all co t+cjat+---+c,a* € F(a). Suppose cg + cja+---+cpa* = dg +dja+ 
- + d,a’. Let y(z) =co t+ cz +++: + ex" and y(r) =do + dir +--+ +dgz°. 
Then (y — 7/)(a) = 0. Hence, f(z) divides (y — 7’)(x). Thus, f(x) divides 
(77 — 7'7)(z). Consequently, (y7 — y'7)(b) = 0 and so a(co) + a(c1)b +--+ + 
a(cy)b* = a(do) + o(di)b + --- +a(d,)b°. Thus, 7 is well defined. Clearly 7 is 
an isomorphism. The number of distinct roots of f(z) in the algebraic closure 
of F is equal to the number of distinct roots of f%(x) in L. For any extension 
€: F(a) > L, €(a) is a root of f?(z). Therefore, the number of such extensions 
is equal to the number of distinct roots of f(x). Hl 


We close this section by showing that the algebraic closure of a field is uni- 
que up to isomorphism. Our proof uses Zorn’s lemma while Steinitz’s original 
proof used the equivalent concept of the axiom of choice. 


Theorem 21.3.7 Let F/K be an algebraic field extension. Let L be an alge- 
braically closed field and o be an isomorphism of K into L. Then there exists 
an isomorphism n of F into L such that n|K =o. 


Proof. Let S = {(£,) | E is a subfield of F, K C EandA: EOL 
is an isomorphism such that A|~ = ao}. Since (K,a) € S, S # ¢. Let (E,\), 
(E’,r’) € S. Define a relation < on S by (£,A) < (£',r’) if BE C E' and 
N\z = X. Then (S,<) is a poset. Let {(4i,.2)}:eq be a chain in S. Let 
E = UicaE;. Then £ is a field and K C E. Define 1: EF — LF as follows: 
Let a € E. Then a € E,, for some n. Define A(a) = An (a). Since {(Ei, Ai) die 
is a chain, A is an isomorphism of F& into L. Hence, (£,A) € S and (F, X) is 
an upper bound of {(F;,A:)}iex. Hence, by Zorn’s lemma, S has a maximal 
element, say, (T,7). Suppose T # F. Let a € F\T. By Lemma 21.3.6, there 
exists an isomorphism 6 : T'(a) — L such that 8|r = 7. From this, it follows 
that (T(a), 8) € S, a contradiction of the maximality of (T,7). Thus, F =T. 


Theorem 21.3.8 Let K be a field. Let F and F" be two algebraic closures of 
K. Then there exists an isomorphism » of F onto F" such that X(a) = a for 
allac kK. 


Proof. Leto: K — F" be such that o(a) = a for all a € K. Then a is 
an isomorphism of K into F’. By Theorem 21.3.7, there exists an isomorphism 
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\.: F — F’ such that Alk = 0. Now \(F) ~ F. Thus, A(F) is algebraically 
closed and K C X(F’). Now K C A(F) C F". Since F’/K is algebraic, F’/A(F) 
is algebraic. Thus, F’ = \(F’). Hence, F ~ F’. 


21.3.1 Exercises 


1. If F is a field with a finite number of elements, prove that F is not 
algebraically closed. 
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Ernst Steinitz (1871-1928) was born 
on June 13, 1871, in Laurahiitte, Silesia, 
Germany. In 1890, he started his studies 
in mathematics at the University of Bres- 
lau (now Worclaw, Poland). In 1894, he re- 
ceived his Ph.D. He started teaching at the 
Technical College in Berlin-Charlottenberg. 
In 1920, he was appointed professor at the 
University of Kiel, where he remained until 
his death. He died on September 29, 1928. 

In 1910, he published “Algebraische The- 
orie der Korper” in which he gave an ab- 
stract definition of a “field.” He also intro- 
duced the notion of a prime field, separable element, perfect field, and degree of tran- 
scendence of an extension. With the help of the axiom of choice, he proved that for any 
field K there exists a field extension F'/AK such that every polynomial over K splits 
into linear factors over F' and the smallest such field is unique up to isomorphism. 
He called such field, algebraically closed. His work on field theory was influenced by 
Weber and Kronecker. 

Steinitz also worked on the theory of polyhedra. 


Chapter 22 


Multiplicity of Roots 


22.1 Multiplicity of Roots 


In some cases, an irreducible polynomial p(x) of degree n over a field K does 
not have n distinct roots in a splitting field of p(x) over K. In this chapter, we 
examine this situation. 

If f(z) is a polynomial over K and c is a root of f(x) in some field F 
containing K, then the multiplicity of c is the largest positive integer m such 
that (x — c)” divides f(x) over F. 


Definition 22.1.1 Let K be a field and p(x) be an irreducible polynomial in 
K(x] of degree n. Then p(x) is called separable if it has n distinct roots in a 
splitting field S of p(x) over K; otherwise p(x) is called inseparable over K. 
An arbitrary polynomial in K[z] is called separable if each of its irreducible 
factors in K |x] is separable; otherwise it is called inseparable. 


Definition 22.1.2 Let F/K be a field extension and c be an element of F 
which is algebraic over K. Then c is called separable (or separable alge- 
braic) over K if its minimal polynomial over K is separable; otherwise c is 
called inseparable over K. If F/K is an algebraic extension, then F/K is 
called separable (or separable algebraic) if every element of F is separable 
over K; otherwise F/K is called inseparable. 


Let F/K be a field extension and L be an intermediate field of F/K. Let 
c € F and suppose c is separable over K. Then c must be separable over L. 
This follows since if f(z) and p(x) are the minimal polynomials of c over K 
and L, respectively, then p(z)|f(x). Hence, c cannot be a multiple root of p(x) 
since it is not one of f(z). 


Example 22.1.3 Consider the field K(t), where K is a field of prime charac- 
teristic p and t ts transcendental over K. It follows that the polynomial z? —t? is 
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irreducible over K(t?) by Hisenstein’s criterion since t? is irreducible in K[t?]. 
Now xP — tP factors into 
(e-(e-1)--(e-)=(e-eP 
— 
p times 


over K(t). Thus, K(t) 1s a splitting field for x? —t? over K(t?) and we see that 
xP — tP has only one root in K(t), namely, t. (Since t € K(t?), we can also 
use Theorem 21.2.14 to deduce that x? — tP is irreducible over K(t?).) Thus, 
x? —tP, t, and K(t) are inseparable over K(t?). Note that t has multiplicity p 
over K(tP). 


Let K be a field and 
f(z) =ko tkyxz+---+kpx” 


be a polynomial in AK [z]. Then by the formal derivative, f’(x), of f(z) we 
mean the polynomial 


fila) =k t+) +ikje* 1} +.-.4+nk,27! € Kz]. 


Let K be a field and f(z), g(x) € K[z]. The following properties of formal 
derivatives are easily verified: 


(f(z) +9(z)) = fix) +9'(a), 
(f(z)g(z))’ = fle)g'(x) + f'(z)g(a), 
(kf(a))’ = kf'(c) foralkek 


and if f(x) =a, then f’(z) =1. 


Theorem 22.1.4 Let K be a field and f(x) € K[z], f(x) #0. Let a be a root 
of f(x) in some extension field F of K. Then a is a multiple root of f(x) if 
and only if f(a) = 0. 


Proof. Suppose a is a multiple root of f(z). Then (x — a)? divides f(z). 
Hence, 
f(x) = (@ — a)”9(z) 

for some g(x) € Fiz]. Now f'(z) = (x — a){(z — a)g’(x) + 29(x)}. Therefore, 
f'(a) = 0. Conversely, suppose f’(a) = 0. Then deg f(x) > 2. By the division 
algorithm, 

f(z) = (x ~ a)?q(z) + A(z) 
for some q(x), h(x) € Fla], where either h(x) = 0 or degh{z) < 1. Suppose 
h(z) # 0. Since f(a) = 0, h(a) = 0. Thus, deg h(x) = 1 and a is a root of h(a). 
Hence, h(x) = b(x — a) for some 0 #6 € K. This implies that 


f(x) = (« — a)’q(z) + (2 — a) 
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and so 
f(x) = (x — a){(z— a) q(x) + 2q(z)} +b 
Therefore, 
O= f(a) =6, 
a contradiction. Hence, h(x) = 0 and so f(x) = (x — a)*q(x). Consequently, a 
is a multiple root of f(r). 


Theorem 22.1.5 For any field K, an irreducible polynomial p(x) in K[z] is 
separable if and only if p(x) and its formal derivative p'(x) are relatively prime. 


Proof. Let d(x) denote the gcd of p(x) and p’(x). Suppose p(z) is separable. 
Let c be a root of p(x) in some field containing K. Then p(x) = (a — c) f(z) 
for some f(x) € K(c)(x]. Since p(x) is irreducible, f(c) # 0. Now p'(z) = 
f(x) + (x —c)f'(z) and so p’(c) = f(c) +0 4 0. Hence, c is not a root of d(z). 
But every root of d(x) must be a root of p(x) since d(xr)|p(x). Thus, since we 
have just seen that d(x) and p(t) have no common roots, d(x) has no roots. 
Therefore, d(x) = 1. 

Conversely, suppose that d(2) = = 1. Let c be any root of p(x). Let m denote 
the multiplicity of c. Then 


p(x) = (x —c)" f(z) 
over K(c) and c is not a root of f(x). Now 


p(z) = m(z—e)™" f(a) +(x -0)™f'(2) 
(x ~0)™"*[mf (x) + (@ - o) f(x). 


Thus, (z — c)™7! is a common divisor of p'(z) and p(x). Hence, 


(x — c)™™"|d(z). 


Since d(z) = 1, m = 1. Consequently, p(x) has no repeated roots. ll 


Theorem 22.1.6 For any field K, an irreducible polynomial p(x) in K [a] is 
separable if and only if p'(x) 4 0. 


Proof. Let d(z) denote the gcd of p(x) and p'(z). Suppose p(x) is separable. 
If p'(x) = 0, then d(x) = p(x) ¥ 1, a contradiction of Theorem 22.1.5. Con- 
versely, suppose p'(x) # 0. Since p(z) is irreducible, the only common divisors 
of p(x) and p’(z) are 1 and p(x). Since I < degp’(x) < deg p(z), 1 is the only 
common divisor of p’(z) and p(x). Hence, d(x) = 1. Thus, p(z) is separable by 
Theorem 22.1.5. 


Corollary 22.1.7 Let K be a field of characteristic 0. Then every nonconstant 
polynomial in K[z] is separable. 
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Proof. Let f(x) be any nonconstant polynomial in K[z] and p(x) = ko 
+kyx2 + kon +---+kyx” be any irreducible factor of f(z), where n > 1. Then 
there exists 7 > 0 such that k; # 0. Hence, ik; 4 0 since K has characteristic 
0. Thus, p’(r) 4 0 and so p(z) is separable by Theorem 22.1.6. Hence, f(z) is 
separable. Ml 


Example 22.1.8 Consider the irreducible polynomial p(x) = zx? — t? over 
K(t?) of Example 22.1.3. Then p'(x) = px?-! = 0. Thus, z? — t? is insepa- 
rable over K(t?). 


Theorem 22.1.9 Let K be a field of characteristic p > 0. Then an irreducible 
polynomial p(x) = ko + kuz + koz? +--+ +kpz” over K is inseparable if and 
only if p(x) = q(x?) for some q(x?) € K[z?). 


Proof. Clearly p'(xr) = 0 if and only if ik; = 0 for all? = 1,2,...,n. Thus, 
p'(x) = 0 if and only if plz for those 2 such that k; #0. Hence, p’(r) = 0 if and 
only if p(x) = q(x?) for some q(z?) € K[z?]. The conclusion now follows from 
Theorem 22.1.6. 7 


Let K be a field of characteristic p > 0. Let K? = {a? | a € K}. The reader 
is asked to verify in Exercise 7 (page 490) that K? is a subfield of K. 


Definition 22.1.10 Let K be a field. Then K is called perfect if every alge- 
braic extension of K is separable. 


Example 22.1.11 By Corollary 22.1.7, every field of characteristic 0 is per- 
fect. 


The following theorem gives a necessary and sufficient condition for a field 
to be perfect. 


Theorem 22.1.12 Let K be a field of characteristic p > 0. Then K is perfect 
if and only if K = K?. 


Proof. Suppose K is perfect. Let a € K and F be a splitting field of 
xz? —a € K[z]. Then F'/K is a separable extension. Let b € F be a root of 
xP —a. Then 

zr? —a = (x — 6)P. 


Let p(x) € K[z] be the minimal polynomial of b. Then p(z) has distinct roots. If 
deg p(x) > 1, then since p(x)|(x — b)?, p(x) has multiple roots, a contradiction. 
Hence, deg p(x) = 1. This implies that b ¢ K. Hence, a = b? € K?. Thus, 
K= KP. 
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Conversely, suppose K = K?. Let F/K be an algebraic field extension. 
Let a € F and f(z) € K[z| be the minimal polynomial of a. Suppose f(r) is 
not separable. Then by Theorem 22.1.9, f(x) = g(z?) for some g(x) € K[z]. 
Hence, 

f(z) = a9 + aya? +++ + ayaP®, 


ai € K, 1 <i<k. Since K = K?, a; = UP for some ; € K,1 <i <k. 
Therefore, 
f(z) = (bo + bye +--+ b,a*)?, 


a contradiction, since f(x) is irreducible over K. Hence, f(z) is separable. 
Thus, F/K is a separable extension. Consequently, K is perfect. ll 


Example 22.1.13 Let K be a finite field of characteristic p. Definea: K > 
K?P by a(a) =a?P. Theno is a homomorphism. Suppose that a(a) = o(b). Then 
aP = bP and so (a — b)? = 0. Since K is a field, K has no nonzero nilpotent 
elements. Thus, a = b and soo is one-one. Hence, |K| = |a(K)| < |K?| < |K| 
and so |K| = |K?|. Since K? is a subfield of K and K is finite, K = K?. Hence, 
K is perfect. We have thus shown. that every finite field is perfect. 


If p(x) = ko tkiz + koz? + ---+k,2z” is irreducible and inseparable over 
K in Theorem 22.1.9, then p(x) = ko + kpx? + --- + Kpm(z?)” = g(2?P). It 
may be the case that p(z) = q(z?) = s(x?’) in K[a?’]. However, there exists a 
largest positive integer e such that p(x) = t(z?°) for some t(x?°) € K[z?’]. If 
n = deg p(x), then p*|n. 


Definition 22.1.14 Let K be a field of characteristic p > 0 and p(x) be an 

irreducible polynomial in K|x]. Let e be the largest nonnegative integer such 

that p(x) = q(x’) for some q(z?") € K[x?"]. Then e is called the exponent 

of inseparability of p(x) and p* is called the degree of inseparability of 
n 


p(x). If n denotes the degree of p(x), then no = et called the degree of 
separability or reduced degree of p(x) over K. 


By Theorem 22.1.9, p(x) in Definition 22.1.14 is separable if and only if 
e=0. 


Theorem 22.1.15 Let K be a field of characteristic p>0 and 
(tt) = Fg (2°) +--+ kya” + ho 


be an irreducible polynomial in K|z], where e is the exponent of inseparability 
of p(x). Then the polynomial 


s(y) = ay ate iss +kyy+ ko € Kly] 


is irreducible and separable over K. 
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Proof. If s(y) = f(y)g(y) € K[y], then p(x) = f(x?°)g(x?*), contrary to 
the fact that p(z) is irreducible in K[z]. Thus, s(y) is irreducible in K[y]. If 
s(y) = a(y") for some q(y?) € K[y?], then p(x) = q(z?**"), contrary to the 
maximality of e. Hence, s(y) is separable. ll 


Example 22.1.16 Consider the polynomial p(x) = 27? + taP +t over the 
field K(t), where K is a field of characteristic p > 0 and t is transcendental 
over K. By Etsenstein’s criterion, p(x) is irreducible over K(t). Now p(r) = 
(xP)? +tzP +t € K(t)[z] and so p(z) is inseparable over K(t). The inseparability 
exponent e of p(x) equals 1. Thus, x? +txz +t is separable over K(t). 


Definition 22.1.17 Let F/K be a field ertension. F is called a simple ex- 
tension if F = K(a) for somea € K. Such an element a is called a primitive 
element. 


Theorem 22.1.18 Let K be an infinite field and K(a,b)/K be a field exten- 
ston with a algebraic over K and b separable algebraic over K. Then there exists 
an element c € K(a,b) such that K(a,b) = K(c), 2.e., K(a,b)/K is a simple 
ertension. 


Proof. Let f(z) and g(x) be the minimal polynomials of a and b over 
K with degrees n and m and roots a = a@j,@2, ..., Qn, and b = by, bp, ..., 
bm, respectively, in some extension field of K. Since 6 is separable, all };’s are 
distinct. Also, since K is infinite, there exists s € K such that a+sb 4 a;+8b;, 
1.€., 

a,—a 


b—b; 


for alll <i<n,1<j<m.Letc=a+sb. Then c—sbj # a; forall l <7 <n, 
1<j<m. Also, K(c) C K(a,b). Let h(x) = f(e-— sz) € K(c)[z]. Now 


s# 


h(b) = f(c— sb) = fla) = 0. 


Thus, g(x) and h(x) have the common root b of multiplicity 1 in the field 
K (a,b). Now 


h(by) = f(c— 8bj) £0 


for all 1 < 7 < m. Thus, g(x) and h(z) have only root 6 in common. Let 
d(z) € K(c)|z] be the greatest common divisor of g(x) and h(x). Then b is a root 
of d(x). Every root of d(x) is also a root of g(x) and h(z). Since g(x) and A(z) 
have no roots other than b in common in any field and b is of multiplicity 1, d(z) 
is of degree 1. Hence, d(z) = x—b. But then b € K(c). Thus, a = c—sb € K{(c). 
Therefore, K (a,b) C K(c) C K(a,b) and so K(c) = K(a,b). @ 
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Corollary 22.1.19 Let K be an infinite field. Let a,,a2,...,4n be elements 
in some field containing K. Suppose that a, is algebraic and az,...,an are 
separable algebraic over K. Then there exists an element c € K(qj,..., @n) 
such that K(c) = K(a),...,@n), t.e., K(a1,...,@n)/K is a simple extension. 


Proof. The result follows by induction on n and Theorem 22.1.18. 


Corollary 22.1.20 Let F/K be a field extension and the characteristic of K 
be 0. Let aj,a2,...,€n € F be algebraic over K. Then K(aj,...,@n)/K is a 
simple extension. 


Proof. The proof follows by Corollaries 22.1.7 and 22.1.19. @ 


Example 22.1.21 Consider Q(/2,i). Now 1 # a: = v2 Thus, 


Q(V2,7) = Q(V/2 +1) by the proof of Theorem 22.1.18, with s = 1 there. 


Theorem 22.1.22 (Artin) Let K be an infinite field. Let F/K be a finite 
field extension. Then F/K is a simple extension if and only if there are only 
a finite number of intermediate fields of F/K. 


Proof. Suppose F'/K is a simple extension. Let F = K(a) for some a € F. 
Let L be an intermediate field of F/K and f(z) be the minimal polynomial of 
a over L. Let L’ be the field generated by K and the coefficients of f(x). Then 
L’ CL and f(z) is also the minimal polynomial of a over L’. Hence, 


[F: L] = deg f(z) =(F: L’). 


Thus, [LZ : L’] = 1 and so L = L’. Let g(x) be the minimal polynomial of a 
over K. Then f(x) divides g(x). Now g(x) has only a finite number of distinct 
monic factors. Hence, the number of intermediate fields is finite. 

Conversely, suppose there are only a finite number of intermediate fields of 
F/K. Let a,b € F. We first show that K(a,b)/K is a simple extension. Let 
ec € K and F, = K(a+cb). Then for all c € K, F, is an intermediate field of 
K(a,b)/K. Since the number of intermediate fields is finite and K is infinite, 
there exists c,d € K, c#d such that F, = Fy. Then 


b= (c—d) (a+ cb—a-db) € Fi. 
Hence, a = a+cb—cb€ F,. Thus, K(a,b) = Fp = K(a+ 0b), ie, K(a,b)/K 
is a simple extension. Now for all a € F, K(a) is an intermediate field of F'/K. 


Since [F': K] is finite, [AK (a) : K] is finite. Let 


A= {[K(a): K]|aeé Fy}. 
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Then A is a finite subset of Z. Let a € F be such that the maximum of 
A = [K(a) : K]. Suppose F # K(a). Let b € F be such that b ¢ K(a). Then 
K(a) c K(a,6). There exists c € F such that K(a,b) = K(c). Therefore, 
K(a) C K(c). Hence, [K(c) : K] > [K(a) : K], a contradiction to the maximal- 
ity of [K (a): K]. Consequently, F = K (a), i.e., F/K is a simple extension. ll 


Let F/K be a field extension. In the next chapter, we show that every 
finite extension of a finite field is a simple extension (Corollary 23.1.8, page 
494). Hence, from this and Theorem 22.1.22, it follows that F/K is a simple 
extension if and only if there are only a finite number of intermediate fields of 
F/K. 

We now focus our attention on the study of separable algebraic and 
purely inseparable extensions.! 


Theorem 22.1.23 Let K be a field of characteristic p > 0 and f(x) =a” —k 
be a polynomial over K, where e is a positive integer. Then f(z) is irreducible 


over K if and only ifk ¢ K?. 


Proof. Suppose f(z) is irreducible over K. If k = k’/? € K? for some k' € K, 
then f(x) = (2?°"' — k’)?, contrary to the fact that f(x) is irreducible over 
K. Hence, k ¢ K?. Conversely, suppose k ¢ K?. Let p(x) be a nonconstant 
monic irreducible factor of f(z) in K[z] and c be a root of p(x). Then c is a 
root of f(x) and so c?’ =k and f(z) = (z —c)”° over K(c). Since K(c)[z] is a 
unique factorization domain, it follows that p(x) is some power of (x — c), say, 
p(x) = (x —c)™. Thus, mn = p® for some n so that m = p” and n = p* for 
nonnegative integers r and s. Therefore, p(x) = x?” —c?” in K[z]. If s > 0, then 
k = cP° = (cP)P’ € K?’ C KP, which is contrary to the assumption k ¢ K?. 
Thus, s = 0 and so r =e. Hence, p(x) = f(z), ie., f(z) is irreducible. 


Definition 22.1.24 Let F/K be a field extension of characteristic p > 0. Let 
c € F be a root of the irreducible polynomial p(x) in K[a]. If the degree of 
separability no of p(x) equals 1, then c is said to be purely inseparable over 
K. If every element of F is purely inseparable over K, then F/K is called a 
purely inseparable extension. 


In Theorem 22.1.15, let c be a root of p(x). Then c®* is a root of s(y). 
We have K(c) D K(c?*) D K and ¢ is a root of the polynomial x?" — cP 
over K(c®*). It follows that 2?° — c?* is irreducible over K(c?"), K(c)/K(c*’) 
is purely inseparable, and K(c?")/K is separable. 


?The remainder of this section may be skipped without any discontinuity. The only place 
this materia] is needed is in Example 24.2.8. 
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Theorem 22.1.25 Let F/K be a field extension of characteristic p > 0 and c 
be an element of F. Then c is purely inseparable over K if and only if P™ € K 
for some nonnegative integer m. 


Proof. Let c be purely inseparable over K. Then the degree of separability 
ng of the minimal polynomial p(z) of ¢ equals 1. Thus, p(x) = 2? +k in K[z], 
where ¢ is the exponent of inseparability of p(x) over K. Therefore, c* +k =0 
or c = —k € K. Hence, we can take m = e. Conversely, suppose cP” € K. Let 
e be the smallest nonnegative integer such that c?’ € K. Then c is a root of 
the polynomial x?° — k over K, where k = cP’. If x?” — k is not irreducible over 
K, then e > 0 and k =k’ for some k’ € K by Theorem 22.1.23. In this case, 
a? —k = (x? —k')?. Thus, (c?*” — k’)? = 0 and since a field has no nonzero 
nilpotent elements, c?' — k! = 0 or =k’ € K. However, this contradicts 
the minimality of e. Thus, z?° ~ k is irreducible over K. Clearly the degree of 
separability of 2?” — k is 1. Therefore, c is purely inseparable over K. 


Corollary 22.1.26 Let F/K be a field extension of characteristic p > 0 and 
céF., 

(i) If c is algebraic over K, then c ts purely inseparable over K if and only 
if the minimal polynomial of c over K is z?° — cP°, where e is the smallest 
nonnegative integer such that cP € K. 

(ii) If c is purely inseparable over K, then |K(c) : K] = p® for some non- 
negative integer e. 

(i) If c is purely inseparable and separable algebraic over K, thence K. 


Proof. The proof of (i) follows from Theorem 22.1.25. Statement (ii) is an 
immediate consequence of statement (i). For the proof of statement (ili), we 
see that since c is purely inseparable over K the minimal polynomial of c over 
K has the form 2?° — k. Since c is separable algebraic over K, the exponent of 
inseparability of z?° — k is 0, i.e., e = 0. Thus, z—k is the minimal polynomial 
of cover K, whencec=kK EC K. 8 


Corollary 22.1.27 Let F/K be a field extension of characteristic p > 0. 


(i) If F = K(M) for some subset M of F such that every element of M is 
purely inseparable over K, then F/K is a purely inseparable extension. 

(it) Let L be an intermediate field of F/K. Then F/K is purely inseparable 
if and only if F/L and L/K are purely inseparable. 


(iit) The set of all elements of F which are purely inseparable over K is an 
intermediate field of F/K. 
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Proof. (i) Let ¢ be an element of F. Then there exists a finite subset 
{mj,mz2,...,ms} of M such that 


c= DT kiigmyt mis, 
UL yh 

where here we are using the fact that F = K[M] since F/K is necessarily an 
algebraic extension. Let e = max{e),...,és}, where e; is a nonnegative integer 
such that mP* € K,i=1,...,s. Then 

OS ye re) ek 

Byers 

Hence, c is purely inseparable over K. 

(ii) Suppose that F/K is purely inseparable. Let c € F. Then there exists 
a nonnegative integer e such that c?” € K and so c® € L. Thus, F/L is purely 
inseparable. L/K is purely inseparable since every element of L is an element 
of F. Conversely, suppose F/I and L/K are purely inseparable. Let c € F. 
Then there exists a nonnegative integer m such that c?” € L. Since L/K is 
purely inseparable, there exists a nonnegative integer n such that (cP”)P" € K. 
Therefore, oe" © K so that c is purely inseparable over K. 

(iii) Let J denote the set of all elements of F' which are purely inseparable 
over K. Then K C J and so J £ @. Let c,d € J. Then ch € K and di eK 
for some nonnegative integers e and f. Let n = max{e, f}. Then (c— d)?” = 
cP" — dP" © K. Hence, c—d € J. If d #0, then (cd-!)?" = cP" (dP")-1 € K. 
Thus, cd~! € J. Hence, J is an intermediate field of F/K. @ 


Theorem 22.1.25 and Corollary 22.1.27(i) make it quite easy to construct 
examples of purely inseparable field extensions. 


Example 22.1.28 Let J be any field of characteristic p > 0; e.g., J = Zp. 
Let F = J(x, y, z), where x, y, z are algebraically independent over J. Set 
Kk = J(a?, yP” zP), Then F/K is purely inseparable since x,y,z are purely 
inseparable over K. It can be shown that [F : K] = p® since x, y, z are alge- 
braically independent over J. Since xP, yP, Pe K, we have FP CK. 


For any field F of prime characteristic p, F/F?* is a purely inseparable field 
extension for any nonnegative integer e. 
The following example is essentially the same as that in Example 22.1.28. 


Example 22.1.29 Let J be any field of characteristic p > 0. Let K = J(z, y, 
z), where x, y, z are algebraically independent over J. Let F = J(a,b,c), where 
a is a root of the polynomial t? —x over K, b is a root of the polynomial —_ y 
over K(a), and c ts a root of the polynomial P — z over K(a,b). Then F/K 
is purely inseparable, [F : K] = p®, and FP’ CK. One often writes a = 2? ', 


—2 ~3 
b=yP , andc=2? °. 
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Example 22.1.30 Let J be any field of characteristic p > 0. Let K = J(t), 

where t is transcendental over J. Let F = K(t?', t? ”, #? ,...). Then F/K 

is purely inseparable by Corollary 22.1.27. Since Fc Cgmen aee ae yagi he 
-1 


Ke? , pw...) = p for all positive integers n, [F : K] = oo. 
There does not erist a positive integer e such that FP’ C K. 


Example 22.1.31 Let J be any field of characteristic p > 0. Let K = J(x, 
LQ, U3, ...), where £1, £2, £3,... are algebraically independent over J. Let Fo = 


= -2 3 : 
K(zt , ch ch ...). Then Fo/K is purely inseparable and [Fy : K] = ov. 
Let F, = K(2?, eo, ae, ...). Then F,/K is purely inseparable, [Fy : K] = 
oo, and FP CK. 


We now turn our attention to separable extensions. 


Theorem 22.1.32 Let F/K be a field extension of characteristic p > 0. If 
F/K is separable algebraic, then F = K(F?). If [F': K] <o and F = K(F?), 
then F/K is separable algebraic. 


Proof. Suppose F'/K is separable algebraic. Now every element of F is 
purely inseparable over F? and thus purely inseparable over K(F?). Every 
element c of F is separable algebraic over K and thus separable algebraic 
over K(F?). Thus, every element c of F is in K(f?) by Corollary 22.1.26(iii). 
Hence, F C K(F?), so that F = K(F?). Conversely, suppose [F : K] < co and 
F = K(F?). Let a be any element of F. Since [F’ : K] < 00, a is algebraic over 
K. If a is not separable over K, then the minimal polynomial of a over K has 
the form 
(xP)? + ---+ kia? + ko. 


Therefore, 0 = a??P+ --- +k,aP + kp - 1 with not all the 4; = 0. Hence, 
1,a?,...,a"? are linearly dependent over K. By Theorem 21.1.14, 1, a,a?, 
..,a”,...,a”P—! are linearly independent over K, whence 1,a,a’,...,a” are 
linearly independent over K. 

We now show that this is impossible by showing that whenever n elements 
bi,...,0n of F are linearly independent over K, then the elements bf,..., 0? 
are linearly independent over K. We can assume that b),...,5, is a basis of 
F/K since any linearly independent set over K can be extended to a basis of 
F'/K, in particular, the linearly independent set {1,a,...,a”}. By Exercise 7 
(page 490), the mapping a : F — F? defined by a(c) = cP for c € F is an 
isomorphism, which maps K onto K?. Thus, since b),...,5n is a basis of F'/K, 
bP,...,b2 is a basis of F?/K?. Hence, bf,...,b2 spans F? over K?. Conse- 
quently, b7,...,02 spans K(F?) over K;i.e., F over K. Since F has dimension 
n over K and the n elements b/,..., 68 span F over K, the elements bf, ..., bP 


77 Tr 
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must be a basis for F over K. Hl 


The field extension F/K of Example 22.1.30 shows that the finiteness con- 
dition [fF : K] < co cannot be dropped in the above theorem. We have 
F = K(F?), F/K is not separable algebraic, in fact, F/K is purely insep- 
arable. 


Corollary 22.1.33 Let F/K be a field extension of characteristic p > 0. 

(i) Let a be an element of F. Then K(a) = K (a?) if and only if K(a)/K is 
separable algebraic. 

(ii) Let a1, a2,...,@n be elements of F. Then K(ai,...,@n)/K is separable 
algebraic if and only if a, is separable algebraic over K and a; is separable 
algebraic over K(aj,..., @i-1), t = 2,3,...,7. 


Proof. (i) If K(a) = K(a?), then a cannot be transcendental over K and 
so a must be algebraic over K. By Theorem 22.1.32, K(a) = K(K(a)?) if and 
only if K(a)/K is separable algebraic. We thus have the desired result since 
K(K(a)?) = K(a?). 

(ii) Suppose K(a1,...,@n)/K is separable algebraic. Then aj,...,an are 
separable algebraic over K. By the discussion following Definition 22.1.2, a; 
is clearly separable algebraic over K(ai,...,a;-1), ¢ = 2,3,...,n. Conversely, 
suppose a; is separable algebraic over K and a, is separable algebraic over 
K(aj,. ¥ .,Qj-1),1 = 2,3,. es ,n. Then K(a,) = K (ai), ae nyt (ines .,Qj—1)(@;) = 
FOG nin, GT Gey C= Oy By dono, te Vis, Ae (Gy, atta eK (ay, oe Oe) = 
K([K (ay, ..., ai-1)|?). The conclusion now holds from Theorem 22.1.32. li 


Corollary 22.1.34 Let F/K be a field extension of characteristic p > 0. 

(i) If F = K(M) for some subset M of F such that every element of M is 
separable algebraic over K, then F/K is separable algebraic. 

(it) Let L be an intermediate field of F/K. Then F'/K is separable algebraic 
if and only if F/L and L/K are separable algebraic. 

(itt) The set of all elements of F which are separable algebraic over K is 
an intermediate field of F/K. 


Proof. (i) Let a € F. There exists a finite subset {m1,...,m5} of M such 
that a € K(m,,...,ms). Since each m, is separable algebraic over K, we have 
by Corollary 22.1.33(ii) that K(m1,...,m,)/K is separable algebraic. Hence, 
a and thus F'/K is separable algebraic. 

(ii) Suppose F'/K is separable algebraic. Then F'/L is separable algebraic 
by the discussion following Definition 22.1.2. L/K is separable algebraic since 
every element of I is an element of F. Suppose F/L and L/K are separable 
algebraic. Let a € F. Let ¢9,¢1,...,¢n € L be the coefficients of the minimal 
polynomial p(x) of a over L. Since a is separable algebraic over L, a is separable 
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algebraic over K(co,¢1, -.-, Cn). (p(x) is also the minimal polynomial of a 
over K (co, c1,...,€n).) Since cg, ¢1,...,Cn € L and L/K is separable algebraic, 
K(co,¢1,.--,Cn)/K is separable algebraic by Corollary 22.1.33(ii). Thus, a and 
so F is separable algebraic over K. 

(iii) Let S denote the set of elements of F' which are separable algebraic 
over K. Then S D K. Let a,b € S. Then by Corollary 22.1.33(ii), A (a, b)/K is 
separable algebraic. Since a—b € K(a,b) and (for b # 0) ab"! € K(a,b), a—), 
and ab~! (6 # 0) are separable algebraic over K and thus are members of S. 
Hence, S is a field. 


Definition 22.1.35 Let F/K be an algebraic field extension of characteristic 
p> 0. Then the intermediate field of F/K consisting of all elements of F which 
are separable algebraic over K is called the separable closure of K in F or 
the maximal separable intermediate field of F/K. We denote this field by 
Ks. 


Theorem 22.1.36 Let F/K be an algebraic field extension of characteristic 


p> 0. Then F/K, is purely inseparable, where K, is the separable closure of 
F/K. 


Proof. If F = K, the theorem is immediate. Suppose F > Ky. Let a € 
Fia ¢ Ks. Let 
p(x) = ko + kya?" +--+ + (a?")”° 


be the minimal polynomial of F/K;, where e is the exponent of inseparabil- 
ity and no is the reduced degree of p(x) over K,. Now by Theorem 22.1.15, 
kotkyyt+-+-+y”° is the minimal polynomial of a?° over K, and this polynomial 
is separable over K,. Hence, a?” is separable over K;. Thus, K. 3(a”)/K, is sep- 
arable algebraic and so K,(a?")/K is separable algebraic. By the definition of 
K,, we have aP’ € K,. Therefore, a is purely inseparable over Ks. 


We can think of field theory as being separated into two parts, namely, 
that in which the fields are of characteristic 0 and that in which the fields are 
of prime characteristic p. It can be shown that for any field extension F/K, 
there exists a subset X of F’ which is algebraically independent over K and 
which also has the property that F/K(X) is algebraic. The above theorem 
shows that the study of algebraic field extensions of characteristic p > 0 can be 
separated into two parts, the separable part and the purely inseparable part. 
Separable algebraic field extensions of characteristic p > O often act entirely 
similar to field extensions of characteristic 0. Purely inseparable field extensions 
have their own distinctive behavior. 


Definition 22.1.37 Let F/K be an algebraic field extension of characteristic 
p > 0. Then the degree [K, : K] is called the degree of separability of 
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F/K and is denoted by [F': K],. The degree [F : Ks] is called the degree of 
inseparability of F/K and is denoted by |F : K]j. 


Theorem 22.1.38 Let K be a field of characteristic p > 0 and p(x) an irre- 
ducible polynomial in K |x). Let K(a) be an eztension of K obtained by adjoin- 
ing a root a of p(x) to K. Then 


[K(a): K], = 70, 


[K(a): K]i =p’, 


where no is the reduced degree of p(x) over K and p® is the degree of insepara- 
bility of p(x) over K. 


Proof. Let b € K(a). Then b = {%j kia’, where n is the degree of p(z) 
over K and each k; € K. Therefore, 


n-1 
bP = S~ RP (aP*)* © K(aP*). 
i=0 


Thus, b is purely inseparable over K(a?*). Hence, K(a)/K(a?") is purely insepa- 
rable. By the definition of the degree of inseparability of p(x) over K, K (a?) /K 
is separable algebraic. Now K, D K (aP*). Let b € Ky. We have just seen 
that b is purely inseparable over K(a?"). But b is also separable algebraic over 
K(a?*). Therefore, b € K(a?°) so that K, = K(a?°). By Theorem 22.1.15, 
the minimal polynomial of a?" over K is of degree ng and so [K(a) : K], = 
[K(a?*) : K] = no. Thus, nop®* = [K(a) : K] = [K(a) : K(a?*)|[K(aP’) : K] = 
[K(a) : K(a?’)|no. Consequently, p® = [K(a) : K(a?*)] = [K(a): K];. ™ 


Example 22.1.39 Let K denote the field Z,(u,v), where u and v are alge- 
braically independent over Zp. Let a be a root of the polynomial xP + vx? + u 
over K. By use of Worked-Out Exercise 6 (page 456), one can deduce that 
xP + uz? +u is irreducible over K. Let F be the field K(a). We ask the reader 
to verify the following properties of the field ettension F/K. K, = K(a?), 
[F : K]; = p, and [F: K], = 2. Also, the ertension F/K has no elements 
which are purely inseparable over K ( except those elements which are already 
in K). Thus, if J is the intermediate field of F/K consisting of all the elements 
of F purely inseparable over K, then J = K. Hence, F/J is not separable al- 
gebraic. 


22.1.1 Worked-Out Exercises 


® Exercise 1 Determine if the following polynomials are separable or insep- 
arable over the given fields. 
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(i) x? — 6x + 9 over Q; 
(ii) ct + 2? + [1] over Zo. 


Solution: (i) z* —6r+9 = (x — 3)? over Q. Now zx — 3 is irreducible over 
Q. Since z — 3 is separable over Q, 2? — 6z + 9 is separable over Q. 

(ii) ct +a? + [1] = (2? + 2+4+[1])? over Zo. Now z? +24 [1] has no roots in 
Z. Hence, z?+2-+[1] is irreducible over Za. Now D,(x*+2+([1]) = [2]z+[1] = 
(1] A [0]. Thus, z? + 2 + [1] and so x4 + x? + [1] is separable over Ze. 


© Exercise 2 Prove that the following polynomials are irreducible over Z3(t), 
where t is transcendental over Z3. Find the exponent of inseparability and 
the degree of separability of the polynomials over Z3(t). 
(plays 2? ote 42: 
(ii) q(x) = 274 + ta! + ¢. 
(iii) r(x) = 2? + tr38 + t. 
(iv) s(x) = a? +2. 


Solution: Since ¢|t, t|0,¢ /1, t? {t, the polynomials p(x), q(x), r(x), s(x) 
are irreducible over Z3(t). 

(i) p(x) = zt +4 tx?” + ¢ and so the exponent of inseparability e = 2 and 
the degree of separability np = 4. 

(ii) g(x) = 2°35 + t2®3 +¢ and so the exponent of inseparability e = 1 and 
the degree of separability no = 8. 

(iii) Since 3 / 20, e = 0 and no = 20. 

(iv) Here e = 2 and ng = 1. 


© Exercise 3 Let f(z) and g(x) be polynomials over the field K. 
(i) Does f(c) = g(c) for all c € K imply that f(r) = g{z)? 
(ii) Does f(c) = 0 for all c € K imply that f(x) = 0? 


Solution: (i) Let f(x) = [3]z° —[4]x? € Zs[z] and g(x) = 27+ [3]z € Zsa). 
Now f({0]) = [0] = g([0]), FCI) = [4] = 9), F(A) = [0] = o(f2)), FB) = 
[3] = 9([3]), f([4]) = [3] = g([4]). Hence, f(c) = g(c) for all c € Zs. However, 
f(z) # g(2). 

(ii) Let f(x) =a? + 2 € Zo[z]. Then f(c) =0 for all c € Zo, but f(x) £0. 


Exercise 4 Let K = P(z,y,z) and F = K(2", zPo ge y'), where 
P is a perfect field of characteristic p > 0 and z,y,z are algebraically 
independent indeterminates over P. Prove that KP 1 F = K(z?™'), 
where KP’ = {kP* | k © K}. 
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Solution: Clearly F > KP" NFD ee nD Now [F : K] = p®. Suppose 
that KP Oe > K(2?""). Then F = (KP F)(z?"”) since 2” 2 KP OF 
and [KP "1 F : K] must be Pp. Thus, [F : Ke AF] = p.Since [K?'(F) : 
KP’) = p, any basis of F/(KP- 1 F) remains a basis of KP (F)/KP’. Now 
Z={1,2P", ..., (2°)P7}} is a basis of F/(K?' MF). Also, 


ge gP yP = > ki(2?*)', 


where k; € KP F,i=0,1,...,p—1. Since Z remains linearly independent 
over KP’, yP* = ky € KP’ OF and 2? = k, € K? 1 F. Therefore, 
1 —-1 


xP jyP se ~*F. Thus, [F : K] = p‘, a contradiction. Hence, KP AF = 
K(z?'). 


22.1.2 Exercises 


1. Let f(x) € K[a], a polynomial ring over a field K and c € F, where F is 
an extension field of K. Prove that (x —c)?|f(x) if and only (x — c)| f(z) 


and (x —c)|f’(z). 


2. Let f(x) € K[z], a polynomial ring over a field K. Use Exercise 1 to 
prove that f(x) has no repeated roots in any extension field of K if and 
only if f(z) and f’(x) are relatively prime. 


3. Let f(z) = z" — 2 € K[z], a polynomial ring over a field K. Suppose 
that n > 2 and that either K has characteristic 0 or a prime p such that 
p does not divide n — 1. Prove that f(x) has no repeated roots in any 


extension field F' of K. 


4. Let f(x) = 2?—k € K[z], a polynomial ring over a field K of characteristic 
p > 0. Prove that either f(z) is irreducible over K or that f(z) is a power 
of a linear polynomial in K [2]. 


5. Determine if the following polynomials are separable or inseparable over 
the given field. 
(i) 2? — 4x + 4 over Q. 
(ii) 2° + tz +t over Zs5(t), where t is transcendental over Zs. 

6. Prove that the following polynomials are irreducible over Zs(u), where 


u is transcendental over Zs. Find the exponent of inseparability and the 
degree of separability of the polynomials over Zs(w). 


(i) p(x) = 2759 4 ual? + x, 
(ii) g(x) = 28 + uz! + u. 
(iii) s(x) = 21> +u. 


22.1. 
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Let F be a field of characteristic p > 0. Prove that for any nonnegative 
integer e, F?* is a subfield of F. Prove also that the mapping a : F — FP?* 
defined by a(a) = a?* is an isomorphism. 


Prove that a root of the polynomials in Examples 22.1.16 and 22.1.39 
is neither purely inseparable nor separable algebraic over K(t) and K, 
respectively. 


Let K(a)/K be a field extension of characteristic p > 0. Prove that 
(K(a))? = K?(a?). 


Let F'/K be a finite field extension of characteristic p > 0. If [F : K] is 
not divisible by p, prove that F'/K is separable. 


Let F/K be an algebraic field extension and S be an intermediate field of 
F/K such that F'/S is purely inseparable and $/K is separable algebraic. 
Prove that S = K,. 


Let P bea perfect field of characteristic p > 0. Let P(a)/P be an algebraic 
field extension. Prove that P(a)/P is separable and that P(a) is perfect. 


Let K be any field of characteristic p > 0. Prove that Z, is the smallest 
subfield of K which is perfect and N&)K? is the largest subfield of K 
which is perfect. 


Verify the properties of the field extension F/K of Example 22.1.39. 


Answer the following statements, true or false. If the statement is true, 
prove it. If it is false, give a counterexample. 


(i) Let F' be a field of characteristic p > 0. Since F ~ F? and F? C F, it 
follows that F? = F. 


(ii) Let F/K be a field extension of characteristic p > 0. Let c € F\K. 
Then it is impossible for c to be both separable and purely inseparable 
over K. 


(iii) Let F/K be a field extension of characteristic p > 0. Let c € F. Then 
it is impossible for c to be both separable and inseparable over K. 
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Emil Artin (1898-1962) was born 
on March 3, 1898, in Vienna, Austria. In 
1916, he passed his school certification and 
after one semester of university work, he was 
called for military service. In January 1919, 
he resumed his studies at the University of 
Leipzig, where he was awarded the Ph.D. 
degree in 1921. 

Artin was appointed lecturer in 1923, 
became extraordinary professor in 1925, and 
became ordinary professor in 1926 at the 
University of Hamburg. In 1937, along with 
his family Artin emigrated to the United 
States. He taught for a year at the University of Notre Dame and from 1938 to 
1946 at Indiana University. In 1946, he joined Princeton University, and in 1958 he 
returned to the University of Hamburg, where he remained teaching until his death in 
1962. 

In 1927, Artin proved the general law of reciprocity, which included all the previous 
known laws of reciprocity until the time of Gauss. It has become the main theorem of 
class field theory. In 1961, he published, with John Tate, Class Field Theory. 

In 1926, in collaboration with Otto Schreier, Artin developed the theory of real- 
closed fields. The following year, with the help of the theorem on real-closed fields, 
he proved the Hilbert problem of definite functions. Also in 1927 he expanded the 
theory of algebras of associative rings. In 1928, Artin introduced the notion of rings 
with minimum condition. In his honor, these are called Artinian rings. 

During the 1930s Artin started to reformulate Galois theory, using techniques of 
linear equations. In 1942, he published Galois Theory, reformulating it in an abstract 
setting as a relationship of field extensions and the subgroups of its automorphism— 
the we see it today—away from the classical approach as permutations of roots of an 
equation. He was fascinated by Galois theory, and in a 1950 lecture he said, 

“Since my mathematical youth I have been under the spell of the classical theory 
of Galois. This charm has forced me to return to it again and again, and to try to find 
new ways to prove its fundamental theorem.” 

Artin contributed to various areas of mathematics, including number theory, group 
theory, ring theory, field theory, geometric algebra, and algebraic topology. He was 
awarded the American Mathematical Society’s Cole Prize in number theory. He died 
on December 20, 1962. 


Chapter 23 


Finite Fields 


The theory of finite fields has come to the fore in the last 60 years due to 
newfound applications. The applications of finite fields are in coding theory, 
combinatorics, switching circuits, statistics via finite geometries, and certain 
areas of computer science. 


23.1 Finite Fields 


A finite field (or Galois field) is a field with a finite number of elements. 
If F is a finite field, then F has prime characteristic p and contains a subfield 
isomorphic to Zp. Since F has only a finite number of elements, [F : Z,| < oo. 

We denote a finite field of n elements by GF(n). We will show in the next 
result that n must be a power of p. The result is due to E.H. Moore (1862- 
1932). The United States is indebted to Moore for its beginnings in abstract 
algebra and for its initial international recognition in research. 


Theorem 23.1.1 If F is a finite field of characteristic p and n = |[F : Zp}, 
then F contains p” elements. 


Proof. Since [F : Z,] = n, F'/Z, has a basis of n elements, say, b1, b2,..., dn. 
Every element a of F is a linear combination of 61, bo, ..., bn, i-e., a = ayby + 
agbo+-+:+a@nbn, where a; € Zp,i = 1, 2,...,n. Now Z, has p elements. Hence, 
F has at most p” elements. Since {6;,b2,...,6n} is linearly independent over 
Zp, a1) + abo +--+ + Gnby is distinct for every choice of a),a2,...,a,. Thus, 
F has exactly p” elements. 


Theorem 23.1.2 Every element of a finite field F of characteristic p and of 
p” elements is a root of the polynomial 2?" — a € Z,[z]. Moreover, F is a 
splitting field of x?” — x over Zp. 
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Proof. First note that (F\{0}, -) is a commutative group of order p” — 1. 
Thus, for all a € F\{0}, a?"-1 = 1, whence a?” = a. Clearly 0?" = 0. Since 
F contains all the roots of 2?" — x, F contains a splitting field $ of 2?” —z 
over Zp. However, F' is exactly the set of all the roots of x?” —candsoF = S.@ 


In the following result, we once again use a positive integer and the concept 
of an isomorphism to completely characterize an algebraic structure. 


Corollary 23.1.3 Any two finite fields of p” elements are isomorphic, where 
p is a prime and n is a positive integer. 


Proof. If F and F” are finite fields with p” elements, then they are splitting 
fields of the polynomial x?” — x over Zp. Hence, F ~ F’. @ 


The next theorem can be used to show that there exists an irreducible 
polynomial of arbitrary degree n over Zp. (See Exercise 8, page 497.) Even 
though its proof is not constructive in nature, it is informative for certain 
applications. Exercises 5 and 6 can be used to actually count the irreducible 
polynomials of a given degree. There is an algorithm which can be used to 
test the irreducibility of a polynomial over a finite field—namely, Berlekamp’s 
algorithm. This algorithm is discussed in Isaacs. 


Theorem 23.1.4 For any prime p, there exists a field extension F/Z, of ar- 
bitrary finite degree n. 


Proof. Let S be the splitting field of the polynomial f(z) = x?” — x over 
Zp. Let a € S be a root of f(z) of multiplicity m. Then 


f(x) = (e—a)"9(z), 
where a is not a root of g(z). Now 
-1= fi(x) = (« —a)™"'[mg(a) + (2 — a)g"(2)]. 


This implies that (z — a)"—+ divides —1, whence m — 1 = 0. Thus, every root 
of f(z) in S has multiplicity 1. Hence, f(z) has p” distinct roots in S. Let F 
denote the subset of S, which consists of all roots of f(r). Let a, b € F. Then 
(a — b)P” = a?” — bP” =a —b. Therefore, a— be F. For b #0, 


(ab-1)?" = aP" (bP")-+ = ab CF. 


Thus, F' is a subfield of S. Since F contains all the roots of f(z) and S is 
generated by the roots of f(x) over Zp, F = S. By Exercise 6 (page 497), 
[F: Z,] =n. i 


Theorem 23.1.5 Let F be a field and G be a finite subgroup of the multiplica- 
tive group F* = F\{0}. Then G is cyclic. 
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Proof. Since G is a finite Abelian group, G is a direct product of cyclic 
subgroups Ci, Co, ..., Cr, where |C;| = ni, ny > 1, and nj|nigg, 1 <1 < k, 
by Theorem 9.1.7. From this it follows that g”* = 1 for all g € G. Thus, every 
element of G is a root of z"* — 1 € F(z]. Since z™* — 1 has at most nz distinct 
roots in F, |G] < nz. Now Cy is a subgroup of G and |C;,| = ng. Hence, G = Cy 
and so G is cyclic. 


The following corollary is an immediate consequence of Theorem 23.1.5. 
Corollary 23.1.6 The multiplicative group of a finite field is cyclic. 


Theorem 23.1.7 Let F be a finite field and F(a, b)/F a field extension with 
a, b algebraic over F. Then there exists c € F(a, b) such that F(a, 6) = F(c), 
i.e., F(a,b) is a simple extension. 


Proof. Since F(a, b)/F is algebraic, [F(a,b) : F] < oo. Thus, F(a, b) is 
a finite field since F' is a finite field. Since F(a, b)\{0} is a cyclic group with 
some generator, say, c by Theorem 23.1.5, it follows that F(a, b) = F(c). @ 


Corollary 23.1.8 Every finite extension of a finite field is simple. Hl 


23.1.1 Worked-Out Exercises 


} Exercise 1 Prove that z° + z + [1] is irreducible in Ze[z]. Write out the 
addition and multiplication tables for the field 


Zo[a\/ (2° + 2+ [1]) 


Find a splitting field 9, for 23 +2 + [1] over Zo. Find a basis for 9,/Ze 
and [Si : Zl]. 


Solution: z* + z + [1] is irreducible over Zo if and only if Z contains no 
root of z3? +z + [1]. Since [0]? + [0] + [1] # [0] and [1]? + [1] + [1] ¥ [0] in Zo, 


Zz contains no roots of z° + x + [1] over Z. Hence, 23 + x + [1] is irreducible 
over Zo. By Theorem 21.1.11, 


Zo{z]/ (2° +2+ [1]) = Z.(d), 
where A denotes the coset z + (rz? + 2+ [1]). By Theorem 21.1.14, 
Zo(A) = {[0], [1], A, A?, {1} + A, [1] HA?, A + A’, [1] +A +7}. 


Now 
x? +a + [1] = (@ + d)(2? + Aw F [1] +2”) 
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and \? and \+ A? are the roots of 27 + Ar +([1] + A?. Since \?, A+ A? € Za(A), 
Zo(X) is a splitting field of x3+2+[1] over Zo. Let S$; = Zo(A). Then {(1], \, 47} 
is a basis for S)/Ze and [S1 : Zo] = 3. Let a denote [1] +A + d?. The addition 
table for Z2(A) is given below. 


+ [0] [1] d »? (L]+A — [1J4A2_— A? a 
[0] [0] [1] r Me (WJ+A  [AJ4A7 4? a 
[1] [1] [0] [J+A = [1447 Xr oe a d+? 
r d (1]+A [0] A+)? (1 a »” [1]+d? 
? ? [YJtA2 +? (0] a (1] » (1}+% 
[1J+A | [1J-+A d (1) a (0 At? [1] +4? ” 
[1]+A? | [1]+r7 sd? a [1] A+? (0) [1]J+A » 
AtA2 | ALA? a ? BN [1J+r? [1+ {0] (1) 
a a AHA? —[AJHA? [J+A ? BN (1) [0] 


For the multiplication table, we make a few entries, such as ({1]+ )([1] +A) = 
[1]+A? and ([1]-+A+A?)([L]+A?) = (1]+A+\3-+A4. We now reduce [1]+A+\° +4 
to the form a+b + cd’, where a,b,c € Z2. We divide 24 + 2? + 2 + [1] by 
x3 +2+(1] to obtain z+ +23 +24 [1] = (x+[1])(22 +24 [1]) +2742. Thus, 
M+AM+AF4 (I = At [INO8 + AF [Y) +A? +A = [0] + A?2 +A. Hence, 
({1] + A+ A?) ([D] + A?) = A+-A?. 


Exercise 2 Prove that 2° + x? + [1] is irreducible in Zo[x]. Write out the 
addition and multiplication tables for the field 


Zo{e|/ (2° +2? + (1}). 


Find a splitting field S» for e+aet+ [1] over Zo. Find a basis for S2/Ze 
and [S2 : Z|. Compare your results with those in Worked-Out Exercise 
1. 


Solution: Since [0]? + [0]? + [1] ¥ [0] and [1]° + [1]? + [1] ¥ [0] in Zo, Zo 
contains no roots of x? + x? + [1] over Z. Hence, 2? + x? + [1] is irreducible 
over Zo. By Theorem 21.1.11, 


Zo[2]/ (2° +2” +[1]) = Zo(u), 
where pz denotes the coset z + (x? + x? + [1]). By Theorem 21.1.14, 


Zo(u) = (10), (soe +e +e ete, [+ et pF. 


Now 23 + 2? + [1] = (w@+ p)(x? + ([l] +p)2 + uty?) and p? and [1] + pt py? 
are the roots of 2? + ((1] + wa + pt p?. Since pw, [1] + u+p? € Zo(y), 
Zo(y) is a splitting field of 2? + x? + [1] over Zo. Let Sy = Zo(pu). Then 
{[1], 4, v7} is a basis for $/Z_ and [S2 : Zo] = 3. The addition table for 
Zo() is determined in a manner similar to that in Exercise 1. In fact, one may 
obtain the addition table by substituting yw for A in the addition table of Z2(A). 
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We now consider multiplication. We note that ((1] + »)((1] + #) = [1) 4+ wv’. 
However, ((1] +» + w?)([1] +n?) = [1] + w+ po +4 = [1]. Hence, we note the 
first algebraic difference between Zo(A) and Zo(s). 


© Exercise 3 Show that there exists an isomorphism f of Zo(A) onto Zo(p) 
considered as vector spaces over Z2 such that f is the identity on Zo 
and f(A) = pw, f(A”) = p?, where and p are as defined in Worked-Out 
Exercises 1 and 2, respectively. 


Solution: {[1], A, \7} is a basis for Z2(A) over Ze and {[1], yu, 7} is a basis 
for Zo(y) over Zz. Hence, there exists a unique linear transformation f of 
Zo(X) onto Z2(jz) such that f([1]) = [1], f(A) = w, and f(A”) = w?. This linear 


transformation is given by 
F(a[l] + BA + cd*) = afl] + but cp’, 
where a,b,c € Zo. Since {(1], 1, 47} is linearly independent, f is one-one. 


© Exercise 4 Show that Zo(A) and Ze(js) are isomorphic as fields, where A 
and yp are as defined in Worked-Out Exercises 1 and 2, respectively. 


Solution: Since |Z2(A)| = 2? = |Ze(u)|, Ze(A) and Zo(u) are splitting 
fields of 2® — x over Z2 and thus are isomorphic. 


© Exercise 5 Factor the polynomial 2° — x over Ze. 


Solution: 28-2 = 2(x+[1])(x°+25+24+23 +2?+24[1]). Now 2?+2+([1] 
is the only irreducible quadratic polynomial over Z2. But 2? +x + [1] does not 
divide 2° +2°+24+2%+2?+42+ [1]. We have that 23 +24 [1] and 23 +2?-+[1] 
are irreducible polynomials over Zz and 26+ 2° + 24+ 23 +27 424 [I] = 
(c3+2+[1])(z?+2?+4 [1]). Hence, 28 —2 = 2(2+[1])(23 +24 (1) (23 +274 [1)). 


® Exercise 6 Find the roots of x? + x? + [1] in Zo(A), where ) is as defined 
in Worked-Out Exercise 1. 


Solution: [0] is a root of z, [1] is a root of z+ [1], and \,A*, A+? are 
roots of x? + z+ [1]. Hence, [1] + A, [1] + A?, and [1] + A+ 2? are roots of 
x? +27 + [1). 


® Exercise 7 Find the roots of 23+ 7+ [1] in Zo(u), where p is as defined in 
Worked-Out Exercise 2. 


Solution: [0] is a root of z, [1] is a root of r+[l], and y, py”, [1] +u+p? are 
roots of z3 4+ 27+ [1]. Hence, [1]+y, [1]+p2, and w+y? are roots of 23 +2+(I]. 
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® Exercise 8 Show that there exists an isomorphism g of Zo(A) onto Z2([1]+ 
4) such that g(A) = [1] +4, where \ and p are as defined in Worked-Out 
Exercises 1 and 2, respectively. 


Solution: The result here follows immediately by Corollary 21.2.9. 


© Exercise 9 Show that there does not exist an isomorphism h of Z2(A) onto 
Zo(4) such that h(A) = uw, where A and y are as defined in Worked-Out 
Exercises 1 and 2, respectively. 


Solution: Suppose there exists an isomorphism h of Zo(A) onto Zo(p) 
such that h(A) = pw. Then [0] = A([0}) = AVA? +A4 [1]) = wp? +y4 [1]. Also, 
(0) = w3 +p? + [1]. Hence, w3+y4 [1] = we +y?4 [1]. Thus, u? = pu. Therefore, 
p = [1], a contradiction. 


23.1.2 Exercises 


1. Let F be a finite field. A generator for F* = F'\{0} is called a primitive 
element for F. Find a primitive element for the following fields. 


(i) Zz. 

(it) Za. 

(iii) F, where F D Zo and [F : Ze] = 8. 
2. Construct a field with 9 elements. 


3. Construct a field with 27 elements. 


4, Suppose that F is a finite field of characteristic p. If c is a primitive 
element of F, prove that c? is a primitive element of F. 


5. Let F be a finite field of characteristic p. If n = [F : Zp], prove that there 
exists c € F’ such that c is algebraic of degree n over Z, and F = Z,(c). 


6. If F is a finite field of p” elements, p a prime and n a positive integer, 
prove that [F : Zp] =n. 


7. Describe the splitting field of x — az over Zs. 


8. Prove that there exists an irreducible polynomial of arbitrary degree n 
over Zp. 


9. If F is a subfield of GF(p"), prove that F ~ GF(p™), where m|n. 


10. Show that if m and n are positive integers such that m|n, then GF(p”) 
contains a unique subfield GF (p™), p™—1 divides p"~1, whence 2?” ~!—-1 
divides z?"—! — 1 and so 2®” — x divides x?” — z. 


23.1. 


11. 


12. 


13. 


14. 
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Let F be a field containing Z, and f(x) be a polynomial over Z,. Ifc € F 
is a root of f(x), prove that cP is also root of f(z). 


Let f(x) = 2? — x — [1] € Z,|z]. Show that a splitting field of f(z) over 
Zp is Zp(c), where c is a root of f(z). 


Let F be a field and G and H be subgroups of F*. If G and H have order 
n, prove that G= H. 


If F is a field such that F* is cyclic, prove that F is finite. 
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Evariste Galois (1811-1832) was bo- 
rn on October 25, 1811 in Bourg-la-Reine, 
near Paris, France, into a well-educated fam- 
ily. Galois received his early education from 
his mother. His father was director of a 
school. He read Legendre’s Géométrie at a 
very young age and mastered it in one read- 
ing. He then read Lagrange’s work, acquir- 
ing a solid background. In 1828, he started 
reading recent works on the theory of equa- 
tions and the theory of elliptic functions. 

Galois twice failed the entrance exami- 
nation for the Ecole Polytechnique. In 1829, 
he took the entrance examination for the 
Ecole Normale Supérieure, which trained fu- 
ture secondary school teachers. There he learned about Abel’s recent death and Abel’s 
last published memoir, which contained a number of results which Galois himself had 
obtained and presented to the Academy. Cauchy was assigned to report on Galois’s 
work. Cauchy advised him to revise his work, taking into account Abel’s results. (It 
was for this reason that Cauchy did not present a report on Galois’s memoir.) Galois 
then wrote a new text and submitted it to the Academy in February 1830. Fourier 
was assigned to report on it, but Fourier died before reading it and the memoir was 
lost. 

In June 1830, Galois published a short note on the resolutions of numerical equa- 
tions and a much more important article, “Sur la théorie des nombres,” containing a 
remarkable theory of “Galois imaginaries.” 

On January 17, 1831, Galois presented to the Academy a new version of his memoir. 
Poisson reviewed it and declared much of it incomprehensible. 

It was a time of great political unrest in France. Galois joined the National Guard, 
a republican party. He was in and out of prison. Arrested during a republican demon- 
stration on July 14, 1931, he was placed in detention. There he revised his memoir on 
equations and worked on the application of his theory of elliptic functions. Later he 
was transferred to a nursing home because of a cholera epidemic. There he resumed 
his work and wrote several essays on the philosophy of mathematics. He also became 
involved in a love affair. He was challenged to a duel. Badly wounded, he died on May 
30, 1832. On May 29, the day before his death, he wrote a letter to his friend Auguste 
Chevalier, sketching his principal results. He scribbled comments on the margin of his 
documents such as, “I have no time,” and asking Jacobi and Gauss’s opinion “not as 
to the truth, but as to the importance of these theorems.” 

In 1843, Louiville prepared Galois’s manuscript for publication and announced to 
the Academy that Galois had solved the problem considered by Abel. The manuscript 
was finally published in the October-November 1846 issue of the Journal des ma- 
thématiques pures et appliquées. 

Galois’s terse style and the great originality of his ideas contributed to the delay 
in the publication of his papers. 


Chapter 24 


Galois Theory and 
Applications 


The approach used today to present Galois theory is due to Artin. Artin 
reformulated the theory as an abstract relationship between a field extension 
and its group of automorphisms. He succeeded in disassociating Galois theory 
from the solvability of algebraic equations. 


24.1 Normal Extensions 


Definition 24.1.1 Let F/K be an algebraic field extension. F/K is called a 
normal extension if every irreducible polynomial f(x) € K[z] such that f(z) 
has a root in F, splits into linear factors in F[z}. 


An example of a normal extension, which comes quickly to mind is F/K, 
where F is an algebraic closure of K. A more trivial example of a normal 
extension is F/K, where F = K. The field extension Q(4/2)/Q is not a normal 
extension since the minimal polynomial of ~/2 over Q is x —2 has two complex 
roots and Q(1/2) does not contain these roots. (Example 24.2.7 to follow.) 

Let F/K be a field extension and F be a subset of the polynomial ring 
K{z]. Then F is called a splitting field for F if for all f(z) € F, f(z) splits 
into linear factors over F and for all proper intermediate fields L of F/K, there 
exists f(z) € F, which does not split over L. If F consists of a single polynomial 
g(z) and F is a splitting field for F, we say that F is a splitting field for g(x). 


Lemma 24.1.2 Let F/K be a finite field extension and c € F. Then there 
erists a field L D F and a polynomial g(x) € K[z] such that the following 
properties hold. 

(i) L is a splitting field for g(x) over K. 

(it) Every irreducible factor of g(x) in K(x] has a root in F. 

(iti) c is a root of g(x). 
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Proof. Let {v1,v2,...,;Un} be a basis of F over K. Let g(x) be the product 


of the minimal polynomials of c, v1, v2,...,Un over K. Then property (ii) and 
(iii) hold. Let L be a splitting field of g(x) over F. Then L = F(ri,r9,...,Tm), 
where r1,72,.-.,7m are the roots of g(x). Since v1, u2,...,Un € {71,72,.--, 7m} 


and F = K(v},v2,...,Un), D is a splitting field of g(x) over K. 


Theorem 24.1.3 Let F/K be a finite field extension. Then the following con- 
ditions are equivalent. 

(i) F is normal over K. 

(it) F is a splitting field over K for some polynomial g(x) € K[z]. 

(iti) For every field L D F, all K-isomorphisms from F into L map F onto 
F, i.e, are K-automorphisms of F. 


Proof. Suppose that statement (i) holds. By Lemma 24.1.2, there is a 
polynomial g(z) € K[z] and a field L > F such that L is a splitting field for 
g(z) over K and every irreducible factor of g(x) has a root in F. Since F is 
normal over K,each of these irreducible factors of g(x) splits over K. Hence, 
g(x) splits over K. Thus, F = L and so (ii) holds. 

Suppose that statement (ii) holds. Then F is a splitting field over K for 
some polynomial g(x) € K[z]. Let LZ be a field containing F and a be a K- 
isomorphism of F into L. Then a(F) is a splitting field for a(g(z)) = g(x) over 
a(K) = K. Since g(x) has a unique splitting field over K and contained in L, 
a(F) = F. Hence, (iii) holds. 

Suppose that statement (iii) holds. Let c € F and f(z) be the minimal 
polynomial of c over K. By Lemma 24.1.2, there is a field L D F and a poly- 
nomial g(r) € K[z] such that L is a splitting field for g(r) over K and cisa 
root of g(x). Thus, f(x)|g(x) and so f(z) splits over L. For each root b of f(x) 
in L, there exists a K-isomorphism a of K(c) onto K(b) such that a(c) = b by 
Theorem 21.2.8. By Theorem 21.2.10, a can be extended to a K-automorphism 
o of L such that o(c) = b. Since o maps F onto F' by hypothesis, b € F. Hence, 
all the roots of f(z) in L lie in F. Since f(z) splits over L, it must split over 
F. Therefore, (iii) holds. ll 


24.1.1 Worked-Out Exercises 


® Exercise 1 Let F'/K be a field extension. Suppose that [F : K] = 2. Show 
that F is a normal extension of K. 


Solution: Let a € F be such that a ¢ K. Since [F': K(a)|-[K(a) : K] = 
[F: K] =2anda¢ K, |K(a): K] =2. Let p(x) be the minimal polynomial of 
a over K. Then [K(a) : K] = degp(z) = 2. Now p(z) = (x — a)h(z) for some 
h(x) € Fla]. Thus, degh(z) = 1. Suppose h(x) = cx +d for some c,d € F, 
c #0. Then —c7!d € F and ~—c7!d is a root of h(x). Therefore, —c~'d is a 
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root of p(x). Hence, both the roots of p(x) are in F. Thus, F is the splitting 
field of p(x) over K. Consequently, F is a normal extension of K. 


} Exercise 2 Let F = Q(V2) and L = Q(/2). Show that F is a normal 
extension of L, L is a normal extension of Q, but F is not a normal 
extension of Q. 


Solution: Now [F : L] = 2 = [L : Q]. Hence, F is a normal extension of 
L, L is a normal extension of Q by Worked-Out Exercise 1. Now x4 —2 € Q[z] 
is irreducible over Q and ¥2 is a root of x4 — 2. Thus, x4 — 2 is the minimal 
polynomial of 4/2. Now the roots of c4—2 are £°/2 and +74/2. Since +i</2 ¢ F, 
F is not the splitting field of ct — 2. Therefore, F is not a normal extension of 


Q. 


© Exercise 3 Let K be a field of characteristic 0. Let F/K be a finite normal 
extension. Let g(x) € Kz] and E be a splitting field of g(x) over F. 
Then E/K is a normal extension. 


Solution: By Corollary 22.1.20, F = K(a) for some a € F. Let h(x) be the 
minimal polynomial of a over K. Now h(x) splits over F. Let f(x) = g(r)h(z). 
Then K C F C E and f(z) splits over E. Let DL be the splitting field of f(z) 
over K in &. Then K CLC E. Nowa € Land hence K CF CL. Thus, LE is 
the splitting field of g(x) over F. Hence, EF = L. Consequently, E/K is normal, 
by Theorem 24.1.3. 


24.1.2 Exercises 


1. (i) Show that C is a normal extension of R. 
(ii) Is R a normal extension of Q? 
2. Let K C LC F be a chain of fields. Suppose that F'/K is a normal 
extension. 
(i) Show that F/D is a normal extension. 
(ii) Is L/K a normal extension? Justify your answer. 


3. Let A C Ly, Lo C F be fields. Suppose that [,/K and L2/K are normal 
extensions. Show that (£; 1 L2)/K is a normal extension. 


4. Let F/K be an algebraic field extension. Let K be the algebraic closure 
of K such that F C K. Prove that the following are equivalent. 


(i) F/K is a normal extension. 


'This exercise requires Section 21.3. 
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(ii) If 0: F = K is a K-homomorphism, then a is an automorphism of 
F. 


(iii) F is the splitting field of a family of polynomials in K[z]. 


24.2 Galois Theory 


We have now reached the point where we can begin our study of Galois theory. 
Roughly speaking, this theory relates the roots of a polynomial to certain 
permutations of these roots. More specifically, if F' is a splitting field for some 
polynomial f(x) over a field K such that F/K is separable, then this theory 
sets up a one-one inclusion reversing correspondence between the intermediate 
fields of F/K and the subgroups of a particular group of automorphisms of 
F'/K. These results can be applied to the solution by “radicals” of the equation 
f(z) =0. This application will be discussed in Section 24.4. 


Theorem 24.2.1 Let F be a field and a,...,Q@, be distinct automorphisms 
of F. Then for alla € F and for all aj,...,@n, € F, 


aja 1(a) + ---+anan(a) = 0 
implies that aj = --- =a, =0. 
Proof. The proof is by induction on n. If n = 1 and a,a;(a) = 0 for all 


a € F, then a; = 0 since a;(1) 4 0. Assume the theorem is valid for any m 
distinct automorphisms, where 1 < m < n. Suppose 


a,o;(a)+---+ana,(a) =0 forallacF (24.1) 


and for some aj,...,@, € F, not all zero, say, a; 4 0. Since the automorphisms 
Qj,...,Q, are distinct, there exists b € F such that a)(b) # a,(b). Since Eq. 
(24.1) is valid for every element of F, we have a,a(ab) +---+@nQ,(ab) = 0 or 


a0} (a)a1(b) +--+ + @nOp(a)a,(b) = 0 for alla € F. (24.2) 


Multiplying Eq. (24.1) by a,(b) and subtracting this result from Eq. (24.2), 
we obtain 


aj(a1(b) — an(b))a1 (a) + +++ + G@n—1(An_1(0) — an(b))on_-1(a) = 0 


for all a € F. Since ay(b) 4 a,(b), ai(ai(b) — an(b)) A 0. However, this 
contradicts the induction hypothesis. Hence, the theorem is valid for all positive 
integers n. Hi 
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Definition 24.2.2 Let G be a group of automorphisms of the field F. An ele- 
ment a € F is called fixed by G if a(a) = a for alla € G. We denote by Fg 
the set of alla € F such that a is fired by G. 


Theorem 24.2.3 Let G be a group of automorphisms of the field F. Then Fg 
is a subfield of F, called the fixed field of F for G. 


Proof. Note that Fg 4 @since 0,1 € Fg. Let a,b € Fg. Then for alla EG, 
a(a — b) = a(a) — a(b) =a—5b so that a—b € Fo. If b £0, then a(ab“!) = 
a(a)a(b-+) = a(a)a(b)~! = ab~ so that ab“! € Fg. Thus, Fg is a subfield of 
ae | 


Definition 24.2.4 Let F/K be a field extension. Let G(F/K) denote the set 
of all K-automorphisms of F. 


Theorem 24.2.5 Let F/K be a field extension. Then G(F/K) ts a subgroup 
of the group of all automorphisms of F and is called the group of automor- 
phisms of F relative to K. 


Proof. Clearly the identity map is in G(F'/K) so that G(F/K) # ¢. Let 
a, 8 € G(F/K). Then for all k € K,(a0 B7!)(k) = a(B-1(k)) = alk) = k. 
Thus, a0 §-! € G(F/K) so that G(F/K) is a group. 


We ask the reader to verify that any automorphism of F’ fixes the prime 
subfield of F. 


Theorem 24.2.6 Let H be a finite set of automorphisms of the field F. Then 
(i) |H| < [Ff : Fx] and 
(ii) if H is a group, then |H| = |F: Fy]. 


Proof. (i) Suppose |H| > (F : Fy]. Then [F : Fy] = < oo for some n. Let 
bi, ..., bn be a basis for F/Fy. There exist n+ 1 distinct automorphisms a, 
+, Qn41 in G(F/Fp). Then the system of n homogeneous linear equations in 
the n + 1 unknowns 21, ..., Zn41, 


a (Bj) 21 + +++ + Ons1 (Oj) En41 = 0, i= eee 
has a nontrivial solution 2; = a1, ..., 2n41 = An41 in F. Thus, 
Q] (bj) ay pe ee On+1(dj)@n41 = 0, 2S Ve Deg Th (24.3) 


Now every element a € F has the form a = S77, kibi, ki € Fy and so 


n 
ajaj(a) = S > kjajay (bi), ae eee ie ae 
1. 
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Then using Eq. (24.3) and the fact that each a; fixes k,,..., k,n we obtain 


a,01(@) +>» +@n¢1Anqi(a) = SLy Ai(aran (by) + --- + Qn410n41(bi)) 
0 


for all a € F. However, this contradicts Theorem 24.2.1. Hence, |H| < [F : Fy]. 

(ii) By (i), |H| < [F : Fy]. We now show that |H| > [F : Fy]. Suppose 
|H| < [F : Fy]. Set |H| =n. Then there are elements 6,...,6n41 of F which 
are linearly independent over Fy. There exists a nontrivial solution a1,...,@n41 
in F' satisfying the system of n homogeneous linear equations in the n + 1 
unknowns 21,...,2%n41; 


21a;(b)) +++ + 24104 (0n41) =0, t= Ty 2p n, (24.4) 


where a; € H. From all such nontrivial solutions of Eq. (24.4), choose one 
having the smallest number, say, m of nonzero members. We have m > 1 else 
a ,a1(b;) = 0 and hence a; = 0. (Note that a1(b1) # 0 since a1 is one-one and 
b; #0.) Upon reordering we have 


a104(b}) +---+amai(bn) =0, *=1,2,..., 7 (24.5) 
and no a; = 0. Let a be the identity map. Then 
ajb] +---+ mbm = 0, 
where we take am = 1. (If am # 1, then multiply through by a;).) Since 
b,,...,5m are linearly independent over Fy, not all aj,...,a,, are in Fy, say, 
a; ¢ Fy. Thus, for some aj, a;(a1) # a}. Apply a; to Eq. (24.5). Then 
aj(aja;(b1)) +--+» +aj;(amai(bm)) =0, t=1,2,..., 7 

or 

ajay) aj (b1) +--+ + 05 (4m)oij(bm) =0, 4=1,2,..., 2, (24.6) 


where ay; = a; 0 a,. Since H is a group, {a1;,...,Qnj} = H. If we relabel the 
Eqs. in (24.6) and then subtract Eq. (24.6) from Eq. (24.5), we obtain 


(a1 - a;(a1))a5(b1) i (Gini — a; (@m—1))Q%i(bm—1) =0, 7=1,2,...,7. 


Since a] — a;(a1) # 0, a1 — a; (a1), ..., Gm—1 — Am(Am-1), 0,...,0 is a non- 
trivial solution of Eq. (24.4) having fewer than m nonzero members. This 
contradiction thus shows that the assumption [F : Fy] > |H| is false. Hence, 
|H| > [F : Fy] so that [F : Fy] =|H|. 
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Example 24.2.7 Consider the field extension Q(*/2)/Q. Let a be any auto- 
morphism of Q(V/2). Then a fizes every element of Q. We have 


(a(¥2))* = a((72)8) = a(2) = 2. 


Hence, a(/2) is a root of z3—2. Thus, a(4/2) = W2 because the other two cube 
roots of x —2 are complex numbers, namely, /2(—4 +i¥8) and ¥/2(—4 ~i%8) 
and so are not members of Q(»/2). Hence, a is the identity map on Q(¥/2). 
Thus, G(Q(v2)/Q) = {e}. But Q(72) 69° 93/9) = Q(v2) > Q. We note 
that Q(W2) is not the splitting field of the polynomial x3 — 2 over Q. Now 


1 = |G(Q(/2)/Q)| < [Q(/2) : Q]. If the other two roots of x? — 2 were 
present, then we would have found an a such that a(</2) 4 W/2. 


Example 24.2.8 Let F/K be any field extension of characteristic p > 0 such 
that there exists a € F,a ¢ K, anda is purely inseparable over K. Let a be 
any automorphism of F, which fixes every element of K. Let e be a positive 
integer such that a?” =k € K. Then (a(a)—a)? = a(a)P —aP* = a(a?’) —aP” 
=a(k)~k =k-—-—k = 0. Since a field has no nonzero nilpotent elements, 
a(a) ~a = 0 or ala) = a. Hence, Ferrjx) 2 K(a) D K. Here we note 
that because of the presence of a, F/K would not be separable even if it were 
algebraic. 


For a field extension F/K, we will want Facr/~) = K. The above two 
examples point out difficulties we must overcome. 


Theorem 24.2.9 Let H be a finite group of automorphisms on the field F. 
Then H = G(F/Fyx). 


Proof. Clearly H C G(F/Fy). By an argument similar to that of the 
first part of the proof of Theorem 24.2.6, G(F/Fy) is a finite group. Hence, 
by Theorem 24.2.6, |G(F/F'x)| = [F : Foue/ry)|. Now Fu = Focr/r,q) since 
Fy 2 For/r,) and if a € Fy, then for all a € G(F/F), a(a) = a so that 
ae Focr/ Fy): Therefore, || = [F : Fy] = [F : Fovr/Fi)| _ |G(F/Fy)|. Since 
H C G(F/Fy) and G(F/Fy) is finite, we have H = G(F/Fy). 


Let us pause to see what we have so far. Let F'/K be a finite field exten- 
sion. We desire a one-one inclusion reversing correspondence between all the 
intermediate fields of F'/K and all the subgroups of G(F/K). From Examples 
24.2.7 and 24.2.8, we have seen that it is possible for an intermediate field L 
of F/K to be strictly contained in Focrjt)- Hence, a mapping 


L—G(F/L) (24.7) 
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need not be one-one since 
Fecrjt) 7 G(F/Fewr/z)) = G(F/L), 
but L C Ferp/z) is possible. Note that the mapping 
Fy - (24.8) 


is one-one since by Theorem 24.2.9, H = G(F/Fy). The mapping of (24.8) is 
the “inverse” of (24.7), but the mapping in (24.8) does not map onto all the 
intermediate fields of F'/. We can thus see that we need some sort of condition 
on F'/K to force every L = Foacpyz). Examples 24.2.7 and 24.2.8 suggest the 
condition should be that F/K be separable and be the splitting field of some 
polynomial over K. A similar difficulty is not encountered with G(F'/K) since 
H = G(F/F) by Theorem 24.2.9. 


Definition 24.2.10 Let F/K be a finite field extension. If Fourjx) = K, 
then G(F/K) is called the Galois group of F/K and F/K is called a Galois 


extension. 


Theorem 24.2.11 Let F/K be a finite extension. The following conditions 
are equivalent. 

(i) G(F/K) is the Galois group of F/K. 

(it) F/K is normal and separable. 

(iti) F is the splitting field of a separable polynomial in K{z]. 


Proof. Suppose [F : K] = n. Let H be a subgroup of G(F/K). Then by 
Theorem 24.2.6, |H| =[F: Fy] <[F: K] =n. 
(i)=(ii) Suppose G(F/K) is the Galois group of F/K. Then 


|G(F/K)| =[F: K) =n. 


Since F/K is finite, F/K is an algebraic extension and F = K (wi, ua, ..-., Un) 
for some u; € Fi, 1 <i <n. Let G(F/K) = {e = a4, Q2,...,Qn}. Leta e F 
and a = aj, a2, ..., @m be distinct elements of the set {a;(a) | 7 = 1,...,n}. 
Now a; 0a; € G(F/K) for all i and j. Let a; = a,(a), i = 1,2,...,n. Then 
aj (ai) = aj(a;(a)) = a; oa(a) = a,(a) = a, for some 7, 1 < r < m. Since 
a, is an automorphism of F, a,(a;) = ax(a;) if and only if a; = aj. Thus, 
for all k, 1 < k <n, ag(ai), a¢(a2), ..., @p(Gm) are distinct elements. Let 
fa(z) = (z—a)(x—az) --- (x—ay,). Then all roots of f.(z) are distinct and lie in 
F. Also, the factors of f,(z) are merely permuted by any a; of G(F/K). Thus, 
the coefficients of f.(z) remain unaltered by any a; € G(F/K). Therefore, 
fo(z) € K[z] since K = Ferpr/x). Hence, a = a; is a root of a separable 
polynomial f,(z) in K(z] and f,(x) splits over F. From this, it also follows 
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that for all 7, 1 <7 < n, u; is a root of a separable polynomial fy,(z) in 
K{z] and f.;(z) splits over F. Thus, all the roots of the polynomial f(z) = 
uy (©) Fup (@) +++ fu, (2) € K[z] are in F. Since F = K(uj, ue, ..., un) and each 
u; is a root of f(x), F is the splitting field of f(z) and so F/K is normal. 
Since each u;is a root of a separable polynomial over K, it follows that F/K 
is separable. Consequently, F'/K is normal and separable. 

(ii)=-(iii) Since F'/K is a finite separable extension, there exists a € F such 
that F = K(a). Now a is a root of a separable irreducible polynomial f(x) € 
K[z]. Since F/K is normal, f(x) splits over F. Thus, F' contains all roots of 
f(x). Hence, F is the splitting field of a separable polynomial f(x) € K[z]. 

(iii)=>(i) Suppose F is a splitting field of a separable polynomial f(r) € 
K|z]. Let m be the number of distinct roots of f(z) in F, but not in K. We 
prove the result by induction on m. If m = 0, then F = K and G(F/K) = {e}, 
where e€ is the identity automorphism of F. Hence, K = F = Foyr/x). Assume 
that the result holds for all field extensions S/T such that S is a splitting field 
of a separable polynomial g(x) € T |x| with g(x) having fewer than m > 1 roots 
outside of T. 

Let f(z) = pi(x)---pe(x), where each p;(x) is irreducible and separable 
in K[z]. Since m > 1, deg p;(x) > 1 for some 7. By renumbering if necessary, 
we may assume that 7 = 1, ie, degp)(z) = t > 1. Let a be a root of pi(z). 
Then {K(a) : K] = t. Since pi(x) is irreducible and separable, its roots a = 
@1,@9,...,a¢ are all distinct. Thus, there exist isomorphisms a, a,..., a such 
that aj : K(a) > K(a,) with a;,(a) = a; and the elements of K are fixed by aj, 
Since F is a splitting field of f(x) over both K(a) and K(a,), the isomorphism 
ai, can be extended to an automorphism a; of F, which maps a onto a; and 
fixes the elements of K,1=1,2,...,t. 

Suppose now that ¢ € Forr/x). Since f(x) has fewer than m roots outside 
K(a), K(a) = Fecr/K(a)) by our induction hypothesis. Since G(F/K(a)) ¢ 
G(F/K), ce Fo(F/K(a)) = K(a). Hence, 

c=kothat+t---+kh_ya}, kk; € K,i=0,1,...,t-1. 
Thus, 
a;(c) =c=ko +kyai+ et ky yalt, al Eee oe 
Therefore, 
g(x) = (ko —c) +a +--- +a? 


has t distinct roots a1, a2,...,a, in F. Since deg g(x) < t, g(x) must be the zero 
polynomial. Hence, kg — c= 0 or c= ko € K. Consequently, K = Feyr/x). 


Corollary 24.2.12 Let F/K be a finite extension. The following conditions 
are equivalent. 

(i) |G(F/K)| = [F : Ki. 

(ii) F/K is normal and separable. 
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Proof. Write G=G(F/K). 

(i)=>(ii)Now K C Fg C F and [F : K] = [F: Fe][Fe: K]. Also, [F : K] = 
|G(F/K)| = [F : Fa]. Hence, [Fg : K] = 1 and so Fg = K. Thus, F/K is 
normal and separable by Theorem 24.2.11. 

(ii)=>(i) Since F/K is normal and separable by Theorem 24.2.11, K = 
Foue/x). Hence, |G(F/K)| =[F : Fe] =[F: K]. 


We are now ready to present the one-one inclusion reversing correspondence 
between the intermediate fields of a Galois extension and the subgroups of its 
Galois group. 


Theorem 24.2.13 (The Fundamental Theorem of Galois Theory) Let 
F/K be a finite normal and separable field extension. Let G = G(F/K), 
F = {L | L is an intermediate field of F/K}, and S(G) be the set of all 
subgroups of G. Then the following properties hold. 

(i) K = Fe. 

(it) The mapping UV : F — S(G) defined by V(L) = G(F/L) for all L € F is 
a one-one correspondence. The mapping ® : S(G) — F defined by ®(H) = Fy 
for all H € S(G) is the inverse of UV. Also, for all L € F, [F : L| = |G(F/L)| 
and |L: K) =(G: G(F/L)). 7 

(iti) Let L, L' € F. Then L' CL tf and only if G(F/L') D G(F/L). In this 
case, [L: L'] = [G(F/L’) : G(F/L)]. 

(iv) Let L, L' € F. Let U(L) = H and U(L') = A’. Then there eristsa € G 
such that a(L) = L' if and only if aHaW} = H". 

(v) Let L€ F. Then L/K is a normal extension if and only if G(F/L) is 
a normal subgroup of G. In this case, 


G(L/K) ~ G(F/K)/G(F/L). 


Proof. (i) Immediate from Theorem 24.2.11. 

(ii) Clearly W is well defined. By Theorem 24.2.9, the mapping W is onto. 
Suppose G(F/L) = G(F/L’). Then Fecrjr) = Fecrzy- Since F/K is finite, 
normal, and separable, so is F/L for every intermediate field L of F/K. By 
(i), we have L = Fecryjz) = Focryi') = L’. Hence, the mapping W is one-one. 
From Theorems 24.2.9 and 24.2.11, it follows that ® is the inverse of UW. By 
Theorem 24.2.6, [F : L] = |G(F/L)|. That (L : K] = [G : G(F/L)] follows 
easily by Lagrange’s theorem and Theorem 21.1.20. 

(iii) Clearly L D L’ if and only if G(F/L’) > G(F/L). That [LZ : L’] = 
[G(F/L') : G(F/L)| follows by (ii) since F/L’ is normal. (Since V is one-one 
and onto S(G), we have L > L’ if and only if G(F/L) C G(F/L').) 

(iv) Suppose a(L) = L’. For any a’ € L’, we have a(a) =a’ for some a € L. 
Now for all 6 € H, B(a) =a. Therefore, a(G(a71(a’))) = a(B(a)) = a(a) =a’. 
Thus, ao Goa! € H' so that aHa! C H’. Now |H’'| =[F: L')=(F: Ll] = 
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|H| = |aHaW!|. Hence, aHa7! = H’. Conversely, suppose aHa7! = H’. 
Then for all a € L and for all 8 € H, a(B(a~!(a(a)))) = a(G(a)) = a(a). 
Thus, a(L) C Fy: = L' Now |H’| =|H|. Therefore, [F' : L] = (F: L'|, whence 
[a(L) : K] =[L: K] = [L’: K]. Consequently, a(L) = L’. 

(v) Since F'/K is separable, L/K is separable and so by Corollary 24.2.12, 
we have L/K normal if and only if |G(L/K)| = [LZ : K]. We now show that 
|G(L/K)| = [L : K] if and only if every isomorphism of L leaving K fixed is 
an automorphism of L/K. 

For any a € G, a determines an isomorphism of L leaving K fixed. On 
the other hand, if @ is an isomorphism of L leaving K fixed, then since L/K 
is normal, @ can be extended to an automorphism of F leaving K fixed by 
Theorem 21.2.10. 

Write H = G(F/L) and set m = [G : H]. Now by (ii), m = [L: K]. Let 
H = aH, aH, ..., &mH be the distinct cosets of H in G. For a € LE and 
B € H, (a; 9° B)(a) = a;(a) for each i since L = Fy. Thus, the elements of G 
in the same coset of H determine the same isomorphism of L. Conversely, if 
a(a) = a/(a) for all a € L, then a = (a7! 0 ’)(a) or a! 0a! € H 80 that 
a, o! determine the same coset of H in G. Therefore, the number of distinct 
isomorphisms of L fixing the elements of K is m= [G: H]. If |G(L/K)| =m, 
then every isomorphism of L fixing the elements of K must be an automorphism 
of L/K since every automorphism of ZL is an isomorphism of DL. Conversely, if 
every isomorphism of L fixing the elements of K is an automorphism of L, then 
|G(L/K)| is the number m of these isomorphisms. Hence, |G(L/K)| = [L: K] 
if and only if every isomorphism of L leaving the elements of K fixed is an 
automorphism of L/K, or L/K is normal if and only if every isomorphism of L 


leaving the elements of K fixed is an automorphism of L leaving the elements 
of K fixed. 

Now, every isomorphism of LD leaving the elements of K fixed is an auto- 
morphism if and only if a(L) = L for all a € G. By (iv), a(Z) = L for all 
a € G if and only if H = aHa™!, ie., if and only if H is normal in G. 

If L/K is normal, then the distinct automorphisms of L fixing the elements 
of K correspond uniquely to the cosets of H in G. This one-one correspondence 
is clearly an isomorphism of G(L/K) and G/H since for a,a’ € G, we have 
that aoa’ corresponds to (aH)(a’H) =aca'H.™ 


Let F'/K be a finite normal separable field extension and L be an interme- 
diate field of F/K. We have seen that F'/L is a normal extension, but L/K is 
not necessarily normal. The above result tells us when L/K is normal. 


Example 24.2.14 Let S be the splitting field of the irreducible polynomial 
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z® —2 over Q such that SC C. Now 


e—2 = (r— ¥2)(22 + ¥2r+ ¥4) 
= de a ae 


Thus, S = Q(x, M2 1+ V32), aes 1 — V3i)) = Q(W/2, V3) Now S/Q 
is normal and since (x? + ¥/2z + Vf) is irreducible over Q(¥V/2), [S : Q] = 6. 
Hence, |G(S/Q)| = 6. 

The automorphisms of G(S/Q) are completely determined by where they 
map */2 and /3i. The following table defines the group G(S/Q). Set rz = 


$2(_1 + VBi)and rz = 32 (-1— V3i). 


The sibseoupacc? C (S/O) are 
A, = {e,a}, Ho = {e, B}, Hs = {e,aBa}, Ha = {e, af, Ba}. 
Tieeoopesaniing Wiermedinte fells Gre 
Ly = Q(W2), Lo = Q(r3), Lz = Q(r2), La = Q(V31). 


By Example 4.3.2, Hj, 1 = 1, 2,3, is not normal in G(S/Q) so L;/Q is not 
normal, 1 = 1, 2,3. Now H4 is normal in G(S/Q) and so L4/K is normal. 


Let S be a splitting field over the field K for a polynomial f(z) in K[z]. 
Then we call G(S/K) the Galois group of the equation f(z) = 0 or the 
Galois group of the polynomial f(z). For any a € G(S/K) and for any 
root a of f(z) in S, 0 = a(f(a)) = f(a(a)). Thus, a(a) is a root of f(z) in 
S. Since a is a K-automorphism of S, distinct roots of f(z) map onto distinct 
roots. Hence, a acts like a permutation on the roots of G(S/K). Let 7, denote 
the permutation of the distinct roots of f(z) induced by a. Then the mapping 
a — Tq is an isomorphism of G(S/K) into S,, where f(z) has n distinct roots. 
Example 24.2.14 is one, where G(S/K) ~ 53 

Let K be a field of characteristic 4 3. Consider a cubic polynomial f(x) = 
x® + ax? + bz +c, where a,b,c € K. We eliminate the quadratic term by 
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substituting u — § for x. Then 


g(u) Ge) a ee 


= u3 — au? + Fu- ay tau ~ 2a *u+ 5 ~+bu- 46 


= one ee ee 


Hence, r is a root of g(u) if and only if r — § is a root of f(z). 


Now let f(z) = 2° + br +c € K[z]. Then f(z) is irreducible over K if and 
only if f(z) has no roots in K. Over a splitting field S of f(x) over K, we have 


f(z) = (@ — a1)(# ~ a2)(@ — a3), 


where a@1,a2,a3 € S. Thus, 


a, +a,+a3 = 0, 
aja2+a,;a3+a,a3 = |, 
—a\a2a3 = C 


Define the discriminant D of f(z) as follows: 
D = [(az — a1)(a3 — a1)(a3 — a2)]?. 


Let d = (a2 — a)(a3 — a1)(a3 — a2). Then any K-automorphism a of S$ = 
K (aj, @2,a3) leaves D fixed, i.e., a(D) = D since a(d) is either d or —d. An 
easy calculation shows that 


D = —4b8 — 27c?. 


Theorem 24.2.15 Let f(z) = 23 + br +c be an irreducible and separable 
polynomial over the field K. Let S be a splitting field of f(x) over K and G be 
the Galois group of f(z) over K. Then G ~ S3 if and only if D is not a square 
in K. If D is a square in K, then [S : K] =3. 


Proof. By the above discussion, D € K. Suppose d € K. Then a(d) = d 
for all a € G. Thus, no a can be an odd permutation. Hence, each a is 
in the alternating group Ag. Conversely, if a € Ag, then a(d) = d. Since 
f(z) is separable and irreducible, the roots of f(x) are distinct. Therefore, 
G 4 {e}. Thus, the above argument shows that G = A3 if and only if dé K. 
Consequently, G = 53 if and only if d ¢ K. Ifd € K, then G = A3 and |G| = 3 
and so [S : K] = 3 by the fundamental theorem of Galois theory. li 


Theorem 24.2.16 Let f(z) = 2° + b4 +c be an irreducible and separable 
polynomial over the field K. Let S be the splitting field of f(x) over K. Then 
S = K(VD,r) for any root r of f(z). 
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Proof. Now [K(r): K] =3. If S = K(r), then S = K(V/D,r). Suppose 
S > K(r). Then [S : K] = 6 and [S : K(r)] = 2. Since [S : K] = 6, G= 83, 
where G is the Galois group of f(x) over K and so d ¢ K. Since d is a root of 
x? — D over K, x* — D is irreducible over K. Since 2 and 3 are relatively prime, 


a” — D is irreducible over K(r). Thus, S = K(/D,r). 


Example 24.2.17 Consider the polynomial 23 —42+2€Q. Then x? —4a4+ 
2 is irreducible over Q by Eisenstein’s criterion. Now D = —4b® — 27c? = 
—4(—4)° — 27(2)? = 148. Thus, D is not a square in Q. Hence, the Galois 
group of z° ~— 4x +2 over Q is isomorphic to $3. S = Q(V148,7r), where r is 
any root of x? — 4x + 2. 


24.2.1 Worked-Out Exercises 
© Exercise 1 Let f(z) = 2” — 1 € Q[z]. Show that the Galois group of f(z) 


over Q is commutative. 


Solution: Let € = on where i” = —1. Then the roots of f(x) are 1, €, 
é°,...,€"-1. Clearly K = Q(€) is a splitting field of f(z). Let a, 8 € G(K/Q). 
Now a(€) and @(€) are roots of f(x). Hence, a(€) = €* and 6(€) = & for some 
k, j;1<k,j <n—-1. Now (ao B)(€) = &* = (Boa)(€). Let y € K. Then y = 
Vig ai! for some a; € Q, 1 <1 <n. Now (a0 B)(y) = (20 8)(G ag!) = 

PH (wo A) (ae!) = Tra (a0 B)(E) = L2G! ai€*!, Similarly, (80a)(y) = 
Say a€"', Therefore, ao 3 = 3 oa. Consequently, G(K/Q) is commutative. 


~ Exercise 2 (i) Find a primitive element for the extension Q(./2, V3) of Q. 
(ii) Find [Q(V/2, V3) : Q]. 
(iii) Show that Q(V/2, V3) is a splitting field of some polynomial f(z) 
over Q. 


(iv) Prove that Q(./2, V3) is a normal extension of Q. 
(v) If F = Q(V2, V3), find the group G(F/Q). 


Solution: (i) u = /2+V3 € Q(v2, V3). Thus, Q(/2+ V3) € Q(V2, V3). 
Now 2+ V3 € Q(V2+¥V3). Therefore, iwi € Q(V2+V3) andso /2—-V3 € 
Q(V2 + V3). Since V2 = 4(2V2) = 3((V2 + V3) + (V2 — V3), it follows 
that/2 € Q(V2 + V3). Again /3 = 5((V2 + V3) — (/2 — V3)) shows that 
V3 € Q(x/2 + V3). Thus, Q(V2, V3) C Q(v2 + V3). Hence, Q(V2 + V3) = 
Q(v2, v3). 

(ii) [Q(V2, V3) : Q] = [Q(vV2, V3) : Q(v2)|[Q(v2 ) : Q]. Now 2* — 2 is the 
minimal polynomial of Q(/2 ) over Q. Also, 2? — 3 is the minimal polynomial 
of Q(V/2 , V3) over Q(\/2) by Example 21.1.21. Hence, [(Q(V2, V3) : Q] = 
2°-2=4., 
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(iii) Let f(z) = (x? — 2)(2? — 3) = xt — 52? +6 € Q{z]. Since f(x) = (x + 
V2)(z — V2) («+ V3) (2 — V3), f(z) splits over Q(V2, V3). Thus, Q(V2, V3) 
is a splitting field of f(x) over Q. 

(iv) f(z) = (a? — 2)(x? — 3) is a separable polynomial over Q. Since 
Q(./2, V3) is the splitting field of f(z) by Theorem 24.2.11, it follows that 
Q(v2, V3) is a normal extension of Q. 

(v) By the fundamental theorem of Galois theory 24.2.13(i), we find that 
|G(F/Q)| = [F : Q] = 4. Now we know that Z, (the cyclic group of order 4) 
and Zz x Z2 (the Klein 4-group) are the only (up to isomorphism) groups of 
order 4. Hence, either G(F'/Q) ~ Z4 or G(F/Q) ~ Zz x Zo. If G(F/Q) ~ Za, 
then G(F/Q) has only one subgroup of order 2. Thus, by the fundamental 
theorem of Galois theory, there exists only one intermediate field L of F/Q 
such that [L : Q] = 2. But Q(./2) and Q(V3) are intermediate fields of F/Q 
such that [Q(/2) : Q] = 2 and [Q(V3) : Q] = 2. Hence, G(F/Q) # Za. 
Consequently, G(F/Q) ~ Zo x Zo. 


© Exercise 3 Let u be a complex number such that u 4 1 and u is a root of 


the polynomial z° — 1 € Q[z]. Show that G(Q(u)/Q) ~ Za. 


Solution: 2° — 1 = (x — 1)(24 + 2° + 2? +241). Hence, wu is a root of 
f(z) = 2¢+2°+27+2+4+1. By Worked-Out Exercise 1 (page 379), we find 
that f(z) is irreducible in Q[z]. From Theorem 24.3.3, Q(u) is a splitting field 
of f(x). Since all roots of f(x) are distinct, f(x) is a separable polynomial. 
Hence, Q(u) is a normal extension of Q. By Corollary 24.2.12, 


IG(Q(u)/Q)| = [Qtu) : Q] = 4. 


Now u,u?,u3,u* are the four distinct roots of f(x) and Q(u) = Q(u?) 
Q(u3) = Q(u*). Hence, there exists o € G(Q(u)/Q) such that o(u) = wu. 
Thus, 


I 


i) 


and 
6 


of(u)= o(u®) = vb =u. 
So we find that o, 0”, 0, and o4 are distinct and , o?, 0, a+ € G(Q(u)/Q). 
Therefore, G(Q(u)/Q) is a cyclic group of order 4. Consequently, G(Q(u)/Q) ~ 
Za. 


© Exercise 4 Show that the Galois group of the polynomial f(z) = 2° — 5 
over Q is isomorphic to S3. 
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Solution: Let w = st 3 Then w? = aa, Then u = 1/5, uw and 
uw” are the three distinct roots of f(x). Thus, the splitting field of f(z) over 
Q is Q(u, uw, uw?) = Q(u,w). Q is of characteristic 0. Hence, Q(u, w) is a 
normal extension of Q. Therefore, 


IG(Q(u, #)/Q)| = [Qtu, w ) : Q]. 


Now 
[Q(u, w) : Q] = [Q(u, w) : Q(u)|[Q(u) : Q]. 

The minimal polynomial of w over Q(u) is z?+24+1 and the minimal polynomial 
of u over Q is x° — 5. Consequently, [Q(u, w) : Q] = 2-3 = 6. Thus, we find 
that G(Q(u, w)/Q) is a group of order 6 which is (up to isomorphism) either 
Ze or S3. If G(Q(u,w)/Q) ~ Ze, then G(Q(u, w)/Q) has only one subgroup 
of order 2, i.e., G(Q(u, w)/Q) has only one subgroup of index 3. But Q(u, w) 
contains three distinct subfields Q(u), Q(uw), Q(uw?), 


[Q(u) : Q] = [Q(ww) : Q] = [Q(ww?) : Q] = 3. 
Hence, G(Q(u, w)/Q) 4 Ze. Consequently, G(Q(u, w)/Q) ~ $3. 


” Exercise 5 Let p be a prime integer and m be a positive integer. Find the 
Galois group of the polynomial f(x) = 2?” — x over Zp. 


Solution: The roots of f(x) over Zp form the Galois field, say, F with 
p™ elements. Now [F : Z,| = m and F is the splitting field of x?” — x over 
Zp (Theorem 23.1.2). By Theorem 22.1.12, Z, is perfect. Thus, F/Z, is a 
separable extension. Also, F is a normal extension of Z,. Hence, by Corollary 
24.2.12, we find that |G(F/Z,)| =m. Define o : F > F by o(a) =a?. Let a,b 
be two distinct elements of F. Then a(a) — o(b) = a? — bP = (a—b)P 4 0. 
Thus, o is one-one. Also, F' consists of a finite number of elements. Hence, o 
is also onto F. Now 


o(a+b) = (a+b)? =a? + BP =o(a)+0(8) 


and 
a(ab) = (ab)? = aP bP = o(a)o(b) 


for all a,b € F. Therefore, o is an automorphism of F. If a € Zp, then a? =a 
and hence o(a) = a. Thus, it follows that o ¢€ G(F/Z,). For any positive 
integer k, o* € G(F/Z,y) and o*(a) = a* for all a € F. Since every element of 
F is a root of 2?” —z, 0 (a) = a?” =a for alla € F. Hence, o™ is the identity 
element of G(F/Z,). Suppose for some r, 1 <r <_m, o7 =e. Then a? =a for 
all a € F. Thus, every element of F is a root of 2?” — x over Zp. Since xP — 2 
has at most p” roots, |F| <p” < p™, a contradiction. Consequently, o(0) = m 
and soG = (a). 
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& Exercise 6 Find the Galois group of the polynomial z+ — 2 over Q. 


Solution: From Eisenstein’s criterion, it follows that «4 — 2 is irreducible 
over Q. Now u = +/2 is a root of x4 — 2. Also, 


at —2 = (2 — Y2) (a + Y2)(@ +192) (2 — i 2). 


Hence, the splitting field of 24—2 is Q(V/2, —¥2, i¥/2, —i¥/2) = Q(W2, i¥/2) = 
Q(#2, i) = Qu, a). Now 


[Q(u, 4) = Q] = [Q(u,4) : Q(u)[Q(u) : Q). 


The minimal polynomial of u over Q is z+ ~— 2 and the minimal polynomial of 
i over Q(u) is z?7 +1. Thus, 


[Q(u,2) : Q)=2-4=8. 


Also, Q(u,1) is the splitting field of the separable polynomial x* — 2. Hence, 
Q(u,2) is a normal extension of Q. Therefore, by the fundamental theorem of 
Galois theory, it follows that |G(Q(u,7)/Q)| = 8. Now {1, 72, (#2), (./2)°, 
i, 1/2, i(0/2)?, i(+4/2)9} is a basis of (Q(u,2) over Q. Let a € Q(u,i). Then 


there exist ag, @), G2, @3, @4, @5, @g, and a7 in Q such that 
a=agt+ a} V2 + ao(v/2)? + a3(v2)° a a4t + asiw2 ate agi( 2)? + a7i(v2)3, 
If a € G(Q(u, t)/Q), then 


a(a) = ag + aya(¥2) + aga(W2)? + aga(¥/2)? + aga(i)+ 
asa(i)a(W/2) + aga(i)a( 72)? + azalija(¥72)'. 


Thus, a(a) will be known if we determine a(¥W2) and a(i). Since the minimal 
polynomial of ¥2 is c* — 2 € Q[z] and the minimal polynomial of 7 is z? +1 € 
Q[z], a(1/2) is a root of 24 — 2 and a(i) is a root of 2 +1. Hence, a(W2) is 
one of V2, —¥2, iv/2, —iW/2 and a(i) is one of i and —i. It now follows that 
G(Q(u, +)/Q) has eight elements. The eight elements of G(Q(u, 7)/Q) are 
given by the following table 


ao Oy a9 
72) 3/9 | 72, | ao 
Be weil ee, 


Now 


and 
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Consequently, agoag # ag oa. Therefore, we find that G(Q(u, 7)/Q) is a non- 
commutative group of order 8. Hence, G(Q(u, 7)/Q) ~ D4 or G(Q(u, 2)/Q) ~Qs. 
Now Qg has only one subgroup of index 4, but there are more than one inter- 
mediate field of Q(u,2)/Q of dimension 4 over Q, namely, Q(u) and Q(iu). 
Thus, G(Q(u, 7)/Q ~ Da. 


& Exercise 7 Find all proper subfields of Q(/2, V3). 


Solution: Let F = Q(V/2, V3). Then from Worked-Out Exercise 2 (page 
513), G(P/Q) ~ Ze x Zo. Now Z2 x Zz has only three nontrivial subgroups. 
Each of these subgroups is of index 2. Since Q(V/2), Q(V3), Q(/6) are inter- 
mediate fields of Q(/2, /3)/Q and [Q(V2) : Q] = (Q(V3) : Q] = (Q(V6) : 
Q] = 2, it follows that Q(V/2), Q(/3), and Q(./6) are the only intermediate 
fields of Q(/2, V3)/Q. Again Q is a subfield of F and Q has no proper sub- 


fields. Hence, Q, Q(V/2), Q(V/3), and Q(V6) are the only proper subfields of 
F. 


© Exercise 8 Find the Galois group of the field extension 


Qt Q. 


Find all subgroups of this group and find all corresponding intermediate 
fields in the above extension according to the fundamental theorem of 
Galois theory. 


Solution: Let F = Q(4/5, w), where w = a1tiv3 From Worked-Out 
Exercise 4 (page 514), we find that G(F/Q) ~ S 3. 53 has four nontrivial 
subgroups H, = fe, (1 2)}, He = {e, (1 3)}, Hs = fe, (2 3)}, and Hy = {e, (1 
2 3), (1 3 2)}. The index of Hy is 2. Hence, the corresponding subfield of Hy is 
QW). 

Again [S3 : H;| = [S3 : He] = [$3 : H3] = 3 and [Q(u) : Q] = [Q(uw) : Q] = 
[Q(uw?) : Q] = 3, where u = V5. Let ay = u, a2 = uw, and a3 = uw? and 
1 © ay, 2 © ag, and 3 + a3. Now 


(1 2) Qajy— ag 
ag— aj 
a3 — a3. 


Thus, the intermediate fieldrcorresponding to H, is Q(uw?). Similarly, the 
intermediate field corresponding to Ho is Q(uw) and the intermediate field 
corresponding to H3 is Q(u). 
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24.2.2 Exercises 


1. 


2. 


12. 


13. 


Find the Galois group of C/R. Illustrate the Galois correspondence. 


Find the degree of the following field extension F over Q, the smallest 
extension N of F' normal over Q, and the Galois group of N/Q. 

(i) F = Q(v2, 7). 

(i) F = Q(v2+ Y). 


2 


. Show that the Galois group of the polynomial (x? — 2)(z? — 3) over Q is 


isomorphic to Zg x Zo. 


. What are the possible degrees over Q of the splitting field of 2° + ax? + 


br +c € Q{z]? For each such degree, find an f(x) of degree 3 in Q[z] 
whose splitting field has this degree over Q. Can a field normal over Q 
be found in each case? 


. Find the Galois group G of the polynomial z* — z — 1 over Q. Determine 


all subgroups of G and find all corresponding subfields of the splitting 
field. Let a1, a2,a3 denote the roots of x3 — x —1. Determine Q(d), where 
d = (a2 — a1)(ag — a1) (ag — ag). 


. Find the Galois group G of the following polynomials over Q. 


(i) (2? — 3x + 1)?(x? — 2). 
(ii) ct +2? +1. 


. Show that the Galois group of the polynomial (x? — 2)(z3 — 3) over Q is 


isomorphic to $3 x Za. Find all subfields of the splitting field over Q. 


. Let F be a splitting field of a polynomial f(z) over a field K . Prove 


that the group G(F'/K) is isomorphic to a group of permutations of the 
distinct roots of f(z). 


. Find the Galois group of f(z) = 0 over the field Q, where f(x) = x3 —7. 
. Find all intermediate fields of Q(i, /7)/Q. 


. Show that the Galois group of the polynomial equation x3 — 2 = 0 is 


isomorphic to that of z* — 3 = 0 over Q. 
Let F = Q(V2, V5, V7). Find the order of G(F/Q). 


Let F = Q(V3, V11). Find the subgroups of the group G(F/Q). Find 
the corresponding intermediate fields. Find all normal extensions of Q 
in F. 
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14. Let F be a finite field of characteristic p and [F : Z,] = n. Show that 
F/Z, is a Galois extension and G(F/Z,) is a cyclic group of order n. 


15. Let F be a finite field of characteristic p. Let [F : Z,] =n. Show that for 
every positive divisor m of n, F has a unique subfield S' of p™ elements. 
Also, show that F'/S is a Galois extension and G(F'/S) is a cyclic group 


of order =. 
™m 


24.3 Roots of Unity and Cyclotomic Polynomials 


In Gauss’s epoch-making work Disquistiones Arithmeticae, Gauss showed that 
the cyclotomic equation x” — 1 = 0 is solvable for every n in the sense that 
the solutions are expressible in terms of radicals. He not only gave a method 
for finding these expressions, but also determined the values of n for which the 
solutions are expressible in quadratic radicals and in so doing he determined 
the values of n for which it is possible to construct a regular n-gon by means 
of ruler and compass. 


Definition 24.3.1 Let F be any field and n be a positive integer. Let w € F. 
Then w is called an nth root of unity if w” = 1. w is called a primitive nth 
root of unity ifw" = 1 andw” £1 for allm,1<m<n. 


Let F be a field and n be a positive integer. Let w € F be an nth root 
of unity. Suppose the characteristic of F is p > 0 and pin. Then n = p*m for 
some positive integer k and m such that gced(p,m) = 1. Thus, (w™ — 1)" = 
wm fp a=u™-1=0. Hence, w™ — 1 = 0 and so w is also an mth root of 
unity. 


Theorem 24.3.2 Let K be a field and n be a positive integer. Suppose the 
characteristic of K does not divide n. Let G be the set of all nth roots of unity 
in K. Then G is a cyclic group and |G| divides n. If x” — 1 splits into linear 
factors in K[z], then |G| =n. 


Proof. Since 1 € G, G # ¢. Let a,b € G. Then (ab7!)” = a®(b7!)” = 1. 
Therefore, ab-! € G. Hence, G is a subgroup of the multiplicative group 
K* = K\{0}. Since f(x) = z” —1 € K{a] has at most n roots in K, G is 
finite. Thus, by Theorem 23.1.5, G is cyclic. Let F be the splitting field of 
f(x) over K. Since the characteristic of K does not divide n, f’(z) = nz"! 4 0. 
Consequently, all roots of f(z) are simple by Theorem 22.1.4. Thus, f(z) has 
n distinct roots in F. Let T be the set of all roots of f(x) in F. Clearly T’ is 
a group, G C T C F\{0}, G is a subgroup of T, and |T| = n. Since G is a 
subgroup of T, |G| divides |T'| = n. Suppose f(z) splits into linear factors in 
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K{z]. Then F = K and so G=T. Hence, |G| = 7. Hl 


Let G, K, and n be as in Theorem 24.3.2. Let G = (w) with |G] = n. 
Then o(w) = n. Hence, w is a primitive nth root of unity. Conversely, if w 
is a primitive nth root of unity, then w € G, w” = 1, and w™ # 1 for all 
m, 1<m<n. Hence, w is of order n and so G = (w). Thus, w is a primitive 
nth root of unity if and only if G = (w) if and only if o(w) =n. 


Theorem 24.3.3 Let n be any positive integer and K be a field. 

(i) There exists a finite field extension F/K such that F contains a primitive 
nth root of unity if and only if the characteristic of K does not divide n. (Zero 
is not a divisor of n.) 

(it) Suppose the characteristic of K does not divide n. Let w be a primitive 
nth root of unity over K. Then K(w) is the splitting field of f(x) = 2” — 
1 € K[z], f(x) has n distinct roots in K(w), and the roots of f(x) form a 
multiplicative cyclic group H such that H is generated by any primitive nth 
root of unity in K(w). 


Proof. (i) Suppose the characteristic of A does not divide n. Let f(z) = 
az” —1€ K{z]. Then f’(x) = nz"“! ¥ 0. Hence, all roots of f(x) are simple by 
Theorem 22.1.4. Thus, f(x) has n distinct roots in some splitting field. Let F 
be the splitting field of f(x) over K. Then F'/K is a finite extension. Let H be 
the set of all nth roots of unity in F. Then by Theorem 24.3.2, H is a cyclic 
group of order n. Let H = (w). Then w € F and o(w) = n. Therefore, w is a 
primitive nth root of unity in F. 

Conversely, let w be a primitive nth root of unity in a finite field extension 
F/K. Then 1, w, w?, ..., w"~! € F and these are all n distinct roots of f(z). 
Since deg f(z) = n, f(z) has at most n roots. Thus, all roots of f(x) are 
simple. Hence, f’(z) = nz”—! 4 0. Consequently, the characteristic of K does 
not divide n. 

Gi) By (i), there exists a finite field extension F/K such that F contains 
a primitive nth root of unity, say, w. Since w is a primitive nth root of unity, 
1w,w?,...,w"! are all distinct elements and are roots of f(z) = z"—1eé 
K{z]. Thus, f(z) has n distinct roots in K(w). Hence, K(w) is a splitting field 
of f(z). By Theorem 24.3.2, the roots of f(z) form a multiplicative cyclic group 
Hf of order n. Since the multiplicative order of a primitive nth root of unity is 
n, H is generated by any primitive nth root of unity. 


Definition 24.3.4 Let n be a positive integer and K be a field whose charac- 
teristic does not divide n. Let {w,,w,...,Wm} be the set of all primitive nth 
roots of unity in the splitting field F of x” —1 over K. The polynomial 


®, (x) = (gz —w1)+-: (2 — wm) € Fla] 
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is called the nth cyclotomic polynomial over K and F/K is called the nth 
cyclotomic extension. 


In the following theorem, we describe some important properties of cyclo- 
tomic polynomials. 


Theorem 24.3.5 Let n be a positive integer and K be a field such that the 
characteristic of K does not divide n. Let n(x) be the nth cyclotomic poly- 
nomial over Kk. Then the following assertions hold. 

(i) 2” ~1=T[lain, a>0 Pa(2). 

(ii) If P is the prime subfield of K, then ®,(x) € Plz]. 

(iii) deg ©, (rz) = P(n). 


Proof. (i) Let w bea primitive nth root of unity over K. Then K(w) is the 
splitting field of <” —1 € K[z] and all nth roots of unity form a multiplicative 
cyclic group G of order n. Let d be a positive integer such that dln. Let Gy = 
{a €G | o(a) = d}. Then {Gq | d > 0 and d|n} forms a partition of G. Clearly 
for any positive divisor d of n, G contains all dth roots of unity and Gz contains 
all primitive dth roots of unity. Hence, 


Iloec (x ry w) 
Tain, d>0 Toec, (x ~ w) 
Tlain, aso Ga(z). 


2” —] 


HT 


(ii) Now ®,(x) = TJuce, (e¥ — w), where G,, is as defined in (i). We prove 
the result by induction on n. Ifn = 1, then ®,(r) = 2—1 € P[z]. Suppose the 
result is true for all positive integers k, 1 < k <n. Then for all 1 <d <n, d|n, 
4(x) € P[x]. Hence, 


fz)= [J] Galax) € Plz}. 
d|n, 1<d<n 
By (i), 


a I] @a(xz) = f(x)®, (2) € K[z}. 
din, d>0 


Now z” — 1 € Plz] and f(z) is monic. By the division algorithm, there exist 
q(x), r(z) € Plz] C K[z] such that 


2” —1= q(x) f(x) +r(2), 


where either r(z) = 0 or degr(z) < deg f(x). Hence, by the uniqueness of 
quotients and remainder in K[z], r(r) = 0 and ©,(z) = q(x) € P[z]. 
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(iti) 
deg ®,,(z) = number of distinct primitive nth roots of unity 


= number of distinct elements of G of order n 
= number of generators of G 


= ¢(n). ml 


We now examine cyclotomic polynomials over Q. Suppose that w is a com- 
plex root of unity. Then for some positive integer n, |w|” = |w™| = 1. Hence, 
|\w| = 1 and so w lies on the unit circle in the complex plane. Also, w must 
be of the form eet = cos eat +izsin Bue for some integer k, 0 <k <n. Thus, 
there are exactly n nth roots of unity. These roots of unity divide the unit 


circle into n equal arcs, from which we get the word “cyclotomy.” 


Theorem 24.3.6 Letw € C be a primitive nth root of unity over Q. Let $,(zx) 
be the nth cyclotomic polynomial over Q. Then the following assertions hold. 
(i) ®,(z) € Zz]. 
(ii) ®, (x) is irreducible over Q. 
(iii) [Q(w) : Q] = 4(n). 
(0) G(Q(w)/Q) Un. 


Proof. (i) We prove the result by induction on n. If n = 1, then ®,(z) = 
xz — 1 € Z[z]. Suppose the result is true for all positive integers k, 1 <k <n. 
Then for all 1 <d<n, d|n, g(x) € Zz]. Hence, 


f(c)= J] a(x) ¢ Zz). 


din, l<d<n 


By Theorem 24.3.5(i), 


2° .= I] ®a(z) = f(x) ®n(x) € QIz]. 


d|n, d>0 


Now x2" — 1 € Z[z] and f(x) is monic. By the division algorithm, there exist 
q(x), r(z) € Z[z] C Q|z] such that 


x" —1=q(a) f(z) +r(2), 


where either r(z) = O or degr(z) < deg f(x). Hence, by the uniqueness of 
quotients and remainder in Q[z], r(x) = 0 and ®,(z) = q(z) € Z[z]. 

(ii) By Lemma 16.2.8, it is sufficient to show that ©,,(x) is irreducible over 
Z. Suppose f(x) € Z[z] is an irreducible factor of ®, (x). Let ®, (x) = f(x)h(z) 
for some h(x) € Z[z]. Since ®,(xr) is monic, both f(x) and h(x) can be taken 
to be monic. Let w be a root of f(x). Then w is also a root of ®,(r) and 
hence w is a primitive nth root of unity. Let p be a prime such that p does 
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not divide n. Then ged(p,n) = 1. Hence, w? is also a generator of G, where G 
is the multiplicative cyclic group of all nth roots of unity. Thus, w? is also a 
primitive nth root of unity. We now claim that w? is also a root of f(z). 

Suppose w? is not a root of f(x). Since w? is a root of &,(x), w? is a root 
of h(x). Therefore, w is a root of h({z?). Since f(z) is irreducible over Z and 
hence over Q and w is a root of f(x), f(x)|h(z?) by Corollary 21.1.9. Hence, 
h(a?) = f(z)g(z) for some g(x) € Q[z]. Since f(x), h(x?) € Zz], we can 
conclude that g(x) € Z[z] by using the division algorithm (as in (i)). For 
t(x) € Z[z], let t(z) be the corresponding polynomial in Z,[z], ie., if a € Z is 
a coefficient of t(z), then [a] € Z, is a corresponding coefficient of t(x). Since 
the characteristic of Z, is p, h(a?) = (h(x))?. Thus, 


(h(a))? = h(a?) = f(x) g(z). 


Hence, f(z) and h(x) have a common irreducible factor. Now 


®,(z) = f(x) h(z) 


and ®,(z)|(z” — 1). Therefore, z” — [1] € Z,[z] has a multiple root. Let a be 
a multiple root of ¢(z) = 2” — [1]. Then ¢’/(a) = via”! = 0. Since p does not 
divide n, [n]a”~! = 0 implies that a®~! = [0] and so a = [0]. But [0] is not 
a root of x” — [1], which gives the desired contradiction. Thus, w? is also a 
root of f(z). By induction, we can show that w?” is also a root for any positive 
integer r. By induction, we can also show that wPi'P* is also a root of f(z), 
where the p,’s are distinct primes such that p; does not divide n and the 7; are 
positive integers. From this, it follows that for all k, 1 <k <n, ged(k,n) =1, 


w* is a root of f(x). Since 


{wk |1<k<n, ged(k,n) = 1} 


is the set of all primitive nth roots of unity, every primitive nth root of unity 
is a root of f(x). Hence, ®,(r) = f(x) and so ®,,(z) is irreducible over Z. 

(iii) Clearly Q(w)/Q is a finite normal separable extension. Thus, by Corol- 
lary 24.2.12 and Theorem 24.3.5, 


IG(Q)/Q)| = [Q(w) : Q] = gn). 


(iv) Now for any o € G(Q(w)/Q), o(w) is a primitive nth root of unity. 
Hence, o(w) = w% for some d, 1 < d < n, and ged(d,n) = 1. Also, o is 
determined if o(w) is determined. We denote this o by og. It can be easily 
verified that if c,d are integers such that 1 < c,d < n, gcd(c,n) = 1, and 
gcd(d,n) = 1, then o.g = o¢ 0 og. Define 


W : U, > G(Q(w)/Q) 
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by W((d]) = og. Then W is one-one function from U, onto G(Q(w)/Q). Let 
[c], [d] € Un. Then cd = qn +r for some integers g andr, 0 <r < n. Then 
[ed] = [r] and o¢q(w) = w% = wt? = WwW" =0,(w). Therefore, o.g = or. Thus, 
W([el[d]) = U([ed]) = W([r]) = or = cg = Fe Og = U([e]) 0 U([d]). Hence, W is 


a homomorphism. Consequently, 


G(QWw)/Q) ~U,. a 


Corollary 24.3.7 Let n be a positive integer. Then for every positive divisor 
m. of n, 
zs" —1 


gm — ] 


€ Zz}. 


Proof. By Theorem 24.3.5, 
ze —i= II a(x), 


d|n, d>0 


where ®q(z) is the dth cyclotomic polynomial over Q. Let m be a positive 
divisor of n. Then 


z°—-1 = Tlain, ao Pa(z) 
= Tain, d>m ®,(z) ‘ Ilstm, s>0 ©,(z) 
= (2”—1) Tain, com Pa(Z). 
Hence, 
ae 


aa Il ®q(z). 


d|n, d>m 


By Theorem 24.3.6, ®g(z) € Z[z] for every positive integer d. Thus, 


xz” —l 
em —] 


= I] ®a(x) € Z[z]. 


d|n, d>m 


Corollary 24.3.8 Let n be a positive integer. Then for every proper posi- 
tive divisor m of n, ®,(x) divides 2=1, where ®,(x) is the nth cyclotomic 
polynomial over Q. 


Proof. As in the proof of Corollary 24.3.7, 


Hence, 
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Thus, ®,(z) divides ==. & 


cm™—1° 


We now remove the assumption of commutativity in Theorem 10.1.23 as 
promised. 


Theorem 24.3.9 (Wedderburn) A nontrivial finite ring D without zero di- 
visors is a field. 


Proof. We have already seen in Corollary 10.1.24 that a finite integral 
domain is a field. Hence, it suffices to prove that D is a commutative ring. 
Since D is finite, D has prime characteristic p and contains Z,. Set F = {a | 
a € D,ad = da for all d € D}. Now 0,1 € F'so that F # ¢. Let a,b € F. Then 
(a — b)\d = ad — bd = da — db = d(a — Bb) for alld € F. Thus, a—6 € F. For 
b #0, (ab-1)d = a(b“'d) = a(db“!) = d(ab™!) for all d € F since from bd = db, 
we can obtain db~! = b—!d by multiplying on the left and right by b~!. Hence, 
ab-! € F so that since F is clearly commutative, F is a field in D. Now D is 
a vector space over F of finite dimension, say, n. Let q denote the number of 
elements in F. Then D has g” elements and the multiplicative group G of D 
has q” — 1 elements. 

Suppose n > 1. We shall obtain a contradiction. For any g € G, g ¢ F, 
we set D, = {d | d € D,dg = gd}. Then as above D, is a division ring and 
clearly D, 2 F. Since D is also a vector space over D,, we have that D, 
contains q? elements for some positive integer d, which must divide n. Thus, 
the multiplicative group G, of Dg has order g4 — 1. Now Gy is the normalizer 
of g in G and hence the number of conjugates of g in G is the index a of 
Gy, in G. Decomposing G into conjugacy classes, we thus obtain 


n gq’ —1 
q Ste dt 


where the sum is taken over a finite set of proper divisors d; of n. Let ®n(z) 
be the nth cyclotomic polynomial over Q. By Corollary 24.3.8, ®,(z) divides 
a1. Also, by Corollary 24.3.7, aT € Z[z]. Thus, ®,(g) is an integer divid- 
ing g” — 1 and all the Aa and so also dividing g—1. But ®,(g) = [](¢-»;) 
and so we obtain 


IPn(9)| = T[l@-4)| >¢-1 


since |q —w;| > q—1> 1 for all j and since q > 2. But this is contrary to the 
statement that ®,(q) divides q— 1. Hence, n =1 andso D=F. 


24.3.1 Worked-Out Exercises 


© Exercise 1 Let w be a primitive eighth root of unity over Q. Describe 
g(r). 
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Solution: By Theorem 24.3.5, 
x — 1 = 01 (r)@o(x)O4(z)Hg(z). 
Thus, 


_ (28 -1) 
Pal) = & a) Sa@) Bala) 


Now (2) =z —1, &o(z) =2+1 and 64(xr) = x? +1. Hence, 
_ (28 - 1) _ 4 
a= (x —1)(x + 1)\(2?2 +1) ~ aes 


© Exercise 2 Let n be a positive integer and w be a primitive nth root of 
unity over Q. Show that 


1 
(Qe +4): q)= 9. 
Solution: By Theorem 24.3.6, [Q(w) : Q] = ¢(n). Now QC Q(ww+4)C 
Q(w). Therefore, 


Q)  Q] = (Q&): Qw+ =lQw+ +): Q} (24.9) 


G(Qw)/Qw + 3))| = 1Q&) : QW +t B)]. Now 


G(Q(WW)/QW + =)) ¢ C(QW)/Q). 


Let o € G(Q(w)/Q). Since o(w) is a primitive nth root of unity, o(w) = 
w?, where 1 < d < n and gcd(d,n) = 1. If d = 1, then a is pee identity 
automorphism. Suppose d # 1. sie Suppor a € G(Q Aw )/QWw + 4)). Then 
o(Ww+2)=w+ d. Hence, wf + | =o(wt+ 3)=w+ 4. From this, “it follows 
eee ee w=). Thus, w(w a 1_jj= ae Since 
wt-t 140, wt! = 1. Hence, n = oe 1 since o(w) = n. Thus, ae =m. 
Therefore, the only elements of G(Q(w)/Q) which fix each element of Q(w+ +) 
are the identity automorphism and the automorphism o given by o(w) = w”~1. 
Consequently, 


(Q&): Q& ++) = |G(Qu)/Qw+ =) = 
Now [Q(w) : Q} = ¢(n). Hence, from Eq. (24.9), it now follows that 


Qw+4):q=. 
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© Exercise 3 Let K be a field of characteristic 0 and n be a positive integer. 
Let w be a primitive nth root of unity in some field extension of kK. Show 
that 
(i) K(w)/K is a normal extension and 


(ii) GK (w)/K) is commutative. 


Solution: (i) By Theorem 24.3.3, K(w) is the splitting field of r* -—1 € 
K[z]. Hence, by Theorem 24.1.3, K(w)/K is a normal extension. 

(ii) Since the characteristic of K is 0, K(w)/K is separable. Since K(w)/K 
is also a normal extension, it follows that K(w)/K is a Galois extension. Let 
a, B € G(K(w)/K). Now a(w) and G(w) are roots of x" — 1. Thus, a(w) = w* 
and B(w) =u” for some i and j. Clearly (a 0 8)(w) = (Go a)(w). From this, it 
follows that ao G = Goa. Therefore, G(K(w)/K) is commutative. 


24.3.2 Exercises 
1. Find the Galois group of f(z) = 2? —z+1 over Q. 
2. Show that the Galois groups of r4—1 and z?—z+1 over Q are isomorphic. 


3. Let p be a prime and ®,(z) be the pth cyclotomic polynomial over Q. 
Show that 
®,(z) =1l+a2+---+2?71. 


4, Let n be a positive prime. Show that ®2,(r) = @,(—2), where ®,,(z) is 
the nth cyclotomic polynomial over Q. 


5. Let n be a positive integer. Let p be a prime such that p does not divide 
n. Show that 

&,, (x?) 

®,(z) ’ 

where ®,,(z) and ®,(z) are the pnth and nth cyclotomic polynomials 

over Q, respectively. 


Pon (x) = 


6. Find a polynomial irreducible over GF'(3) having a primitive eighth root 
of unity as one of its roots in GF(9). 


7. Let K be a field of characteristic 0. Let 0 4 a € K and f(z) = 2” —a, 
where n is a positive integer. Let F/K be a field extension such that 
f(z) splits over F. Show that F' contains a primitive nth root of unity. 


8. Let m and n be relatively prime positive integers. 


(i) Show that the splitting field of 2" — 1 over Q is the same as the 
splitting field of (2 — 1)(z” — 1) over Q. 


(ii) From (i), deduce that (mn) = ¢(m)¢(n). 
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9. Let m and n be relatively prime positive integers. Let w,, and wy, be the 
primitive mth and nth roots of unity, respectively. Show that Q(wm,) M 


Q(vn) = Q. 


10. Let & be a field with characteristic not dividing n and F be the splitting 
field of z” — 1 over K. Prove that F' contains exactly ¢(n) primitive nth 
roots of unity, where ¢ is the Euler ¢-function. 


11. Let n be a positive integer, K be a field containing all nth roots of unity, 
and 0 #a € K. Let F be the splitting field of f(z) = 2" —a € K [a] and 
b be a root of f(z). 


(i) Show that F = K(b). 
(ii) Show that the Galois group G(F/K) is commutative. 


24.4 Solvability of Polynomials by Radicals 


The reader is familiar with the quadratic formula, which says that the roots of 
the polynomial z? + bz +c are 


~ 


—b+/b? — de 
5 . 


The only restriction is that the field of which b and c are elements is not of 
characteristic 2. 

By choosing cube roots correctly, the roots of the cubic polynomial 2? + 
br? + cx +d are 


— 3, 
ws + wt — ‘ 
ws + wt — 3) 


— Ssi=q_ fe 
t 2 ot E> 
ies 2 
p —_ ae o] 
_ 203 * be 
q a7 — 3 ta 


The field containing }, c,d is not of characteristic 2 or 3. 

In a similar manner, there exists a formula for the roots of a quartic poly- 
nomial. This formula is also given in terms of combinations of radicals of ra- 
tional functions of the coefficients. Abel showed that no such general formula 
can be given for the roots of fifth degree or higher degree polynomials. This 
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does not mean that no such formula exists for certain polynomials of degree 
5 or larger. Evariste Galois determined exactly for which polynomials such a 
formula exists. Galois’s theory, polished by Emil Artin, is considered to be one 
of the most profound and beautiful works in the history of mathematics. 

Consider the cubic polynomial z° + br? + cx + d over a field K of charac- 
teristic not equal to 2 or 3 and consider the chain of fields 


K CK(u) ¢ Ku, {/-3 +u) CK(u, JS +a, J-3-w cr, 
where u = Je + v and F = K(u, #/-2 + u, ¢/—4% — u),w). Then F contains 


the roots of the polynomial r?+bz?+cr+d. Also, tu are roots of the polynomial 
z*—u*, #/-2 + wis a root of r35—(—4+u), 3/—$ — wis a root of r?>—(—3-u), 
and w is aroot of c°—1. That is, F contains the splitting field of z?+br?+cr+d 
over K and F is obtained by successive adjunction of roots of a polynomial of 
the form x” —a. In this sense, we mean that 2° + ba? + cx +d is solvable by 
radicals. 


Definition 24.4.1 A finite field extension F/K is called an extension by 
radicals (or radical extension) if there exists a finite chain of fields 


K=KjoCK,C::-CkK,=F (24.10) 


such that K; = Ki_-1(ri), where r; ts a root of x — a;, a; € Ki-1, for some 
positive integer n; (t= 1,2, ...,m). The polynomial f(r) € K[z] (or the equa- 
tion f(x) = 0) is called solvable by radicals if its splitting field is contained 
in an extension by radicals of K. 


A chain of fields like that in (24.10) is called a root tower. 

A question immediately comes to mind. If a polynomial is solvable by 
radicals, is its splitting field automatically a radical extension? The answer 
to this question is “no.” Let f(r) = 2° — 4x + 2. Since deg f(x) = 3, f(z) is 
solvable by radicals over Q. Now f(0) > 0 and f(1) < 0. Hence, the graph of 
f(x) must cross the z-axis three times. Thus, f(z) has three real roots. Hence, 
a splitting field F of f(x) over Q lies in R. We will not show it here, but F is 
not a radical extension since [F' : Q] is not a power of 2. The interested reader 
may find the details worked out in Isaacs. 

The following is immediate from the definition of an extension by radicals. 


Lemma 24.4.2 Let K CLC F be a chain of fields such that L/K and F/L 
are radical extensions. Then F/K is a radical extension. 


Theorem 24.4.3 Let K be a field of characteristic 0 and F/K be an extension 
by radicals. Let K = Ky C Ky © --- COC Ky, = F be the chain of intermediate 
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fields such that K; = Ki_-i(r:), where r; is a root of c™ — a;, a; € Ki_-1, for 
some positive integer n; (t = 1,2,...,m). Then there ezists a finite chain of 
fields 

K=F CHC: Chra=E 
such that F;/K is a normal radical extension, x™ — a; splits over F;, and 


K; CF; for alli, 1 <i<m. 


Proof. Let Fo = K. Suppose we have constructed a chain of fields 
K=Fo CRMC: CF 


such that F;/K is a normal radical extension, 2 — a, splits over Fj, K; C Fj 
for all j, 1 <j <i. Let G = G(F,/K) = {e = 0}, 09,...,05}. Now riz, is a 
root of c™+1 — ai41 € K;{z] C Fi[z]. Hence, ieee = aj41 € F;. Consider the 
polynomial 


g(z) = (21 — 0 (ai41))(2™4* — o2(aiz1))--- (2°? — 0 (ai41)) € lz]. 
Now —(01(ai41)+ +++ +0s(@:41)), 
(01(@i+1))(72(@it1)) + (01 (as41)) (03 (@s41)) + +++ + (Fs—1(4i41)) (Fs (Gi41)),» +5 


(—1)* (91 (ai41))(o2(ai41)) +++ (os(aj41)) are the coefficients of g(x), each of 
which is fixed under g1,...,¢5. Since K is the fixed field of G(F,/K), g(x) € 
K{z]. Let Fii1 be a splitting field of g(x) over F;. Then by Worked-Out Ex- 
ercise 3 (page 502), Fi41/K is a normal extension. Consider the polynomial 
z™+1 — 91 (ai41) € Fi[z]. Let c1,co,...,¢n,,, be the roots of z+! — 01 (a;41). 
Then en € Fy, 1 <7 <nj41. Thus, we have a chain of fields 


Fy Cc F;(c1) Cc F;(c1, ¢2) Cc ergs Cc Fe Cie iCanG) bea Fy. 


Clearly Fj, is a radical extension of F;. Similarly, we can obtain a radical 
extension Fi2/F;, by adjoining the roots of the polynomial 


(2™*> — o2(ai41)) € Fi[z] C Falz]. 
Continuing like this, we obtain a chain of fields 
FiO Fa © Fo © ++ O Bis = Fig, 


such that Fj 441 is a radical extension of Fj, obtained by adjoining roots of the 
polynomial (2™+! ~ o441(ai41)). By Lemma 24.4.2, Fj, is a radical extension 
of F; and hence of K. Since ri41 is a root of g(r), rig1 € Fi4i, and hence 
Kia. = Ki(rigi) C Fi(rizi) C Fi41. Therefore, we have a chain of fields 


Joa iG C Fy Gr -G FC Bia 
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such that F;/K is a normal radical extension, 2” — a, splits over Fy Ry Gore 
for all 7,1 < 7 <1+1. Proceeding as above we obtain a finite chain of fields 


such that F;/K is a normal radical extension, x”! — a; splits over F;, and 


K, CF; for alli, 1 <i <m. 0 


The following corollary is immediate from Theorem 24.4.3 


Corollary 24.4.4 Let K be a field of characteristic 0. Let F/K be an extension 
by radicals. Let K = Ky C Ki C--- COC Ky, = F be the chain of intermediate 
fields such that K; = Ki_1(ri), where ry is a root of x” —a;, a; € Ky, for 
some positive integer nj (i =1,2,...,m). Then there exists a root tower 


K=Fo CH C:--CR,=£ 
such that K CF CE and E/K is a normal extension. 


Theorem 24.4.5 Let K be a field of characteristic 0. Let F/K be a normal 
radical extension with root tower 


K=KyC Ki C.-C Km =F 


such that K; = Kj-1(ri), where r; is a root of z™ —a;, a; € Ki-1 for some 
ny (i= 1,2,..., m). Letn =nine---nm. Suppose K contains all nth roots of 
unity. Then G(F/K) is a solvable group. 


Proof. Now for alli, 1<%i<m, K; contains all n;4)th roots of unity. Let 
1 =u}, w2,..., Wn,4, be the distinct nj41th roots of unity. Then rj41 = ri4141, 
Ti+1W2, +++) Tit1Wn,,, are the distinct nj41 roots of e+! — a4, € K;j[z] and 
clearly all these roots are in Ki4, = Ki(ri41). Hence, Ki+, is the splitting field 
in F of x™+1 — a,4; over K;. Thus, G(Kj41/K;) is a commutative group by 
Exercise 11 (page 528). Let G; = G(F'/K;). Then each G; is a subgroup of Go 
and we have the chain of subgroups 


65S Ci Di DE Se), 
By the fundamental theorem of Galois theory, 
G(Ki4i/Ki) ~ GF/K;)/G(F/ Kasi) = Gi/Gisr- 
Thus, G;/Gi+1 is a commutative group. Hence, Go = G(F’/K) is solvable. HH 


Theorem 24.4.6 Let K be a field of characteristic 0 and f(x) be a polynomial 
in K[a]. If f(x) is solvable by radicals, then the Galois group of f(z) over K 
is solvable. 
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Proof. Let £ be the splitting field of f(z) over K. Let F/K be a radical 
extension with root tower 


K=kKjpCKiC:::CKn=F 


such that K; = Kj_1(r;i), where r; is a root of z™ — a;, a; € K;_ for some 
positive integer n; (i = 1,2,...,m) and E C F. By Corollary 24.4.4, we may 
assume that F’/K is a normal extension. Let n = nyn2---Nm. 

Suppose K contains all nth roots of unity. Then G(F/K) is solvable by 
Theorem 24.4.5. Clearly E/K is a normal separable extension. Hence, by the 
fundamental theorem of Galois theory, G(F'/£) is a normal subgroup and 


G(E/K) ~ G(F/K)/G(F/E). 


Thus, G(E£/K) is a homomorphic image of a solvable group. Hence, G(E/K) 
is solvable. 

Now suppose K does not contain all nth roots of unity. Let w be a primitive 
nth root of unity over K. Let K’ = K(w). Then K'/K is a normal extension 
and K’ contains all nth roots of unity and G(K’/K) is commutative by Worked- 
Out Exercise 3 (page 527). Thus, G(K’/K) is solvable. Suppose w ¢ F. Let 
F’ = F(w). Then F’/F is a normal extension and F” is a splitting field of 
xz” —1 € Ka] over F. Hence, by Worked-Out Exercise 3 (page 502), F’/K is 
a normal extension. Clearly 


K=KoC Ki C::-CK,=FCF 


is a root tower and so F’/K is a radical extension. Also, FE C F C F". 
Therefore, we may assume that w € F. Now F'/K’ is a normal extension since 
F/K is a normal extension. Also, 


K'=KjCK,¢-.-CK, =F 
is a root tower such that K} = Kj_,(ri), where r; is a root of 2% ~ aj, a; € 
Kj_-1 C Kj_, for some n; (¢ = 1,2, ..., m). Consequently, by Theorem 24.4.5, 
G(F'/K") is solvable. By the fundamental theorem of Galois theory, 


G(K'/K) ~ G(F/K)/G(F/K’). 
Hence, G(F'/K) is solvable. As in the previous case, G(E/K) is solvable. 


To obtain the result of Abel that the general polynomial of degree n > 5 
is not solvable by radicals, it suffices to find a polynomial of degree n whose 
Galois group is S, because 5S, is not solvable for n > 5. 

We proceed to find such a polynomial. Consider the polynomial ring F[21, 
..., 2p] and its field of quotients F(z,,...,2,,). Let S, be the symmetric group 
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acting on {1,2,...,}. We can consider S, as a group of permutations acting 
on F(21,...,2n) in the following manner: For a € S, and a rational function 
f(ti,...,tn) € F(z1,..-,2n), define the mapping 


Fibs ee) a f lagiirsst5 2atayy (24.11) 


We will call this mapping a. By Exercise 3, @ is an automorphism of 
F(z1,...,2n). The fixed field of F(x1,...,2n) with respect to S,, is the field 
KK, where 


FS) AP aie dee) |S inns est) S Fi pecs tas 
f(ai,..-,2n) = f(@a(1),+++)Za(n)) for all a € Sp}. 


The elements of K are called the symmetric rational functions. Set 


ay = 2p +2, = Vy i 

a2 = Vics LiF; 

03 = Yicjck ViTj TE (24.12) 
Qn = @LQ+''Ly 


These functions are known as the elementary symmetric functions and 
they are symmetric functions. Note that for n = 2, x, and ze are roots of the 
polynomial t? ~a,t+ a9; for n = 3, 21, £2, and x3 are roots of t? —a,t? +a2t—az3; 
and when n = 4, 21, zo, 23, and x4 are roots of t* — a;t? + agt? — ast + as. 
Since a1, ..., dn € K, F(ai,...,@n) CK. 


Theorem 24.4.7 Using the above notation, we have 
OG sae) Ki = nl 
(it) KS Fai 30.5 Gn) s 
(i) Sp = GF (2ijs ey En) /K). 


Proof. Since S, is a group of automorphisms of F(xr1,...,2n) leaving K 
fixed, S, C G(F(21,...,0n)/K). Thus, by Theorem 24.2.6, 
[F(a1,...,2n): K] > |G(F(a1,...,2n)/K)| > |Sp| =n! 


The polynomial p(t) = t?—a,t"~!+agt”~?+- --+(—1)"an over F(a1,..., An) 
has roots x1, ..., Zn and factors over F(a, ..., Zn) into (t— 2)---(t— 2p). 
Thus, it follows that F(2,...,27) is the splitting field of p(t) over F(ai, ..., 
Gn). Since p(t) is of degree n, 


Thus, since 
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[F(r1,..-,2n): F(ai,...,@n)| is both greater than or equal to n! and less than 
or equal to n! Hence, we have 


Leister OF (ages 08) =n! 
and K = F(a, ..., an), proving (i) and (ii). By Theorem 24.2.13, 
IG(F(~, OF een LTS) =n! 


and since S, C G(F(21,...,2n)/K), we have S, = G(F(21,...,2n)/K), prov- 
ing (iii). i 


We have now established our goal. The Galois group of the polynomial p(t) 
over F(a1,...,@n) is S, and S, is not solvable for n > 5. Hence, p(t) is not 
solvable by radicals for n > 5. 


Theorem 24.4.8 Let G be a subgroup of S,, where p is a prime. If G contains 
a p-cycle and a transposition, then G = Sp. 


Proof. If p = 2, then |S,| = 2 and the result is immediate. Suppose p = 3. 
Let (a 6) and (z y z) € G, where {a,b} C {x,y,z}. Then it is easy to show 
that 

G = {e,(a), (2 y 2),(# 29), (28) 0(@y 2),(a 8) o(w zy}. 


Suppose p = 5. Let a = (a b) and @ = (x y z uv), where {a,b} C {z,y,z, u,v}. 
Then there exists a positive integer n such that 6” = (a b c d e), where 
{a,b,c,d,e} = {z,y, z,u,v}. It is easily verified that 


Broacp-” = (be) 


Bp aa@o 7 = (c d) 
Romo ge =a é): 


Hence, (a b), (bc), (c d), (de) € G. Thus, 
(bc)o(ab)o(bc) = (ac)eG 
(cd)o(ac)o(ed) = (adjeG 
(de)o(ad)o(de) = (ae)EG 
(cd)o(bc)o(cd) = (bd)EG 
(de)o(bd)o(de) = (be)EG 
(de)o(cd)o(de) = (ce)EG 


Hence, G contains the above 10 transpositions. However, these are all the 
transpositions of Ss since (3) = 10. Since every permutation is a product of 
disjoint cycles and every cycle is a product of transpositions, G contains all the 
permutations of {z,y,z,u,v}. Hence, G = Ss. (We ask the reader to consider 


the theorem for arbitrary p.) 
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Theorem 24.4.9 Let f(z) be an irreducible polynomial in Q{z]|. Suppose that 
deg f(z) = p, where p is a prime. If f(x) has exactly p — 2 real roots and two 
complex roots, then the Galois group of f(x) over Q is Sp. 


Proof. Let S bea splitting field of f(x) over Q such that Q CS C C. Let 
G denote the Galois group of S/Q. Now p|[S : Q] and [S : Q] = |G]. We see by 
viewing G as a group of permutations on the roots {r1,r2,...,7p} that G must 
contain an element of order p, which is necessarily a pcycle. Let r) = a + bi 
and ro = a ~ &i. Then the automorphism @ of C, which maps every complex 
number to its conjugate must map S onto S since a is the identity on R and 
a(r;) =72, a(r2) = 71. Hence, we see that a? is the identity and so is a trans- 
position. By the previous theorem, G = S). Mi 


Although Galois and Abel are most noted for their work involving the 
existence of formulas for finding the roots of polynomials, their approach to 
solving mathematical problems along with that of British algebraists marks the 
birth of modern algebra. Their work resulted in abstract and widely inclusive 
theories. Actually, Lagrange’s work on algebraic equations and especially on 
analytic mechanics anticipated the awakening of the strength of the abstract 
and general approach. It was Hilbert’s work on the foundations of geometry 
(1899) which finalized the abstract approach. 


24.4.1 Worked-Out Exercises 


© Exercise 1 Show that the Galois group of the polynomial f(z) = 22° — 
10zr + 5 over Q is $5. Conclude that the equation f(r) = 0 is not solvable 
by radicals. 


Solution: We have that f(z) is irreducible over Q by Eisenstein’s criterion. 
Now 


f'(z) = 10(24 — 1). 


Hence, f’(z) has two real roots, namely, 1 and —1. Since f(—1) > 0 and 
f(1) < 0, it follows that f(x) has three real roots, say, r1,72,73 such that 
ry < -1 < re < 1 < rg. The other two roots of f(z) are complex numbers. 
Thus, from Theorem 24.4.9, the Galois group of f(x) is Ss. Hence, by Theorem 
24.4.6, the equation f(x) = 0 is not solvable by radicals. 


24.4.2 Exercises 


1. Find the roots of the polynomial 2z° + 92 + 6 by using the formula for 
the root of a cubic. 


24.4, 
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_ In Flx1,29,...,2n], £1,22,-..,Ln are roots of 


p(z) = 2 — ayx” | + aga”? +... 4 (-1)"ap, 


where the a;’s are defined on page 533. Demonstrate this result for n = 2 
andn=3. 


. Prove that a, given on page 533, is an automorphism of F(21, 29, ..-,Zn) 


and that a fixes F(a), a2,...,@n). 


. It can be shown that a symmetric polynomial is a polynomial in the 


elementary symmetric functions in 2), 22,...,Zn. Express the following 
as polynomials in the elementary symmetric functions in x1, £2, 23. 


(i) 2? + 28+ 23, 


(ii) (2, — zg)?(x1 — 23)*(xq — 23). 


. Show that for every finite group G, there is a field K and a polynomial 


f(x) € K[z] such that the Galois group of f(x) over K is isomorphic to 
G. 


. Find the Galois group of the polynomial z3 — 3x + 1 over Q. Solve the 


equation 2° — 3z + 1 = 0 by radicals. 


. Show that the Galois group of the polynomial f(z) = 2° — 102+ + 223 — 


24x” + 2 over Q is Ss. Is the equation f(x) = 0 solvable by radicals? 
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Joseph Henry MacLagan Wed- 
derburn (1882-1948) was born on Febru- 
ary 26, 1882, in Forfar, Scotland, the tenth 
of 14 children. His father was a physician. 
In 1898, he matriculated at the University 
of Edinburgh. In 1903, he received an M.A. 
degree with first-class honors in mathemat- 
ics. The following year he went to Leipzig 
and Berlin because of the influence on him 
of Frobenius and Schur’s work. He received 
his doctorate of science in 1908. 

In 1909, Wedderburn was appointed pro- 
fessor at Princeton University. During World 
War I, he fought for the British army, returning to Princeton after the war and re- 
maining there until 1945. Besides being editor of the Annals of Mathematics from 
1912 to 1928, Wedderburn published 38 papers, and in 1934, published a textbook, 
Lectures on Matrices. 

Wedderburn is most noted for the two famous theorems which bear his name. 
He proved both theorems between 1905 and 1908. The structure of algebras over 
real and complex fields had been determined by Cartan and others. Wedderburn was 
interested in determining the structure of algebras over arbitrary fields. He showed 
that a semisimple algebra is a direct sum of simple algebras. Later, in his paper “On 
hypercomplex numbers,” he proved that every simple algebra is a matrix algebra over 
a division algebra. In the second theorem, he proved that every finite division ring is a 
field. His theorem on finite algebras gave a structure of all projective geometries with 
a finite number of points. Wedderburn died on October 9, 1948, in New Jersey. 


Chapter 25 


Geometric Constructions 


25.1 Geometric Constructions 


In this chapter, we consider some problems from geometry. We are concerned 
with constructions in the Euclidean plane that can be made by straightedge 
(unmarked ruler) and compass only. We identify the Euclidean plane with 
R x R. We assume that we are given some length, which we take as our unit 
length, and two points O and X which we label (0,0) and (1,0), respectively. 

Using straightedge and compass, we can do the following in the Euclidean 
plane: 

(i) Draw a line through two given points. 

(ii) Draw a line parallel to a given line and passing through a given point. 

(iii) Draw a line perpendicular to a given line and passing through a given 
point. 

(iv) Draw a circle with a given center and passing through another given 
point. . 

We draw a line through O and X and call it the z-axis. Now we draw a line 
perpendicular to the z-azis and passing through O and call this the y-azis. 
Thus, we are able to coordinatize the plane. Hence, we have the z-azis, y-azis, 
origin O = (0,0), and the point X = (1,0). 

Given line segments of lengths a and b, using straightedge and compass, we 
can construct line segments of lengths a + b, a — b, ab, and ab! (for b # 0). 
Since we have a unit length, using straightedge and compass, we can draw 
a line segment of any integer length in a finite number of steps. Thus, using 
straightedge and compass, we can draw a line segment of any rational length in 
a finite number of steps. We leave these facts as an exercise for the interested 
reader. 

For the construction of a line segment of length ab~!, we first draw two 
lines through a point P. From P, mark off a point Q on one line of length 6 
and then mark off a point U on the same line and same direction of length a 
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from @. On the other line, mark off a point S from P of length 1. Construct a 
line UV parallel to QS with V on line PS. An argument using similar triangles 
shows SV is of length ab-?. 


Definition 25.1.1 Let PC RxR. Letl be aline andC bea circle inR x R. 
(i) (a,b) is a point in P if (a,b) € P. 
(ii) l is a line in P if l passes through two distinct points in P. 
(it) C is a ctrele in P if the center of C is in P and C passes through 
another point in P. 


If C is a circle in P C R x R, then the radius of C is the distance between 
two points in P, where the distance is the Euclidean distance. 


Definition 25.1.2 Let F be any subfield of R. The set 


Pr ={(z,y) | 2,y € F} 


is called the plane of F. 


Let pi = (21, y1), pe = (£2, y2) € Pr. Let | be the line passing through p 
and po. If 21 = 22, then 7 has the form x = 2. If x; # x9, then | has the 


equation 


_ 27-y 
y see oer 


(x — £}) 


which can be reduced to the form az + by +c = 0 for some a,b,c € F. Hence, 
a line in Pr is of the form 
ax+by+c=0 


for some a,b,c € F. Such a line is said to be a line in F- 
Let C be a circle with center at p, and passing through po. Then the 


equation of C is 
2 


(2-2)? + (y-m)*? =r’, 
where r € F is the radius of C. This equation of C' can be put in the form 
rz? +y* +axr + by +c = 0 for some a,b,c € F. Hence, a circle in Pr has an 
equation of the form 

ge+y?+art+by+c=0 
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for some a,b,c € F. Such a circle is said to be a circle in F. 
Let P,, be the set of all points of Pr and the points obtained by 
(i) intersecting two lines in Pr, 
(ii) intersecting two circles in Pp, and 
(iii) intersecting a line and a circle in Pp. 
It is easy to verify that two lines in Pr intersect in a point in Pr. 
Let Cy and C2 be two circles in Pr with equations 


ety t+art+bhyt+ce =0 (25.1) 


and 
x+y? + ager + boy + co =0 (25.2) 

for some a1, @2, by, be, C1, co € F. Subtract Eq. (25.2) from Eq. (25.1) to 
obtain 

(a, — a2)x + (by — ba)y + (ci — cg) = 0. (25.3) 
Thus, the points of intersection of C, and C2 are the same as the points of 
intersection of either Eq. (25.1) or Eq. (25.2) with Eq. (25.3). Hence, case (ii) 
reduces to case (iii). 

Let / be a line and C be a circle in Pr with equations 


ajx+byy+e, =0 (25.4) 
and 
2 2 = 
x+y +aor + boy +e. =0 (25.5) 
for some a1, a9, 6), b2, C1, co € F. Eliminate y from Eqs. (25.4) and (25.5) to 
obtain an equation of the form 


ax’? + br +c=0 


for some a,b,c € F. Using our knowledge of the quadratic formula or the fact 
that ar? + br + c¢ = 0 is solvable by radicals, we have that the polynomial 
axz* + bz +c has roots in F(,/r) for some positive r € F. (r can be taken to be 
positive since we have assumed the line and the circle intersect.) 

Inductively, we can construct a sequence 


PRS Piste 6 Pog es Cee ey 


where P;,, is the set of all points of P;_1, and the points obtained by 
(i) intersecting two lines in P;_1,, 
(ii) intersecting two circles in P;_1,, and 
(iii) intersecting a line and a circle in Pj_1,. 


Lemma 25.1.3 Let F be a subfield of R. Leta © R. The following conditions 
are equivalent. 

(i) (a,0) € Php, for some n > 0. 

(it) (a,a) € Pry, for some m > 0. 

(iti) (0,a) € P,, for some t > 0. 
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Proof. — (i)=>(ii) Let 1 be the line x = y and C be the circle (rx—a)?+y? = a?. 
Clearly 1 is a line in P,,,. The center of C is (a,0) € P,, and C passes through 
another point (0,0) € Pz,. Hence, C is a circle in P,,. Now 1 and C intersect 
at (a,a). Hence, (a,a) € Pryi,. Let m=n+1. Then (a,a) € Pmp- 

(ii)=(i) Let | be the line y = —z and C be the circle 2? + y? = 2a?. 
Then / is a line in P,, and C is a circle in Pp,. Now | and C intersect at 
(a, —a) € Pm4ip. Let I’ be the line z = a and 1” be the line y = 0. Then I’ and 
l” are lines in Pm4ip. Now l’ and l” intersect at (a,0) € Pri2,. Letn =m+2. 
Then (a,0) € Ph,. 

Similarly, (ii)(iii). 


Theorem 25.1.4 Let F be a subfield of R. Leta,b € R and (a,0), (6,0) € Ph, 
for some n > 0. Then the following assertions hold. 

(i) (a,b) € Pm, for some m > 0. 

(it) (a+b,0) € Pr, for some m > 0. 

(iit) (ab,0) € Pr, for some m > 0. 

(iv) Letb #0. Then (F,0) € Pm, for some m > 0. 

(v) Leta >0. Then (./a,0) € Pm, for some m > 0. 


Proof. (i) By Lemma 25.1.3, (a, 0), (a, a), (0, 6), (6,6) € Py, for some t > 0. 
Thus z = a and y = 0 are lines in ,. These lines intersect at (a,b) and so 
(a,b) € Pryi,. Let m=t+1. Then m > 0 and (a,b) € Ppp. 

(ii) Let 1 be the line y = 0 and C be the circle (x — a)? + y* = b?. Then 
Lis a line in Py, C Payi,. The center of C is (a,0) € Php © Pryi, and C 
passes through (a,b) € Pr41,- Therefore, C is a circle in P,41,. Now 1 and C 
intersect at (a +6,0) € Pr4eap. Let m=n+ 2. Then (a+b,0) € Pm,. 

(iii) By (i), (ii), and Lemma 25.1.3, (a,b — 1), (0,0) € Py, for some k > 0. 
Then ay = —x + ab is a line in P,,, since it passes through (0,6) and (a, b— 1). 
Also, y = 0 is a line in P,,,. Both these lines intersect at (ab,0) € Py41,. Let 
m=k+1. Then (ab,0) € Pp. 

(iv) If a = 0, then the result is trivially true. Let a # 0. Now by (i), 
(ii), (ii), and Lemma 25.1.3, (0,a), (a@,a(1 — b)) € P,,, for some k > 0. Then 
br =a—y and y = 0 are lines in P,,,. These lines intersect at ($,0) € Praip- 
Let m=k+12>0. Then ($,0) € Pup. 

(v) Let J be the line y = 1 and C be the circle 


l+a lt+a 
2+ (y— E8y = (ty. 


The center of C is (0,442) € P,, for some k > 0. Also, C passes through 
(0,0) € P,,,. Thus, ! is a line and C is a circle in Py. Now | and C intersect 
at (fa,1) € Pyyi,p. Let C’ be the circle 


(2 - Ya)? + (y-1)? =a4+1. 
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The center of C" is (\/a,1) € Pyyi, and it passes through (2,/a, 2) € P,,. for 
some t > k+ 1. Hence, C’ is a circle in P;,. Also, y = 0 is a line in P:,. Now 
C’ and y = 0 intersect at (2\/a,0) € Pi4i,. Thus, (/a,0) € Pn, for some 
m>t+1>0.0 


Definition 25.1.5 Let F be a subfield of R. A real number r is said to be 
constructible from F if (r,0) € Pr, for some n> 0. 


The following theorem is immediate from Theorem 25.1.4. 


Theorem 25.1.6 Let F be a subfield of R. Let S be the set of all constructible 
real numbers from F. Then S is a subfield of R and F C S. Moreover, ifa€ S 
anda > 0, then /aé S. 


Lemma 25.1.7 Let F be a subfield of R. Leta and b be real numbers. Suppose 
there exist real numbers a1,@2,...,@n and bj, b9,...,bm such that 

(i) af ¢ F, 

(it) a? € F(a1,02,...,a;-1), 2<i<n, anda € F(aj,a2,-...,an), 

(iii) 0? € F, 

(iv) b3 € F'(61, b2,...,03~1), 2<j<m, andbe F (bj, bo,...,0m). 

Then there exist real numbers 81, $9,...,8% such that 

(v) st € F, 

(vi) s? € F(s1,89,-.-,8:-1), 2<i<k, anda,b € F(si, s0,..-, 8x). 


Proof. Let Fi = F and F; = F(qj,a2,...,a:-1), 2 <i <n+1. Let 
k=n+m, 5; =@;,1<i<nand 84; =6;,1 <3 <m. Then 

(a) s? = a? € F, proving (v), 

(b) s? = a? € F(aj,ae,...,ai:-1) = F(si, 82,..-, 8-1), 2<i <n, 

(c) s2,, =bt 6 FC F(si, 89,---, $n), 

(d) 5255. 0) -€ F (by, bo ..9bj-1) © Faaa (bi boyeen, Opi) = Flap agiaw, 
An, 61, ogee a) = F(s, SQ,606,5 Sadgai);2 <j<m. Also, a € F@i; Gay s255 
an) C F(s1,52,...,8,~) and b € F'(by,ba,...,6m) C F(s1, s2,..., 5%), proving 
(vi). 


Lemma 25.1.8 Let F be a subfield of R. Let r € R be such that r? © F. Then 


(i) for alla € F(r), (a,0), (0,a) € Py, and 
(ii) for all a,b € F(r), (a,b) € Psp, te., Prop) S Pap. 


Proof. (i) If r € F, then the result is trivially true. Suppose r ¢ F. Let 
a€ F(r). Then a= 6+ er for some b,c € F. Let | be the line 


y=0 
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and C be the circle 


cr? —1 
2 


2 = (a + Lia 


(c—b)? +(y ; 


Then / is a line in F. The center of C is (8, eral) € Pr and it passes through 
another point (b, c?r”) € Pr. Hence, C is a circle in Pr. Now | and C intersect 
at a point (b+ cr,0) = (a,0). Thus, by definition, (a,0) € P,,. By a similar 
argument, we can show that (0,a) € P,,,. 

(ii) Let a,b € F(r). Then by (i), (a,0), (0,b) € Py,. As in the proof of 
(i)=> (ii) in Lemma 25.1.3, (a, a), (0, b) € Po,. Hence, c = aand y = bare lines in 
P2, which intersect at the point (a,b). Therefore, by definition, (a,b) € P3,. i 


Lemma 25.1.9 Let F be a subfield of R. Let x,y € R. Suppose there exist 
real numbers 81,82,...,8 such that 

(i) 8? ¢ F, 

(it) s? € F(s1, 89,. : 45/3¢ Ss 2<i<k. 

Let T = F(s1,82,..., 8%). Then Pr C Pp, for some n > 1. 


Proof. If k = 1, then the result holds by Lemma 25.1.8. Suppose the 
result is true for alli, 1 <i < k. If sy, € F(s1,82,...,8,-1), then the result 
holds by the induction hypothesis. Suppose s, ¢ F(s1,2,..., 84-1). Let K = 
F (81, 82,...,$k-1). By the induction hypothesis, Px C Pm, for some m > 1. 
Clearly, Pi, © Pmtip and P3, C Pm+3,. Let a,b € T = K(s,). Then by 
Lemma 25.1.8, (a,b) € P3, C Pm43,. Let n =m+3>1. Then Pp CP,,. 8 


Theorem 25.1.10 Let F be a subfield of R. Let z,y € R. Then (z,y) € 
Pr, for some n > 1 if and only if there exists a sequence of real numbers 
81, 82,.--,8~ such that 

(i) 8? € F, 

(ii) s? € F(s81,59,...,8i-1), 2 <i <k, andz,y € F(s1, 82,..-, Sk). 


Proof. Let (z,y) € P,, for some n > 1. We prove the result by induction 
on n. Let n = 1 and (z,y) € Pi. Ifz,y € F, then the result is trivial. Suppose 
z,y ¢ F. Then (z,y) is obtained by either intersecting a line and a circle or 
two circles in F. Then, as shown before, z,y € F(,/r) for some r € F. Let 
8, =r’. Then 5, € F andaz,y € F(s,). Hence, the result is true for n = 1. 
Suppose the result is true for all P,, such that 1 < k < n. Let (z,y) € Php. 
If (x,y) € Pn_1,, then the result holds by induction. Suppose (z,y) ¢ Pr—ip- 
Then (z,y) is obtained by intersecting two lines or two circles or a line and a 
circle in P,_;,. Suppose (z, y) is obtained by intersecting a line L and a circle C 
in P,-1,- Then L passes through two distinct points (a, 6), (c,d) € Pp_i, and 
C has its center (u,v) € P,-1, and the radius r of C is the distance between 
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two points in P,-1,. Now by induction hypothesis and by Lemma 25.1.7, it 
follows that there exists a sequence of real numbers 81, 89,..., 5,7 such that 

(i) st EF, 

(ii) 5? € F(s,,82,..., 8-1), 2 <i < k-1, anda,b,c¢,d,u,v,7 € F(s1, 80,..., 
Sk-1). 

Thus, (z, y) is obtained by intersecting a line and a circle in F(sj, 52, . 


ey 


Sk—1). Hence, there exists a real number s, such that s% € F(s1,$2,..-, 84-1) 
and x,y € F(s1,82,.-.,8k-1)(Sx) = F(si, 52,..-,8%). The other cases are sim- 
ilar. 


The converse follows by Lemma 25.1.9. 
The following theorem is immediate from Theorem 25.1.10. 


Theorem 25.1.11 Let F be a subfield of R. A real number r is constructible 
from F if and only if there exist real numbers 71,72,..-,Tn such that 

(rie F, 

(ii) r? € F(ri,ra,.-.,7i-1),) 2<i<n, andr € F(ri,ro,.-.,7n). 


Definition 25.1.12 A real number a is constructible if it is constructible 


from Q. 


Definition 25.1.13 (i) A point (a,b) ts constructible (or located) in the 
Euclidean plane if a and b are constructible real numbers. 

(i) A line segment is constructible in the Euclidean plane if its end 
points are constructible. 

(iit) A line is constructible in the Euclidean plane if it passes through. 
two distinct constructible points. 

(iv) A circle is constructible in the Euclidean plane if its center is con- 
structible and it passes through another constructible point. 


Theorem 25.1.14 Let S be the set of all constructible numbers in R. Then S 
is a subfield of R and Q CS. Moreover ifa€E S anda>0, then /ae S. 


Proof. The proof follows from Theorem 25.1.6. Ml 


Theorem 25.1.15 The real number r is constructible if and only if there exists 
a finite number of real numbers $1,...,8n such that 

(i) s$ €Q, 

(ii) s? € Q(s1,...,8:-1) fori =2,...,n such that r € Q(s1,...,8n). 


Corollary 25.1.16 If the real number r is constructible, then r lies in some 
extension of Q of degree a power of 2. 
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Proof. If r is constructible, then there exist real numbers s),..., 5, satis- 
fying conditions (i) and (ii) of Theorem 25.1.15 such that r € Q(s1,..., $n). 
Now [Q(61,.+-14n) : Q) = [Q(sty.+-55n) : Qs1y---58n-2)] [Qls1y--5Sa-1) : 
Q(s1,.--;8n—2)] ---[Q(s1) : Q], which is clearly a power of 2. Hl 


Corollary 25.1.17 If the real number r is a root of an irreducible polynomial 
over Q of degree k, where k is not a power of 2, then r is not constructible. Hl 


Theorem 25.1.18 A real number a is constructible if and only if using straight- 
edge and compass we can construct a line segment of length |a| in the Euclidean 
plane. 


Proof. Suppose using straightedge and compass that we can construct a line 
segment PQ of length |a| in the Euclidean plane. We may assume that a > 0. 
Let P = (1, y1) and Q = (2, y2). Then P and Q are constructible points in the 
Euclidean plane and hence 21, y;, £2, y2 are constructible real numbers. Hence, 
by Theorem 25.1.15 and Lemma 25.1.7, there exist real numbers s),..., 8, such 
that 

(i) sj <Q, 

(ii) s? € Q(s1,..., 8-1) for i = 2,...,n such that 21, yi, x2, yo € Q(si,-.-, 
Sn). Now a? = (z1 — 22)? + (yi — yo)? € Q(s1,..., $n). Let 8n41 = Va. Then 
8241 € Q(s1,...,5n) and a € Q(s1,...,8n41). Hence, a is constructible from 


Conversely, suppose a is constructible from Q. Then A = (a,0) € Pag for 
some n > 0, where Png is defined as above (here the arbitrary field F = Q). 
Let B = (0,0) € Pag. Then A and B are two constructible points in the Eu- 
clidean plane. Hence, we can construct the line segment AB in the Euclidean 
plane in a finite number of steps, and AB is of length |a|. 


We have now laid enough groundwork to answer by algebraic methods some 
ancient questions of geometry. 


Theorem 25.1.19 It is impossible to trisect an angle of 60° by means of 
straightedge and compass alone. 


Proof. Suppose that an angle of 60° can be trisected by straightedge and 
compass. Then the real number r = cos 20° is constructible. From the trigono- 
metric formula cos36 = 4cos?@ — 3cos@ and by setting 9 = 20°, we obtain 
5 = 4r3 — 3r or 8r> — 6r —1 = 0. Thus, r is a root of the polynomial 
823 — 62 — 1 = 0 over Q. The possible linear factors of 8x23 — 6x — 1 over 
Z are (rx +1), (22 +1), (4e +1), and (8x + 1). However, it is easily verified 
that +1, +3, +4, +} are not roots of 8x2? — 6r — 1. Therefore, 82° — 6x — 1 


is irreducible over Z and thus over Q. Thus, by Corollary 25.1.17, r is not 
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constructible. Consequently, it is impossible to trisect an angle of 60°. 


There are some angles which can be trisected by means of straightedge and 
compass alone; for example, angles of 90° and 72°. We ask the reader to verify 
this fact. 

Another ancient problem is that of “squaring the circle,” that is, construct- 
ing a square whose area is equal to that of a given circle. Since the area of a 
circle is 7r*, where r is the radius of the circle, this problem is equivalent to 
the constructibility of ,/7. However, it can be shown that 7, whence ,/7, is not 
even algebraic over Q, let alone a root of a quadratic polynomial. Hence, it is 
impossible to square the circle. Thus, we have the following result. 


Theorem 25.1.20 It is impossible to square the circle by straightedge and 
compass alone. Hi 


We now consider the problem of “duplicating the cube,” that is, construct- 
ing a cube whose volume is twice that of a given cube. If the original cube is 
the unit cube, then the problem reduces to the construction of a real number 
r such that r? = 2. Since the polynomial zx? — 2 is irreducible over Q, we have 
by Corollary 25.1.17 that it is impossible to duplicate a cube. 


Theorem 25.1.21 It is impossible to duplicate the cube by straightedge and 
compass alone. 


Example 25.1.22 Consider a triangle of sides of length 1,1,r, where the side 
of length r is opposite an angle of 36°. Then the other two angles are 72° 
each. Draw a bisector from one of the 72° angles to the opposite side. Similar 
triangles are obtained. The ratios of the corresponding sides yield ;7 4 
Thus, r?+r—1=0. Hence, 


re 


pe te 
=~. 


Thus, r is constructible and so an angle of 36° is constructible. 


Theorem 25.1.23 Let 90 € R. Then the following conditions are equivalent. 
(i) The angle 6 is constructible. 
(ii) The number cos @ is constructible. 
(iit) The number sin 6 is constructible. 


Proof. (i)=>(ii): There exist constructible points p and gq such that the 
radian measure of the angle p(0,0)q is 6. Without loss of generality, we may 
assume that gq lies on the x-aris. The unit circle then intersects the line contain- 
ing g and p at the point r = (cos 6@,sin@). Thus, cos@ and sin @ are constructible 
since r is constructible. 
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(ii)>Gii): Since cos@ is constructible, the point g = (cos@,0) is con- 
structible. We may construct a line containing g and perpendicular to the 
z-axis. This line intersects the unit circle at the point (cos6,sin@). Hence, 
sin @ is constructible since cos is constructible. 

(ii1)>-(i): Since sin 4 is constructible, cos @ is constructible by an argument 
similar to that of (ii) implies (iii). The line through (0,sin@) parallel to the 
z-axis intersects the unit circle at the point p = (cos @,sin@). Therefore, p and 
so qg = (cos@,0) are constructible. Consequently, the angle 6 is constructible 
since the angle p(0,0)q has radian measure 0. 


25.1.1 Worked-Out Exercises 


© Exercise 1 Let n € N. Let 6, denote an angle with radian measure —- 


Show that a regular polygon with n sides is constructible if and only if 
the angle @, is constructible. 


Solution: The desired result follows by noting that we may inscribe a 
regular polygon in the unit circle. 


® Exercise 2 Let 6,¢ € R and m,n € Z. If @ and @ are constructible, show 
that the angle with radian measure m@ + n¢ is constructible. 


Solution: The numbers cos 6@,sin@, cos ¢, and sin@ are constructible. Now 
sin(m@ + n@) is equal to an algebraic expression involving cos@, sin @, cos ¢, 
and sing. Since the set of constructible numbers is a field, sin(m@ + n@) is 
constructible and so the desired result follows by Theorem 25.1.23. 


2a 


® Exercise 3 Let m,n EN. Let 6, denote an angle with radian measure =* 


(i) Show that if 6, is constructible, then 6, and 6, are constructible. 


(ii) Show that if 6,, and 6, are constructible, where m and n are relatively 
prime, then Amn is constructible. 


Solution: (i) We note that 


2 2 
beg me = 6, 
mn on. 
and similarly nOmn = 9m. Hence, the result follows from Worked-Out Exercise 
2 (page 547). 
(ii) Since m and n are relatively prime, there exist integers s and ¢ such 
that 1 = sm-+tn. Thus, 
2x Inms + 2nin 


Oe — = 50, + t@m. 
mn mn 


Hence, mn is constructible by Worked-Out Exercise 2 (page 547). 
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Exercise 4 Show that the regular 9-gon is not constructible. 


Solution: Suppose that a regular 9-gon is constructible. Then an angle 
of 40° (= 360°/9) could be constructed. However, an angle of 20° could then 
be constructed by bisecting the 40° angle. But this is impossible by Theorem 
25.1.19 since it is shown there that it is impossible to construct an angle of 20°. 


Exercise 5 Show that it is possible to construct an angle of 30°. 


Solution: Since V3 is constructible, 3/2 is constructible. Thus, cos 30° 
is constructible and so 30° is constructible. 


Exercise 6 Show that the regular 20-gon is constructible. 


Solution: By Example 25.1.22, an angle of 36° can be constructed. Hence, 


an angle of 18° can be constructed by bisecting the angle of 36°. Since 300 = 18, 


the regular 20-gon is constructible. 


25.1.2 Exercises 


1. Given line segments of length a and 0, show that it is possible by straight- 
edge and compass to construct line segments of length a + 8, ab. 


2. Prove that it is impossible to construct a cube whose volume equals that 
of a given sphere. 


3. Prove that an angle of 40° cannot be constructed. 


4. Prove that it is impossible to construct a regular septagon by straightedge 
and compass. 


5. Prove that the regular pentagon and hexagon are constructible. 
6. Prove that it is possible to trisect angles of 90° and 72°. 


7. Prove that it is impossible to construct a cube whose volume is three 
times the volume of a given cube. 


8. Letn € N, n > 1. Let n = pi) ---p& be the prime factorization of n. 
Prove that a regular polygon with n sides is constructible if and only if 
a regular polygon with p;* sides is constructible, i= 1,2, ..., r. 


Chapter 26 


Coding Theory 


26.1 Binary Codes 


In this section, we examine techniques for transmitting information across a 
noisy channel. The information is often represented as a sequence of binary 
digits (0’s and 1’s). The channel may be space, as in satellite communication 
systems, or wires or cables, as in the telephone system, or wires as in circuits in 
a digital computer. Erratic currents called noise are always present to interfere 
with transmitted signals. Erratic currents can also be caused by such things 
as sunspots or magnetic storms. The channel noise will occasionally cause a 
transmitted one to be mistakenly interpreted as a zero or a transmitted zero 
to be mistakenly interpreted as a one. In order to reduce the effects of such 
errors, the transmitter may adjoin to the sequence of m (binary) message digits, 
s check digits. 

The s check digits are selected by a method that makes them dependent 
on the m message digits. This is accomplished by mapping the sequence of 
message digits onto a sequence of n = m+<¢ digits called the codeword. This 
function is called the encoding scheme. The codeword is then transmitted. 
The receiver or decoder maps the received word, which may be different from 
the codeword due to channel noise, onto a sequence of m digits. This function is 
called the decoding scheme. Claude E. Shannon is credited as the originator 
of general coding theory. 

The main aim of this section is to discuss the concepts of error detection 
and error correction. 

Throughout this chapter, we let 0 and 1 denote the elements of the field 
Zo. For n > 1, let 

B” =Zo x Zo X +++ X Zo. 


n times 


Definition 26.1.1 A binary (m,n)-code is a 4-tuple (B™, B”, E,D), where 
B™ is the set of all binary m-tuples, B™ is the set of all binary n-tuples (n > 
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m) and E: B™ — B” and D: R- B™, where RC B”. The functions E and 
D are called the encoding scheme and the decoding scheme, respectively. 


A nonempty subset of B” is called a set of message words. Let X C B™ 
be a set of message words. Then E(X) is called a set of codewords. These 
codewords are transmitted across a noisy channel. Let X’ be the set of received 
words after transmission. These received words are decoded by the decoding 
function D. Then D(X’) is the set of decoded words. We show by the following 


diagram the above coding and decoding process. 


Block diagram of a general data communication or storage system. 


Source Sink 


Channel or 
Storage Medium 


We use the notation ¢ = (c1,...,¢n) € B” for a codeword and7 = (ri,...,7n) 
€ B® for a received word. 


Example 26.1.2 ((m, m+ 1)-Parity-Check Code) This code is an error 
detecting code. The encoding function E is defined by 


Bi Gyy 2500 270m) = (Gt, 02; aman) 


where Q@m41 = (a1 + agt +--+ Gm)( mod 2). Then am41 is 0 or 1, depending 
on whether the number of 1’s in a1,a9,...,Am 18 even or odd. 

For example, let us consider the (3, 4)-parity-check code. Then B® is the 
set of message words and C' = {(0, 0, 0, 0), (0, 0, 1, 1), (0, 1, 0, 1), (0, 1, 1, 
0), (1, 0, 0, 1), (1, 0, 1, 0), (1, 1, 0, 0), (1, 1, 1, 1)} ts the set of codewords. 
Any odd number of errors can be detected, but the code fails to detect an even 
number of errors. 


Example 26.1.3 ((m, 3m)-Repetition Code) In this code, E : B™ > B%™ 
is defined as 


E(a1,42,...,@m) = (@1, @2,...,@m, 41, 02,.-., Am, 1, A2,..+,Am)- 


Let z, y, z € B™. Then xyz denotes the word w € B®™ such that the first m 
letters of w are those of x, the next m letters of w are those of y, and the last 
m letters of w are those of z. Define the decoding function D : B3™ — B™ as 
follows: The ith digit of D(w), w € B°™, is the member that appears as the ith 
digit in at least two of the words, x, y, z, where x, y, z € B™ and w = xyz. 
For example, if m = 3 anda = (1, 0, 1) € B™, then E(a) = (1, 0, 1, 1, 0, 
1, 1, 0, 1). Now w = aaa is a codeword. Suppose that the transmission makes 
an error in the sixth digit. Then the received word, say, v, is (1, 0, 1, 1, 0, 0, 
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1, 0, 1). Let x = (1, 0,1), y = (1, 0, 0), z = (1, 0, 1). Now the first digit of 
D(v) is 1 since 1 is the first digit of x, y, and z. The second digit of D(v) is 0 
since 0 is the second digit of x, y, and z. The third digit of D(v) is 1 since 1 ts 
the third digit of x and z. Hence, D(v) = (1, 0, 1). 

We find that this code can detect a single error and can also correct the 
error. It follows that this code can also detect two errors, but it can correct 
only one error. 


Example 26.1.4 (Repetition Code) Let m be an integer and d an even 
integer. Let s = dm. Then n = (d+1)m. Define E and D as follows: For 
all @ = (a1,...,@m) € B™, E(@) =, where for j = 0,1,...,d, Cjm4i = Ai, 
i=1,...,m. That is, a is encoded by breaking it into m-character blocks, each 
of which is transmitted (d+1)m times. For allr € B”, 


DF) = 0 if more than half the rjm4; are zero, 7 =0,1,...,d, 
~ | 1 if more than half the rjm4i are one, j =0,1,...,d. 


If more than half the digits in a fixed position of a codeword @ of Example 
26.1.4 are altered by channel noise, then the decoder will commit a decoding 
error. 

If s were allowed to be odd in Example 26.1.4, then it would be possible 
for the number of zero r; making up 7 to be equal to the number of nonzero 
r;. In such a case, the decoder may decide not to decode the received word fF. 
This is an example of a decoding failure. 

If a decoding algorithm decodes all received words, the algorithm is called 
complete; otherwise it is called incomplete. A decoding algorithm is com- 
plete if and only if R = B” in Definition 26.1.1. 

Assume now that errors in transmitting successive digits occur indepen- 
dently. Thus, if p is the probability that a given digit will be received correctly, 
then the random variable counting the number of errors in a received word has 
a binomial distribution. That is, the probability p, of exactly k errors in an 
n-digit received word is p, = ({)p"*q*, k= 0,1,...,n, where g = 1—p. This 
simplified mathematical model for the channel is called the binary symmetric 
channel. 


Encoding by Matrix Multiplication 


We now describe a technique for encoding binary words by matrix multiplica- 
tion. 


Definition 26.1.5 An m xn matriz (m <n) with entries from Zz is called 
a generator matriz if the submatriz consisting of the first m columns of this 
matriz has rank m. 
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An m xX n generator matrix M can be written as a partitioned matrix 
M = (M" M’), where M” is an m x m invertible submatrix of M and M’ is 
the submatrix of M consisting of the last n —m columns of M. 

Let M be an m x n (m < n) generator matrix. Define the corresponding 
coding function 


Ey: B" = B" 
by Ey, (@) = @M for all a € B™. Here we regard an element @ of B” asa l xm 
matrix over Zo, 2M =@ € B”, where @ = (c1,...,€n), M = (eij) and 
nm 
cj = SO aiey (mod 2), "15 2yt.4%: (26.1) 
i=1 


Let M” = I,,, the m x m identity matrix. From Eq. (26.1), we find that 
cj = a; for 7 = 1,2,...,m and the submatrix M’ of M consisting of the last 
n —m. columns of m determines the check digits to be adjoined to the message 
word @ = (a1,..-,@m). 


Example 26.1.6 Let 
100011 
M=/;0104101 
00111 0 
be a generator matrix over Z2. This defines an encoding function Ey : B? > 
B®. For example, leta = (1 0 1) € BS. Then 
100011 
Eu(@)=(101)}0 101 01/=(101101eEBR*. 
001 i110 
Hence, 101 is a message word and the corresponding codeword is 101101. 1, 0, 1 


are the check digits which are adjoined to the message word 101. 


Definition 26.1.7 If M =(M”" M') is anm x n generator matriz (m < n), 


then the n x (n —m) matriz 
Mim 


Ip—m 


where In_m is the (n—m) x (n—m) identity matriz, is called the corresponding 
parity check matriz of M. 


We ask the reader to verify that @ is a codeword if and only if cK = 0, 
where K is the parity check matrix. 
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Example 26.1.8 The parity check matriz for the generator matrix of Example 
26.1.6 is 


Oorr © 
COrOrF OF 
FEF oOoocoocorrF 


We now turn our attention to an important class of codes discovered by 
Richard W. Hamming. 


Definition 26.1.9 An (m,n) code (B™, B", E, D) is called a Hamming 
(m,n) code if E is defined by a generator matrix M such that the rows of the 
corresponding parity check matrix K contain all the 2' — 1 nonzero vectors of 
Bt, wheret =n —™m. 


Example 26.1.10 Let 


Ooo fF 
qo oro 
oro o& 
n=) 
Or Fe 
rFPorrFr 
Pr OF 


I 
oO cor Or rer 
OrorFceor Fe 
FOoOOrRrF OF 


K contains all the nonzero elements of B°. Hence, the encoding function defined 
by the generator matriz M defines a (7,4) Hamming code. 


The (m,n)-Hamming code corrects every single error pattern. No other 
errors and no other (2° — 1 — t, 2 — 1) code can be constructed, which will 
correct more than all single errors. Any received word with two or more errors 
will be decoded as if it had one error. In this case, a decoding error is made. 
This follows since if the received word 7 has a single error in the 7th component, 
then TK is just the ith row of K. Thus, every received word with a single error 
can be corrected because K has n rows, which are nonzero and distinct. 
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Weight and Distance 


Definition 26.1.11 Let a © B”. The weight of a, denoted by wt(a), is the 
number of 1’s in a. 


Example 26.1.12 For 01100 € B®, wt(01100) = 2. 


Definition 26.1.13 Let a,b € B”. The distance between a and b, denoted 
by d(a,b), is defined by 
d(a,b) = wt(a+ 0). 


Example 26.1.14 Fora =0101 and b= 1110,a+b= 1011. Then wt(a+b) = 
3. Hence, d(a,b) = 3. 


We leave the proofs of the next two results for the exercises. 


Theorem 26.1.15 Let a,b,c € B”. Then 
(i) d(a, b) = the number of locations i with a; F bj. 
(ii) d(a, 0) =wi(a). 
(itt) d(a, b) = 0 if and only ifa =. 
(iv) d(a,b) = d(b, a). 
(v) d(a, b) + d(b,c) > d(a,c). 


Theorem 26.1.16 (i) A code (B™, B”, E, D) can detect all sets of k or fewer 
errors if and only if the minimum distance between any two distinct codewords 
is at least k +1. 

(ii) For a code to correct all sets of k or fewer errors, it is necessary that 
the minimum. distance between any two distinct codewords be at least 2k+1. Hl 


Example 26.1.17 Consider the following set C of codewords in B®. 
C = {000000, 001110, 010101, 100011, 011011, 101101, 110110, 111000}. 


The minimum distance between two distinct codewords is 3. Hence, this code 
can detect two or fewer errors. 


Group Codes 


Now (B™, +) and (B”, +) are commutative groups, where for both, + is defined 
by componentwise addition (mod 2) of vectors. Clearly |B”| = 2”. Let C’ be the 
subset of B” consisting of all codewords. That is, C = {¢ | ¢ € B”, tk = 0}. 
Clearly C is a subgroup of B” and |C| = 2”. 

We know that the cosets of C in B” partition B” and that the difference 
between any two vectors in the same coset is a codeword. Also, the sum of a 
vector Z in B” and any codeword gives another vector in the same coset as Z. 
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After the message is encoded into the full codeword, the codeword @ is 
transmitted across the noisy channel. The channel adds to @ the error or 
noise word @ = (e,...,€n), where 

a 0 if the channel does not change the ith digit, 
*" | 1 if the channel does change the ith digit. 
The received word F is equal to the codeword plus the error word, i.e., 7 = 
c+é. The set of possible error patterns must be exactly the coset of C in B” 
determined by 7. This follows because € = 7 -¢ € 7+ C. Hence, the decoder 
may immediately exclude all error patterns which do not lie in the same coset 
as that determined by 7. However, all error patterns in this coset are possible. 
Those error patterns with a smaller number of ones are more probable than 


those with many ones since channel errors are relatively infrequent. An element 
in a coset with the fewest number of ones is called a coset leader. 


Definition 26.1.18 Let (B™, B", E, D) be a code. If E(B™), the image of 
B” under E, is a subgroup of B”, then this code is called a linear or group 
code. 


Theorem 26.1.19 Let (B”, B”, E, D) be a group code. Then the minimum 
distance between any two distinct codewords is the least weight of a nonzero 
codeword. 


Proof. Let d be the minimum distance between two distinct codewords. 
Then there exist two distinct codewords u and v in B™ such that d(u,v) = d. 
Let x be a nonzero codeword such that wt(xr) < wt(y) for all nonzero code- 
words y. Now d < d(z,0) = wt(z). Again d = d(u,v) = wt(u+v) > wt(z). 
Hence, d = wt(zx). Ml 


Let M be an m X n generator matrix. We now show that the encoding 
function 


E=Ey: B™ — B” 


defined by E(@) = @M defines a group code. For this, let us prove that E(B”) 
is a subgroup of B”. Let 6, ¢ € E(B™). There exist a, d € B” such that 
6 = E(@) = @M and t = E(d) = dM. Therefore, 6+¢@ = a@M+dM = 
(a+d)M = E(a+d). Thus, }+@ € E(B™). Now in B™, ¢ = — @. Hence, 
E(B™) is a subgroup of B”, proving that EF defines a group code. 

A group code can be decoded by the following procedure, known as the 
tabular procedure. We explain this procedure with the help of an example. 

Consider the code (B*, B®, E, D) with generator matrix 
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100d1d1éd1 

M=!1010011 

001101 

We have. 
Elements of B? The Set of Codewords Ey,(B°) 

000 ~ 000M = 000000 
, 001 001M = 001101 
010 010M = 010011 
011 011M = 011110 
100 100M = 100111 
101 101M = 101010 
110 110M = 110100 
111 111M = 111001. 


Let C = Ey;(B3). Then C is a subgroup of B®. 
Step 1: List the codewords in a row with 000000 first. 


000000 001101 010011 011110 100111 101010 110100 111001 


Step 2: Choose a word z in B® of least weight among those not in the 
previously chosen cosets. Then list the elements of the left coset 2+ C as the 
next row appearing below a for every a € C. Let us take z = 100000. 


C: 000000 001101 010011 011110 100111 101010 110100 111001 
z+C: 100000 101101 110011 111110 000111 001010 010100 011001 


Step 3: Repeat step 2 until all elements of B® are exhausted. 
Step 4: Decode each received word as the codeword of the column in which 
the received word appears. 


The table obtained by the above process is called the decoding table. 
The decoding table for the above code is shown below: 


C: 000000 001101 010011 011110 100111 101010 110100 111001 
100000+C: 100000 101101 110011 111110 000111 001010 010100 011001 
010000 +C': 010000 011101 000011 001110 110111 111010 100100 101001 
001000+C': 001000 000101 011011 010110 101111 100010 111100 110001 
000100+C : 000100 001001 010111 011010 100011 101110 110000 111101 
000010+C: 000010 001111 010001 011100 100101 101000 110110 111011 
000001+C : 000001 001100 010010 011111 100110 101011 110101 111000 
100001+C: 100001 101100 110010 111111 000110 001011 010101 011000 


The z’s chosen are the coset leaders in the coset z + C. Suppose the received 
word is 110011. In the above table, it appears in the third column. Hence, the 
decoder decodes the received word as 010011. We note that a decoding error 
is possible; for if the error pattern was actually 001010, then the codeword 
transmitted was 111001. 
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26.1.1 Worked-Out Exercises 


Exercise 1 Let ¢ € B”. Let q be an integer such that 0 < q < n. Prove that 
there exist (7) elements w € B” such that d(w,c) = q. 


Solution: We have that d(w,c) = q if and only if w and c differ in exactly 
q bits. There are exactly () ways to change q bits of c. 
Exercise 2 Let C be a set of codewords in B”. Prove that if C’ can correct k 
errors, then 
pee 
O+O+ +o 


Solution: Let N = (5)+(q)+--:+(Z)- For alle € C, let S,(c) = {w € B” 
| d(w,c) < k}. Now the S,(c) are pairwise disjoint and contain N elements. 
Since there are |C| distinct S,(c), N|C| < |B"| = 2”. Thus, |C| < 4. 


IC] Ss 


26.1.2 Exercises 


1. Find the weight of each word below: 
(i) 11011010, 
(ii) 11000110. 


2. Find the distance between the following pairs of words: 


(i) 11011011 and 10001010, 
(ii) 11000100 and 00111011. 


3. Let M be an m x n matrix whose submatrix consisting of the first m 
columns is the identity matrix. Let M’ be the submatrix of M consisting 
of the last m —n columns of M. Set 


M 
K= : 
Prove that @ is a codeword if and only if ¢K = 0. 


4. For the matrices M and K of Exercise 3, prove that C is a subgroup of 
B”, where 
C = {| @€ B", ck =}. 


5. Let M be an m x n encoding matrix whose submatrix M” consisting of 
the first m columns of M is invertible. Let M’ be as defined in Exercise 


3 and set ‘ 
M'- M 
ie ( : ) 
n-™M 


Prove that € is a codeword if and only if ¢K =0. 
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6. Find the set of codewords of Example 26.1.10. 


7. For each of the following generator matrices, find how many errors the 
corresponding code can detect and how many errors it can correct. 


10011 

i) |01001 
00110 
10001001 

ay {920901101 
(cae Oe ae a 
00011010 


co 


. Write the complete coset decoding table for the code given by the gener- 
ator matrix 


1001 1 0 
0101021 
0010i11 


From the table, decode the following received words: 


001111, 101010, 011110. 


9. Let C be an (m,n) code. Suppose that each word b € B” with wt(b) < t 
is the coset leader of b+ C. Prove that C corrects t or fewer errors. 


10. (i) Show that no (2,4) code can correct single errors. 


(ii) Show that no (3,6) code can correct two errors. 


11. (i) Construct a (2,5) code that corrects a single error. 


(ii) Construct a (3,6) code that corrects a single error. 
12. Let s = 4. Construct the (11, 15)-Hamming code. 
13. Prove Theorem 26.1.15. 


14. Prove Theorem 26.1.16. 


26.2 Polynomial and Cyclic Codes 
In this section, we describe a technique, which encodes m-digit message words 
into n-digit codewords by polynomial multiplication. 


Let @ = (ap, @1,...,@m-1) € B™. Then the correspondence 


Zag t+ayrt-+: + Amz”! = a(z) (26.2) 
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is a one-one mapping of B” into the polynomial ring Zo[z]. Set s = n —m and 
let 
g(x) = bp + yx +--+ + box® 


be a polynomial of degree s over Z such that bp 4 0. Then 


c(z) =co tee t-+-+en_-12" | = a(z)g(a) 


is a polynomial of degree < n — 1. Considering the correspondence, 


C= (00, 015 i105 Gaui) Se) 


leads us to the following definition. 


Definition 26.2.1 Let n,m be positive integers such that n > m. Let g(x) = 
bo + bz +--+-+bsx* be any fixed polynomial of Ze[z| of degree s =n —m such 
that bp #0. The encoding polynomial g(x) encodes each message word a € B™, 
which corresponds to a(x) in (26.2) into the codeword ¢, which corresponds to 
the code polynomial c(x) = a(z)g(z). 


Example 26.2.2 Let m = 3,n = 7, and the encoding polynomial be g(x) = 1+ 
x+2*. By considering the product c(z) = a(x)g(x), we obtain the following 
encoding scheme: 


000 — 0000000 
001 — 0011001 
010 — 0110010 


100 — 1100100 
101 — 1111101 
110 — 1010110 


011 — 0101011 111 — 1001111 


Define the matrix G by 


(> 3 


Then the above encoding scheme can be obtained by the matrix multiplication 
aG. 


Example 26.2.3 Let m = 3,n = 4, and g(x) = 1+. Then the encoding poly- 
nomial g(x) encodes message words @ € B® by the following encoding scheme: 


000 — 0000 100 — 1100 
001 — 0011 101 — 1111 
010 — 0110 110 — 1010 
011 — 0101 111 — 1001 
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The encoding matrix is 


The code satisfies an even parity check. 


Example 26.2.4 Letm = 11,n = 15, andg(x) =1+2+2*. Then the encoding 


matriz corresponding to the encoding polynomial g(x) 1s given by 


We have for the matriz M" defined following Definition 26.1.5 that 


oqeeocnroeoocoececo = 
oooocooo on & 
oooo cro oon OO 
ooeoocqcoo nc co 
ooeoocqcoqowno on ws 
ooeoooo7r0c On TO 
oo conto On nH OO 
oo co FOO FW HT OC eo 
oon F208 7n TH OOO & 
On OOF TH TOC COO 
5 Oe eS Gs 
oOOn TWO COC CoCo oe 
Onn OCOCCOC COO om 
ant OocococCcoCcC CO OO om 
me Ooo ocoCcocm OOO Oo 

II 

ee) 


1 
1 
1 
1 


1 
1 
1 


1 
1 
0 


1121103101210 ~0 
0113131032 0d2121=+0 
0013111010121 
000111103101 
00001111010 
000001111021 
0000001111 «+0 
00000001 
000000 0 0 
000000 0 0 
000000000 0 


Mr} 
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Thus, the parity-check matriz K of Definition 26.1.7 is given by 


ox 
I 

OCo COR RP rR PrP Or OF FP OOF 

co oroco OrFRFRrFRrF OFOF F&F 

OCOraoaodorrrrordqcrerRo 

FPoOoOoorRrRrH FP OerH ORF OO 


The matrix G is the encoding matriz for the (11,15)-Hamming code. 


Theorem 26.2.5 The error polynomial associated with any undetected error 
vector € = (€0,€1, ---,€n—1) of a polynomial (m,n)-code with generator g(x) 
must be a nontrivial multiple of g(x). 


Proof. If the received word 7 = (70,71,.--,?n-1) with the corresponding 
polynomial r(x) = ro+ry2t+-+:+rp—1z" is erroneous, but undetected. Then 
7 is a codeword and so the error € = 7 — € is a nonzero codeword. Hence @ 
must correspond to a nonzero codeword g¢(z)g(z). Hl 


The division algorithm is very convenient in the detection of errors. Con- 
sider a polynomial (m,n)-code with generator g(x). Suppose r(z) is the poly- 
nomial corresponding to the received word fT. By the division algorithm, there 
exist polynomials q(x) and t(xz) such that r(z) = ¢(x)g(x) + t(x), where either 
t(z) = 0 or degt(x) < degg(x). If t(xz) # 0, an error has occurred and we 
deduce that 7 was not a codeword. 

We now begin our discussion of cyclic codes. 

The cyclic shift of the n-tuple (co, c1, .-., Cn—1) is defined to be the n-tuple 
(Cn—1,0, C1, ---> Cn—2). A linear code is said to be cyclic if the cyclic shift 
of every codeword is again a codeword. Once again we identify the n-tuple 
(co,C1,-++,€n-1) with the polynomial c(r) = cg + cyz +--+ + ep—yz"}. 


Theorem 26.2.6 Every linear cyclic (m,n)-code has a unique monic codeword 
g(x) of degree s =n —m and g(x) divides x” ~ 1. Let c(x) be of degree n — 1 
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or less. Then c(z) is a codeword if and only if c(x) is a multiple of g(z). 
Also, every monic polynomial of degree s, which divides x" — 1, 1s the generator 
polynomial of a linear cyclic (m,n)-code with s =n —m. 


Proof. Consider an arbitrary linear cyclic code and let g(x) of degree s 
be the minimum degree polynomial among the codewords. (g(z) is necessarily 
monic since the coefficients of g(z) lie in Za.) Now zg(zx),x7g(z),...,2°~$—! g(x) 
are just cyclic shifts of g(z) and must be codewords. Since the code is linear, all 
combinations of g(x), xg(x), r°g(x),...,2"~°1g(z), ie., the 2”~* polynomials 
a(x)g(x), where the degree of a(x) is less than n — s = m, must be codewords. 
But this is all the codewords since if c(x) is any codeword, the division algo- 
rithm gives c(z) = a(z)g(z) + r(x), r(x) = 0 or degr(z) < s, a(x) = 0 or 
deg a(x) << n-s. 

Thus, r(x) = c(x) — a(x)g(x), which by the linearity of the code shows 
that r(x) must be a codeword. Since r(x) = 0 or degr(x) < s, we have by 
the minimality of deg g(x) that r(x) = 0. Hence, c(x) is a multiple of g(z). 
Therefore, g(x) is the generator polynomial of the cyclic code. Finally, we note 
that x”~*g(x) —(z” —1) is the cyclic shift of x”~*-1g(x) and hence a codeword 
and thus a multiple of g(z), i.e., there is a polynomial a(x) of degree less than 
n —s such that 


a®*g(x) — (x" — 1) = a(z)g(z) 


a” —1=h(zx)g(z), 


LS 


where h(x) = 2”~* ~— a(z) is a monic polynomial of degree n — s. Thus, g(z) 
divides x” — 1. There are 2”~° codewords, som =n-— s. 

Conversely, let g(z) be a polynomial of degree s which divides 2” — 1. If 
the polynomial 


e(z) =eg tea +--:+e,_12"1 


is multiplied by z mod(x” — 1), the result is cp_1 + cov +-+-+Cn—-22”!. The 
codeword represented by the polynomial xc(x)mod(x” — 1) is seen to be a cyclic 
shift of the codeword represented by the polynomial c(x). Since every cyclic 
shift of a codeword therefore gives another codeword, the code is a cyclic code. 
Hence, the set of multiples of g(z)mod(z” — 1) forms a linear cyclic code. ll 


Example 26.2.7 Consider the linear binary cyclic code with the codeword set 
{000, 011, 101, 110}. 


The codeword 110 corresponds to the polynomial 1+ 2, which is the minimum 
degree codeword polynomial. Hence, this cyclic code is the length n = 3 cyclic 
code generated by g(z) =1+4+ 2. 
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Example 26.2.8 Choose the generator polynomial of a binary cyclic code to 
be g(z) =1+2+2°. It is readily checked that g(x) divides x’ —1 so that we 
may choosen = 7. The number of information digits in this code is m = 7 —3 
= 4. The 2” = 2* codewords are the 7-tuples corresponding to the polynomials 


a(z)g(x) = (ao + air + agx? + agz*)(1+2+2%). 


This code is the second in the class of Hamming single-error-correcting codes. 
(There is a code in this class with n = 2°~1 andm = 2*—i-1 fori = 2, 3,4, 


) 


Example 26.2.9 Choose the generator polynomial of a binary cyclic code to 
be g(x) = 1 +2427". It is readily verified that g(x) divides c\° — 1 so that 
we may choose n = 15. The number of information digits in this code is m 
= 15—4= 11. This code is the third in the class of Hamming single-error- 
correcting cyclic codes. 


The representation of codewords by the polynomials modulo z” — 1 in the 
proof of Theorem 26.2.6 suggests that we could have introduced cyclic codes 
by means of ideals of commutative rings. Consider the polynomial ring Zo/z], 
the ideal generated by (x” — 1), and the quotient ring 


Br = Zo[x\/ (z” — 1). 
Then 
Brn = {ap + 1% +-+-+an_12"+ | a: € Zo, i=0,1,...,n—1}, 


where & denotes the coset z+ (2” — 1) in B,. Let C C B, be a cyclic code 
and f(Z) = ag +aye+---+ an—1z""! € C. Since Z* = 1 in B,, we see that 
Ef (Z) = any + ank + ay? +++» + apne"! is the cyclic shift of f(%). Since 
C is cyclic, £f(Z) € C. Therefore, g() f(z) € C for any f(z) € C and any 
g(Z) € B,. Hence, C is an ideal of B,. Clearly if C is an ideal of B,, then 
zf(Z) € C for all f(z) € C. Thus, we have shown the following result. 


Theorem 26.2.10 LetC C B, be a linear code. Then the following conditions 
are equivalent. 

(i) C is cyclic. 

(ii) CO CC. 

(iti) C is an ideal of By. & 


Now 8B, is the homomorphic image of the principal ideal ring Zo[zr| and 
so B, is a principal ideal ring. Thus, if C is an ideal of B,, there exists 
g(x) € Zg[z] such that (g(Z)) = C. The polynomial g(z) has special properties 
which we describe in the exercises, and which can be seen by Theorem 26.2.6. 
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We now determine the dimension of a cyclic code C,, where C’ is considered 
to be a subspace of the vector space B, over Zo. Let C' = (g(Z)), where g(z) 
divides 2” — 1. We recall that if R is a commutative ring and a € R, then the 
annihilator of a, ann(a) = {r € R | ra = 0}, is an ideal of R. 


Lemma 26.2.11 Let g(x) € Zaz] divide x” — 1. Then in Bn, 


ann(g(Z)) = (h(Z)) , 


where x” —1 = h(z)g(z). 


Proof. Since 0 =z" —1=A(&)g(Z), h(Z) € ann(g(Z)). Thus, 
(h(Z)) € ann(g(Z)). 


Let f(Z) € ann(g(Z)). Then f(Z)g(z) = 0. Therefore, f(x)g(z) € Ker n-= 
(z” — 1), where 7, is the natural homomorphism of Ze[z] onto Ze[z]/ (z” — 1) = 
B,. Thus, there exists g(x) € Za[z] such that f(x)g(x) = g(x) (a” — 1). There- 
fore, f (x)g(z) = q(x)h(z)9(e) and so f(x) = 9(z)h(z). Thus, 


f(®) = a(@)h(z) € (h))- 
Hence, ann(g(Z)) C (h(Z)). Consequently, ann(g(Z)) = (h(Z)). 


Theorem 26.2.12 Let g(x) € Zaz] divide ce” — 1. Let C = (g(Z)) be a 
cyclic code in B,. Let s = degg(x) and m = n—s. Then X = {9(2), 
Zg(z),...,2~19(z)} is a basis of C over Zo[z]. 


Proof. Since g(x) divides z”—1, there exists h(z) € Zg[z] such that c"-1 = 
h(x)g(z). We show that X spans C. Let f(z) € C. Then f(%) = k(%)g(Z) 
for some k(x) € Ze[z]. By the division algorithm, there exists q(z),r(r) € 
Z2[x] such that k(x) = q(r)h(x) + r(x), where either r(x) = 0 or degr(z) < 
deg h(x) = m. By Lemma 26.2.11, h(Z)g(z) = 0. Thus, 


f() = (Q@)h@) + 7(@))9() = r(@) 9) 


and degr(z) < m-—1. Hence, f(%) is a linear combination over Za of the 
elements of X. Therefore, X spans C. Suppose 0 = agg(Z) + aiZg(T) +--+ + 
Qm—1z™ +g(£), where a; € Z2, i = 0,1,...,m—1. Let f(z) = ag t+ aye + 
-+++@m—1z™—1. Then 0 = f(Z)g(Z). Hence, f(Z) € ann(g(Z)) = (h()) . Thus, 
(f(z)) © (R(Z)) and so h(z)|f(z) by Exercise 5. Now deg f(z) < m-1 < 
m = degh(zx). Consequently, f(x) = 0. Hence, ag = a] = ++: = Gm_) = 0. 
Therefore, X is linearly independent over Zo. Ml 
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Corollary 26.2.13 Let g(x) € Z[x] divide ce” —1. Let C = (g(@)) be a cyclic 
code in B,. Then C has dimension m over Zp. Furthermore, C is an (n,m)- 
code. 


We recall that if C = (g(Z)) is a cyclic code in B,, then 


90 Gi 92 gs 0 0 
0 gn Qs-1 9 0 

Gs |[ee e <8) (26.3) 
0 0 - go gn Ge use, 


is a generator matrix for C, where g(x) = gop+gir+---+gsr°. We now determine 
a parity-check matrix H for C. We have that rc? — 1 = h(x)g(x) for some 
h(x) € Ze[z], where deg h(x) =n—-—s =m. Write h(x) = hothyrt-:-+hmz™. 
Define H to be the n x s matrix, 


0 0 hm 
0 am, Pn —(s—2) 
Am  Rm-1 Ra (eT) 
Pay 2 (26.4) 
hs-1 Ase ho 
ho hy 0 
hy ho 0 
ho 0 0 


Lemma 26.2.14 Let G and H be defined as above. Then GH = 0. 


Proof. The (z,7)th component of the matrix GH is given by 


n-1 
S Gn—i+k+1Nn—j—k (26.5) 
k=0 

where 9s41 = --* = Qn-1 = 0 and Amyi = --: = An_1 = O and where the 


subscripts of the gn-i+k41 and the h,z_;-, are each taken modulo n. Since 
g(Z)h(Z) = 0, we have 


goht +--+ + 9ehi-k +--+ Gho = 0 


for k = 0,1,...,t; #=0,1,...,n — 1. Hence, if we take the subscripts in Eq. 
(26.5), 
Gilij4n—1 +++ + itkhjtn—k-1 +++ + Gitn—1hy, 
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modulo n, we have 
m—-l 
SS Gaia ee = 0. 
k=0 

Thus, GH = 0. 


It seems advisable to give an example illustrating Lemma 26.2.14 before 
stating our next result. 


Example 26.2.15 Letn =7 and g(x) =1+24+23. Then h(x) = 1t+a+z7+274. 
Thus, s=3 andm=4. We have that 


1104100 0 
ga}/% 11010 0 
001101 0 
00011021 
and 

001 

01 0 

1 0 0 

H=;0 11 

se eb 

1 1 0 

1 0 0 


Now GH is a4 x3 matriz and the (3,2) entry of GH is 


gshs + geha + grh3 + ggh2 + gohi + gioho + gith-1 
= gshs + geha + gohs + gih2 + gohi + gsho + gahe 

(taking subscripts modulo 7) 
= goh3 + gih2 + gohi + g3ho 


since g4 = 95 = go =O = hs = hg. Now goh3 + giho + gohi + g3ho = 0 since 
g(z)h(z) = 0. 


In the following theorem, we show that the matrix H given by Eq. (26.4) 
is a parity check matrix of the cyclic code which is generated by the matrix G 
of Eq. (26.3). 


Theorem 26.2.16 Let C = (g(Z)) be a cyclic code in B,, where g(x)h(x) = 
x” —1 and deg g(x) = s > 1. Let G and H be the matrices given in Eqs. (26.3) 
and (26.4). Let D = {r(zZ) € B, | FH = O}, where r(Z) = NM) rik* and 
P=rori::'Tn—-1 forr; € Zo,i1=0,1,...,n-—1. Then D=C. 
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Proof. By Lemma 26.2.14, D C C. By Theorem 26.2.12, dimC = m. 
Hence, it suffices to show that dimD = m. Since g(z)h(z) = 2” — 1, hm = 1, 
where A(x) = S772) ix’. Thus, the s columns of H are linearly independent. 
Therefore, if we let Do denote the subspace of B, spanned by these columns, 
then dimDpo = s. From linear algebra, we recall that the orthogonal complement 
Dg = {r(Z) € By | Fot =0, t(Z) € Do} has dimension m = n — s. However, 
Dg = D and so dimD = m, the desired conclusion. ll 


Example 26.2.17 Letn = 4. It follows that1—2* = (1+ 2)(l+z2+2%+2%). 
Let g(f) =1+2. Thens =1 andm=4-1=3. Hence, h(Z) =1+24+77+2". 
Thus, 


1 
G=] 0 
0 


oS eR 


0 
1 
1 


= © O&O 


We recall that this is the (4,3) code in Example 26.2.7. 


We now examine error detection and correction for cyclic codes. We know 
from Theorem 26.1.16 that for a code to detect all sets of k or fewer errors, it is 
necessary and sufficient that the minimum distance between any two codewords 
be at least k + 1, and for a code to correct all sets of k or fewer errors, it is 
necessary that the minimum distance between codewords be at least 2k + 1. 
Theorem 26.1.19 says that the minimum distance between any two distinct 
codewords is the least weight of a nonzero codeword. 

Let F be a field containing Z2 and a € F be a primitive nth root of unity 
over Zo, that is, a has order 7 in the group (F'\{0},-}. Thus, 1,a,...,a”~1 are 
distinct. Hence, n is odd else n = 2k for some k and so (a*-1)? = a”-1=0. In 
this case, a* —1 = 0, which contradicts the fact that 1,a,...,a"~1 are distinct. 
Since a € F, a”,...,a"~! € F. Therefore, 


a” —1= (x —1)(x —a)(z — a”) --- (x — a") over F. 
Let g(x) € Ze[z] be any polynomial which divides x” — 1. Then the set of all 
roots of g(z) is a subset of {1,a,...,a" 1}. 


Theorem 26.2.18 Leta be a primitive nth root of unity over Zo, n > 1. Let 
C = (g(@)) 


be a cyclic code in B,. Let u,v be integers such that l <u<vu<n-1, 
a®,a%t1 ..,a” are roots of g(x). Thend >v—u+2, where d is the minimum 
distance of the code C. 
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Proof. Lett=v—u+land f(Z) = ag+a,%4+--:+a,_12" 1 € C. It suffices 
to show that wt(a) >¢+ 1, where @ = apa, ---an_1. There exists q(x) € Zo[z] 
such that f(z) = q(xz)g(x). Thus, f(a’) = g(a*)g(a') = 0 fort =u,u+l,...,v. 
Consequently, 


1 1 1 
au qutti quit-1 
hagas a doi az g2(utl) g2(utt—1) _ [00 _ 0}. 
gine g(n—1)(wtt) a(n I(wHt-1) 


Suppose that wt(@) =s <t+1. Then exactly s of the a; = 1, say, aj, =-:: 
ai, = 1, where i; <---<72,. Now 


giv gtlutl) qi(uts—1) 
gi2®  gi2(utl) qgi2z(uts—1) 
las, aig = a), | = [0.0---0}. 
gist gis(ut+1) gis(uts—1) 
Thus, 
1 qi (at1)s~1 
teen: a’? (ai2)s~} 
0 = qittiqut +tst dot 
L ats (aés)5~4 
However, this is impossible since the a®,a*,...,a*s are distinct and the deter- 


minant is a Vandermonde determinate. Ml 


We now consider only binary cyclic codes of odd length n. Then 2” — 1 has 
distinct factors. The factors are generators of binary cyclic codes. However, it 
can be difficult to find the factors. Fortunately, an ideal can have more that 
one generator. We will be interested in certain kinds of generators since there 
is a method of determining them. 

A generator e(Z) of an ideal in B, is called an idempotent generator if 
it is an idempotent, that is, if e?(%) = e(%). Note that if a(Z) is in (e(Z)), then 
a(Z) = b(Z)e(zZ) for some b(z) and so a(Z)e(Z) = b(€)e2(Z) = b(Z)e(Z) = a(Z). 
That is, e(Z) is an identity of (e(Z)). Conversely, an idempotent that is an 
identity for an ideal IJ, generates J. This follows from the following argument. 

Suppose e(Z) is an identity for an ideal J in B,. Then for all a(Z) € J, 
a(z) = a(@)e(z). Thus, I € (e(%)). Since e(%) € I, (e(@)) C I. Hence, J = 
(e(z)) 

In order to determine how we find idempotent generators, we introduce the 
notion of a cyclotomic coset. 
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Consider any integer s such that 0 < s < p™ —1, where p is a prime and 
let r be the smallest nonnegative integer such that p"t!s = s(mod(p™ — 1)). 
The cyclotomic coset containing s consists of {s,ps,p*s,...,p"s}, where each 
p's is reduced mod(p™ — 1). If ged(s,p” — 1) = 1, then r = m —1, but if 
gcd(s,p™ — 1) #1, then r varies with s. Note (p™ — 1)|(p"+1s — s) and so 
(p™ —1)|(p"t! — 1)s. Even though cyclotomic cosets are not cosets of a group, 
they partition the integers mod (p™ — 1), that is, each integer mod (p™ — 1) 
is in exactly one coset. If u is the smallest element in its cyclotomic coset, we 
denote the coset by C,,. 

Let m = 4 and p = 2. Let s = 0. Then (2* — 1)|(2°+'0 — 0) and so r = 0. 
Hence, Co = {0}. Let s = 1. Then (2*—1)|(27111—1) and so r = 3. Thus, C, = 
{1,2,4,8}. Let s = 3. Then (24 — 1)|(27+13 — 3), ie., (24 1)|(27t! — 1)3. Now 
(24-1) #(2°*11-1)3, (24-1) 4(2!411-1)3, (24-1) does not divide (2?+11-1)3, 
but (24 ~1)|(2°+11 —1)3. Therefore, r = 3. Consequently, C3 = {3,6, 12,24} = 
{3,6, 12,9}. Let s = 5. Then (24 — 1)|(2"+15 — 5). Now (24 — 1) does not divide 
(2°11 — 1)5, but (24 — 1)|(2!+11 — 1)5. Thus, r = 1. Hence, Cs = {5,10}. 
Note that Co = {0}, Ci = {1,2,4,8}, Cs = {3,6, 12,9}, Cs = {5,10}, and 
Cy = {7,14, 13,11} partition {0,1,2,...,14}. 

We now illustrate how we determine idempotent generators. Let n = 7. 
Suppose we have e(%) = ag + a,Z+---+ag%°. Now the coefficient of e?(%) for 


Zz" is 
7 
Noes, 
j=0 
where i = 0,1,...,12 and we have a; = 0 fori =7,...,12. Hence, 


: O if is odd 
Q;a;_; = poet 
2 gtd ais if 2 is even. 
j=0 a/ 


For example, agag = ae, aga, + a,aq = 0, apag + aja, + a2ag = a? and 
aga3 + aja2 + aca, + a3ag = 0. Now 0 is the coefficient of 2’, 29, z14 and 
z® = 3, 21° — 3, and z!* = 2. Thus, 

e?(Z) = a3 + afZ + ada? + a2z? + adz* + a2z° + a22° = e(2). 


Hence, ap = ag, @1 = a4, a2 = G1, a3 = 5, G4 = G2, a5 = ag, and ag = a3 or 
ao = ao, a] = a2 = a4, a3 = as = ag. Note that modulo 7, we have 2-0 = 0, 
2-1=2,2-2=4,2-4=1,2-3=6, 2-6 = 5. Thus, we see that this can 
only happen if S is a union of cyclotomic cosets for n = 7, where S is the set 
of powers of £ that occurs with nonzero coefficients in e(Z). The proof of the 
following result follows by a similar argument. 


Lemma 26.2.19 Let f(Z) € By. Then f(Z) ts an idempotent in B, if and 
only if the set S of powers of & that occur with nonzero coefficients in f(Z) is 
a union of cyclotomic cosets. 
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We now determine the cyclotomic cosets for n = 7 = 23 — 1, ie., m = 3 
and p = 2. Let s = 0, then 7|(2°+°0 — 0) and so r = 0. Thus, Cy = {0}. Let 
s = 1. Then 7|(2?+11—1) and so r = 2. Hence, C, = {1,2,4}. Let s = 3. Then 
7|(22+13 — 3) and so r = 2. Thus, C3 = {3,6, 12} = {3,6,5}. The cyclotomic 
cosets yield the eight idempotents. We list them below. 


Idempotent generator 


e(z)=l+a+a?+a3tatt o> + 2%; CoUCLUCS 
ep(x) =1+234+2°+25, CoUC3 
es(z) =1lta2t+2?+2%, CoUCy 
eo(x) +e3(z) =a2t+a2?+e3+244+254+28 CLUCS 
ia +eo(x) =2+2?+2%; Ci 

e1(z) +e3(z) = 23 +25 +425, C3. 


The two remaining idempotents are 0 and 1. Now 1 generates the whole 
space, while 0 generates the zero space. We see every code of length 7 has an 
idempotent generator. 


Theorem 26.2.20 very cyclic code has an idempotent generator. 


Proof. Let g(Z) be the generator polynomial of the cyclic code C. Then 
7” — 1 = g(x)h(x) for some h(x). Since z” — 1 has distinct factors, g(x) and 
h(x) are relatively prime. Thus, there exist s(x), t(x) € Ze[z] such that 


1 = s(z)g(z) + t(z)h(z). (26.6) 


Let e(x) = s(x)g(z). Then e(z) € C. We multiply Eq. (26.6) by s(x)g(x) to 

obtain 9(2)g(st) = 6°(c)9?(a) + s(x) g()t(2)A(a) = s2(z)g2(z) + s(2)t(2) 2" — 

1). Hence, e(Z) = e?(Z) +0 in B,. Thus, e(Z) is idempotent. Let c(Z) € C. 

Then c(%) = r(Z)g(Z) for some r(Z) in B,. Now multiply Eq. (26.6) by c(z). 

We obtain c(x) = s(x)g(x)c(x) + t(x)c(x)h(x). Thus, c(Z) = s(%)g(Z)c(Z) = 

e(Z)c(Z). Therefore, e(Z) is an identity for C. Consequently, e(Z) generates 
a 


a 


26.2.1 Exercises 


1. Determine the number of cyclic codes of the following lengths: 
(i) length 6, 
(ii) length 7, 
(iii) length 10. 
2. Let m = 3, n =7 and the generator polynomial be g(x) =1+2+4+27 + 


x? + x‘. Determine the corresponding (3, 7)-code and give the encoding 
matrix G. 
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3. In Exercise 2, find the parity-check matrix K. 
4. Show that the codes in Examples 26.2.8 and 26.2:9 are Hamming codes. 


5. Let f(x) and A(x) € Zola] be such that h(x) re xz” —1 in Zo[z]. 
Prove that (f(Z)) ¢ (h(%)) if and only if h{z) divides f(x) in Zola]. 


6. Let C be an ideal of B,. Prove the following assertions. 


(i) There exists an ideal J of Zp[z] such that C = 7(I) and I D Ker n, 
where 77 is the natural homomorphism of Z2{z] onto By. 


(ii) If C = (g(@)) , then I = (g(x)) , where J is the ideal in (i). 


(iii) If g(x) € Zo[x] is such that I = (g(x)), then C = (g(%)) and 
g(z)|(z" — 1). 


7. Let C be a cyclic code in B,. Let g(x) € Zg[z] be the smallest degree 
polynomial such that g(Z) € C. Prove that (g(%)) = C and that g(z) is 
unique. 


26.3 Bose-Chauduri-Hocquenghem Codes 


In this section, we take a very brief look at Bose-Chauduri-Hocquenghen codes 
(BCH codes). For codewords of length several thousand, these codes preform 
very well. BCH codes are multiple-error-correcting codes. The number of check 
digits is a function of the number of errors to be detected or corrected. In the 
following, we give a systematic way to construct binary BCH codes of any 
length. 

Since we only consider binary BCH codes here, our symbols are once again 
from Zo. Two words are said to have distance d if they differ in d places. We 
wish to construct a code with minimum distance d, i.e., the distance between 
two codewords is at least d. 


Definition 26.3.1 Let a be a primitive nth root of unity over Zo. Let m,(z) 
be the minimum polynomial of a’ over Zo, i = 1,...,n —1. Let d and u be 
integers, whered > 2 andu> 0. If 


9(z) = lem(m,(2), Muti (x) see ,My4d-2(2)), 


then the cyclic code (g(Z)) in B, is called a binary BCH code of length n 
and distance d. 


Since the polynomials m,(z), Mu4i(Z)...,Mu+a—2(x) are irreducible over 
Zo, g(x) is the product of the distinct m,(z),i=u,u+1,...,u+d—2. 
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Theorem 26.3.2 Let C = (g(£)) be the binary BCH code of length n and 
distance d. Then the following assertions hold. 

(i) The minimum distance of C is at least d. 

(ii) f(@) © C af and only if f(a’) =0 fori=uutl,...,ut+d—2. 

(iti) A parity-check matrix for C is given by 


1 1 1 
av qutl qutd—2 
es gt g2ut1) q2(utd—2) 
a(n a(n Det) a(n i)(utd—2) 
Proof. (i) Since m,(z) divides g(z), at is a root of g(x), fori = uyut+ 


1,...,u+d-— 2. Thus, the desired result follows from Theorem 26.2.18. 

(ii) Let f(Z) € C. Since g(x) divides f(x) and each a’ is a root of g(x) by 
(i), each a® is a root of f(z). Conversely, suppose that a‘ is a root of f(z) for 
ti=u,utl,...,u+d—2. Then m,(z) divides f(z) since m;(x) is the minimal 
polynomial of a’, i=u,ut1,...,u+d—2. Therefore, g(x) divides f(x) since 
g(x) is the product of the distinct m;(z), which are relatively prime. Thus, 
f(Z) EC. 

(iii) Let f(Z) = ap + a\B +--+ +a,_1%""* € By. Then 


aH = fee eee flaet), 


where @ = aoa) ---dn—1. Thus, @H = 0 if and only if f(a") = f(a¥t') =... = 
f(att4-*) = 0 if and only if f(z) € C by (ii). 


Example 26.3.3 We construct a binary BCH code with codeword length n = 
15, which has minimum distance d = 5. Let a be a root of the primitive poly- 
nomiall+z2-+ 2%. Consider the successive powers of a 


a? a® = ata 

a gl et Bega] 

a* = atl a’ = a+ar%+a 

ab = a?+a a’® = a+ar?+atl 
a® = a®+a? aS = gi+a2+1 

a’ = a+a+l al4 = a§+1 

a® = a*+1 a = 1 


Let m;(z) denote the minimum polynomial of a’, i = 1,2,3,4. It is easily 
verified that a, a*, a*, a® are the roots of 1+z2+24 and that a’, a®, a°, a’? are 
the roots of 1+2+2%+23+4+24. Thus, 


m,(z) = mo(x) = ma(xz) =1+a4+24 
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and 
ma(z) =1lt+2+2°4+2°4+ 24. 
Hence, 
lem(m (x), mo(z),m3(z), ma(z)) = lem(my (x), m3(z)). 


Since m1(x) and m3(xz) have no common roots, lem(m1(x), m3(x)) is of degree 
at least 8. Hence, 


lem(m4(x), m3(z)) = m1(x)m3(z) = 1+ a+4+e% +27 42°. 


Since deg g(x) = 8, this BCH code has 15-8 =7 information digits. This code 
detects all sets of 5-1 = 4 or fewer errors and corrects all sets of (5—1)/2 =2 
or fewer errors. 
26.3.1 Exercises 

1. Show that BCH codes are cyclic. 

2. Show that the polynomial 1+ x + 24 is irreducible over Zo. 


3. Let F be a finite field such that F D Z,. Let m,(z) be the minimal 


polynomial of c’? over Zo, where F* = (c). Prove that m,(x) divides 
z?"-1 — 1, where 2” = |F|. 


Chapter 27 


Grobner Bases 


27.1 Affine Varieties 


This chapter is concerned with the geometry dealing with affine varieties. An 
affine variety is defined by polynomial equations. These polynomial equations 
may define, for example, curves and surfaces. Throughout this chapter, we 


let K[z1,...,2n] denote the polynomial ring in the algebraically independent 
indeterminates 21,...,£n over the field K. 

Definition 27.1.1 A product of the form af)...29", where a1,...,Qn are 
nonnegative integers, is called a monomial in 21,...,2n. The sum oy + +--+ 


a, 18 called the total degree of the monomial. 


Let xf*---2@" be a monomial. Then we simply write c* for rf? --- x2", 
where we let a = (a1,...,Qn). If a = 0, then x* = 1. We sometimes write |a| 


for ay +---+ dp. 


Definition 27.1.2 Let f = 0, a@ar® € K[x1,..., 2p]. Then ag is called the 
coefficient of the monomial x® and agx® is called a term of f ifag #0. The 
total degree of f, denoted by deg(f), is the largest |a| for which ag # 0. 


Definition 27.1.3 Letn be a positive integer. The set 
K” = {(a),...,@n) | ai EK, ¢=1,...,n} 
is called the affine space over K. 


For f € K|x,...,2n], we can interpret f as a function from K” into K as 
follows: For all (a1,...,an) € K”, 


F(Ojssn a) = So aga sant, 
Qa 


where y So. Gaby eaeey 
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Theorem 27.1.4 Suppose that K is infinite. Let f € K[x1,...,2,]. Then f 
= 0 in K[xj,...,2n] if and only if f: K” — K is the zero function. 


Proof. If f = 0, then clearly f : K” — K is the zero function. Conversely, 
suppose that f is the zero function. The proof is by induction on n, the number 
of indeterminates. Suppose that n = 1. Then by Theorem 14.1.11, f has at 
most m roots, where m is the degree of f. Since f(a) = 0 for all a € K and since 
K is infinite, it follows that f = 0. Now assume that the converse is true for 
n—1. Let f € K[z1,...,2,] be such that f(ai,...,@n) = 0 for all (a),..., an) 
€ K™. Now we can express f in the form 


q 


f => So gi(ai, sae ,Bn1) 2%, 


i=0 


where g; € K[zj,...,2n-1],2 =0,1,...,g. Consider any arbitrary fixed (a1,..., 
Qn—1) € K"“}, Then f(a1,...,@n—1,Zn) is a polynomial in one indeterminate. 
By the n = 1 case, f(a1,,..-,@n—1,2n) is the zero polynomial in K[z,]| since 
f(ai,...,@n) =0 for all a, € K. Hence, g;(a1,...,@n-1) = 0 fori =0,1,..., 
q. Since (a1,...,@n—1) is arbitrary, it follows by the induction hypothesis that 
each g; is the zero polynomial in K[r1,...,2n—1]. Thus, f is the zero polynomial 
in A (2h, een, tal El 


Corollary 27.1.5 Suppose that K is infinite. Let f,g € K[r1,...,2n]. Then 
f=g if and only if f: K" — K andg: K" — K are the same function. 


Proof. The proof follows from Theorem 27.1.4 by considering f — g. Hl 
Definition 27.1.6 Let fi,...,fm € K[zr1,..-,2n]. The set 

Visijscas ds Ht (Og 5G, ER” | filets. ag) =H 0 for ale = lo o.05m} 
is called the affine variety defined by fi,...,fm- 


We sometimes use the notation V({f; |7=1,2,...,m}) for V(fi,..., fm). 
Consider, for example, the following linear system of equations 


T+2y+z = 2 
ert+y-z = 1. 


We replace the second equation by the second equation minus the first 
equation to obtain 
r+2y+z = 2 
—-y-2z = -1. 
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We then replace the first equation by the first equation plus two times the 
second equation. We then have 


x-3z2 = 0 
—y-2z = -1. 


Thus, 


V(x+2y4+2—-2,0+y—z-1) = {(3t,1—2t,t) | te K}. 


The method used to solve the above system of equations was that of elimination 
of variables. The equations z+ 2y+z—2=0and z+ y —z—1=0 form what 
is called an implicit representation of V. 


For an application of polynomial equations, we turn to robotics. We con- 
sider the motion of a robot’s arm in the plane. We assume that we have three 
linked rods of lengths 6, 4, 2, respectively. 


(u,v) 


O 
The positions or states of the arm are determined by the solution in R® to 
the following polynomial equations. 


zety? = 36 

(z— a)? + (w—y) 
(u-z)?+(v-w)? = 4 

Another application to polynomial equations is in automatic geometric the- 
orem proving. We introduce Cartesian coordinates in the Euclidean plane. 
Having done this, many geometric theorems can be expressed as polynomial 
equations. We show, for example, how polynomial equations can be used to de- 
termine results concerning the diagonals of a square. Let A, B,C, D be vertices 
of a square. 
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D C 


Let X denote nes point of BAeseioh of the diagonals AC and BD. We 
place side AB on the z-axis with vertex A at the origin. Then the Cartesian 
coordinates of A are (0,0) and those of B are (a,0), where a is arbitrary. The 
Cartesian coordinates of C and D are determined by B. We write (21, y) and 
(xo, y2) for the Cartesian coordinates of C' and D, respectively. We use the 
slope formula for a line segment to translate the defining properties of a square 
into polynomial equations. 


ABLAD : 29 =0 

AB\|CD : 0 = (y2 — y1)/(22 — 21) 

|AB| = |DC| : a? = (x2 — 21)? + (y2 — 1)? 
|AB| = |AD|: yo = ta. 


Thus, we obtain the polynomial equations, 


w—-y = 0 


27.1), 
ri+(y-y)?-a? = 0. ( ) 


(Hence, 21 = +a and y, = +a.) 


We also know that A, X, C are collinear, as are D, X, B. Thus, if we let 
(x3, y3) denote the Cartesian coordinates of X, we have the following equations, 


A, X, C are collinear : y3/z3 = (y3 — y1)/(x3 — £1) 
D, X, Bare collinear : (y3 — yo)/(a3 — 2) = (ys — 0)/(x3 — a). 
We hence obtain the polynomial equations, 


r1y3 — 73y1 = 0 


2172 
r2y3 — T3y2 — ay3 + ay2 = O. ( ) 


(Thus, 23 = a/2 = y3.) 
Consider the property that the diagonals of a square intersect in right an- 
gles. 


AX’ + XD" = AD’ : (0-23)? + (0 — ys)? + (ws — 22)? + (ys — v2)? 
= (0 — 22)? + (0 —y2)? 
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or 


23 + 3 — 2223 — yoys = 0. (27.3) 


Therefore, the statement which says that the diagonals of a square intersect 
in right angles translates into the statement that Eqs. (27.1) and (27.2) imply 
the Eq. (27.3). There are, of course, many other conclusions we could derive. 


Lemma 27.1.7 Let V,W C K” be affine varieties. Then VUW and VM W 
are affine varieties. 


Proof. Let V=V(fi,...,fm) and W = V(qg1,...,9q) for some fi,..., fm; 
91,++-59q € K[£1,..., £n]. Now (a1,...,an) € VOW if and only if f,(a1,...,@n) 
= 0 and g;(a1,...,a,) = 0 for alli=1,...,mandj = 1,...,q if and only if 


(Gian eV Sinsess Sas Gis 3405): 


Thus, VOW =V(fi,---s fms 91s -- +59): 

Let (a1,-..,@n) € V. Then f,(a1,...,@n)9;(@1,...,@n) = 0 for alli = 
1,...,m and j = 1,...,q. Hence, V C V({fig; |i = 1,...,.m 357 = 1,...,q}) 
and similarly W C V({fig; | 1,...,m;j =1,..., q}). Thus, VUW CV ({ fig; 
tS Lanne ee Me ee yy Get tet eatin ie VC tgs It lpn are 
; j = 1,...,q}). Suppose there exists « such that f;(a1,...,@n) # 0. Since 
fi(a1,.-.,@n)gj(@1,...,4n) = 0, we have that g;(ai,...,@n) = 0 for all j 
= 1,...,g. Therefore, (a1,...,a@n) € W. Suppose f;(a1,...,an) = 0 for alli = 
1,...,m. Then (a1,...,@n) € V. Thus, V({fig; |i = 1,...,m 5 9 = 1,...,¢}) 
CV UW. Consequently, V({figj |t=1,...,.m;j =1,...,q}) =VUW. 


We now wish to consider a way of describing the points of an affine variety. 
We can accomplish this at times by parametrizing the variety. Parametric 
representations of curves and surfaces are used to draw them on a computer. 
The implicit representation of a variety is useful in determining whether or not 
a point lies on the curve or surface. 

Consider again the linear system of equations 


z+2yt+z2 = 2 
zt+y-z = 1. (20) 
Then 
xz = 3t 
y = 1-2t (27.5) 
Aiea! Fl 


t is called a parameter and Eqs. (27.5) is called a parametrization of Eqs. 
(27.4). 
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For another example, consider the equation z? + y? = 1. Then 


cost 
sint 


y 


is another example of a parametrization. Another known parametrization of 
x’ +y* =1 (except for the point (—1,0)) is 


z= (1-#7)/(1+?#) 
y 2t/(1 + t?). 


Note that —1 = (1 —t*)/(1+t?) is impossible, else —1 = 1. Next, we show 
how to obtain this parametrization. 


Each nonvertical line through (—1,0) will intersect the circle in a unique 
point other than (—1,0). As t varies from —oo to oo, the corresponding point 
(x,y) traverses all of the circle except for the point (—1,0). The slope of each 
nonvertical line is given by 


(¢- 0)/@- (-1)) = -H/(z- 9). 


Thus, 


t=y/(2 +3) 
y=t(e+1). 208) 


Substituting t(z +1) in for y in 2? + y* = 1 yields 
z’?+t(2+1)2=1 


or 
(1 + t?)2? + 2422 + #2 -—1=0. 
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Solving this latter equation for x in terms of t, we get the z-coordinate of where 
the line intersects the circle x? + y* = 1. One solution is z = —1. Hence, r +1 
divides (1 + t?)z? + 2#?2 +2? — 1. This division yields 


(1+¢7)x? + 22 +t? -1=(2+1)((1+?t?)2 —-(1~-#”)) =0. 


Setting 
G4P\e>0=7)=0, 


we obtain 
x = (1 —#7)/(1 4 t?). 


Substituting this into Eq. (27.6) yields 
y = 2t/(1 +2"). 
Definition 27.1.8 Let V C Kk” be an affine variety. Let 
WV) ={f € K[z1,...,2n] | f(ai,..-,@n) =0 for all (a1,...,an) € V}. 


Lemma 27.1.9 [f V C K” is an affine variety, then I(V) is an ideal of 
K[z1,. . eee 


Proof. Clearly the zero polynomial is a member of [(V) since 0(a1,..., an) = 
0 for all (a),...,a@,) € K”. Let f,g € 1(V). Then 


(f + 9)(1,...,@n) = f(ai,...,@n) + 9(a1,-..-,@n) =0+0=0. 
Thus, f+gEI(V). Leth € K[21,...,2n]. Then 
(hf)(a1,---,@n) =h{az,...,@n)f(ai,.-.,@n) = h(ai,.-.,an)0 = 0. 

Therefore, hf € I(V). Hence, [(V) is an ideal of K[z1,...,2n]. 0 

The ideal [(V) in Lemma 27.1.9 is called the ideal of V. 
Example 27.1.10 Let V = {(0,0)} € K’. In this ezample, we show that 

T(V) = (x,y). 
Let f(z, y)x + 9(z,y)y € (x,y). Then 
f(0,0)0 + 9(0,0)0 =0. 
Thus, f(z, fe + g(z,y)y € I(V). Hence, (z,y) C I(V).Let f(x,y) € I(V). 
—0. 


f(2,y) = Odo aya*y’ 


j=0 1=0 


27.1. AFFINE VARIETIES 581 


for some a;; € K. Therefore, 
n m eee 
0 = ago + ai190 + ag, 0 + + S> a4;0°0?. 
jHli=l 
This implies that aop9 = 0 and so 
n ™m ae 
f(x,y) = aiox + any + > SS agaty (x,y). 
j=li=l 
Hence, I(V) € (x,y) . Consequently, I(V) = (x,y). 
Example 27.1.11 Let V = K”. Then f € I(K”) if and only if f(ai,..-,an) = 


0 for all (a1,...,@n) € K”. Hence, if K is infinite, then f is the 0 polynomial. 
Thus, I(K") = {0} if K ts infinite. 


Lemma 27.1.12 Let fi,...,f,; € K[z1,...,2n]. Then 
(iis tegdey SIV hictadte) i 


Proof. Let f € (fi,..., fs). Then f =hifi +---+Asfs forsome hj,...,hs € 
K|x1,...,2n]. Thus, for all (a1,...,¢n) € V(fi,.--, fs), 


f(Oixie ov Ge) = hy(ai,..-,4n)fi(ai,...,@n) +--+ 
fis (Gigudig@n) fs Qise sgn) 
= Osh Q 
= 9) 


and so fe I(V(fi,-.-,fs)). Hence, (fi,..., fs) OI(V(f,-.-, fs)). 


Proposition 27.1.13 Let V and W be affine varieties in kK". Then 
(i) V CW “Gf and only if I(V) > 1(W), 
(ii) V = W af and only if I(V) = I(W). 


Proof. (i) Suppose that V C W. Let f € I(W). Then for all (a,..., 
an) € W, f(ai,...,@n) = 0. Hence, for all (a1,...,an) € V, f(ai,...,@n) =0 
and so f € I(V). Thus, I(W) C I(V). Suppose that I(W) C I(V). Since W is 
an affine variety, there exist g1,...,9: € K[r1,...,2,] such that W = V(q1,..., 
ge). Therefore, g1,...,9 € I(W) C I(V). Consequently, gi(a1,...,@n) =+:- = 
gt(@1,.--,@n) = O for all (a1,...,an) € V. Thus, (a1,...,a,) € W for all 
(a1,.-.,dn) € V andsoV CW. 

(ii) Clearly, if V = W, then I(V) = I(W). Suppose that I(V) = I(W). 
Then by (i), V DW and V CW. Hence, V =W. 


We have seen in this section how the generators of an ideal in a polynomial 
ring can be associated with a system of polynomial equations. An ideal may 
have different sets of generators. See for example Exercises 3 and 4. In the 
next section, we will be interested in determining the “best” generating set. 
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27.1.1 Worked-Out Exercises 
} Exercise 1 Let V = V(y —z) C R?. Show that 


I(V) = (y-2z). 


Solution: Clearly y — x € I(V). Hence, (y—x) C I(V). Let z%y? be a 
monomial in R{z, y]. Then a and @ are nonnegative integers. By the binomial 
theorem 


2°(2+(y—2))? 


ae (aP + (SE, (A) 28-i(y — 2)'-1)( y - 2) 
= haply—2) +2°*8 


ry 


for some hag € R[z, y|. Thus, for all f € R[s, y], 


f = Veto p=0 Teperye (rag € R) 
= Dro Vgx0 ap (Rap(y — 2) + 2+) 
= hA(y—z)+7 


for some h € R{z, y], 7 € Riz]. 
Let f € [(V). Then f = h(y — x) + Ff as above. Since f vanishes on V, we 
obtain 
0= f(t,t) =0+ F(t) 


for any real number t. Therefore, 7 = 0 and so f = h(y—2z) € (y—z) . Hence, 
I(V) C (y— 2). Consequently, 


I(V) = (y-2). 
(We see that f € (y— x) if and only if f(t, t) =0.) 


27.1.2 Exercises 
1. Let V = V(y—2, z—2?,w—-z°) C R?. Show that 


IV) = (y-2,z-2°,w—z*). 
2. Show by an example that equality need not hold in Lemma 27.1.12. 
3. In the polynomial ring K[z,y], show that 
(z,y) =(e+y,2-—y) = (2+ ry,y+ary,c+27y7,y— By). 
4. In the polynomial ring Q[z], find a single generator for the ideal 


cas + 323 +227, x? +22 + 1 
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5. Show that 
VGe? a 2y" = Gee a y ate 3) = {(1,2), aly 2), (a #2) (45 —2)} 
by showing 


(32? + 2y? ~ 11,27 —y? +3) = (2? -1,y?—4). 


27.2 Grobner Bases 


The concept of Grobner bases provides computational means for solving prob- 
lems in mathematics, computer science, engineering, and science. The real im- 
pact of Grdbner bases is that they can be computed. Influenced by Wolfgang 
Grébner, Bruno Buchberger introduced Grobner bases in 1965. His algorithm 
for computing such bases is the major contribution to the theory. We will 
not explicitly give his algorithm here. The interested reader may pursue the 
subject further in Adams and Loustaunau or Becker and Weispfenning or Cox, 
Little and O’Shea. 

In the following, we let W denote the set of whole numbers, i.e., the non- 
negative integers. 


Definition 27.2.1 Let > be a relation on 
W"” = {(a1,...,0n) | a € Wii =1,...,n} 


and > be the relation on the set of monomials of K[x1,...,tn| defined by x° 
> 2 if and only ifa > B. If > satisfies properties (i), (ii), and (ii), then > 
is called a monomial ordering, where 

(i) > is a total (linear) ordering on W"; 

(it) for alla,B,y€ W", a> B impliesaty> B+7; 

(itt) every nonempty subset of W” has a smallest element relative to > . 


We ask the reader to verify that a relation > on W” satisfies (iii) of Defini- 
tion 27.2.1 if and only if every strictly decreasing sequence in W” terminates. 


Definition 27.2.2 Define the relation >, on W” by for alla, 8B € W", a> B 
if the left-most nonzero entry in a— 6 € Z” is positive. Define the relation >, 
on the set of monomials of K[x1,...,2n] by x% >, 2° if and only if a >, B. 
Then >; and > are called lexicographic (or lex) orders. 


Definition 27.2.3 Define the relation > gr on W” by for all a,8 © W”, 
a > grl B if 

la] > |B], or Jal = |B] anda >, B. 
Define the relation > r on the set of monomials of K[z1,...,2n] by 2* >gri 78 
if and only if & >gri B. Then > gr) and > gy; are called graded lexicographic 
orders. 
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Definition 27.2.4 Define the relation >grep on W” by for all a,@ € W”, 
a ~gret B if either |a| > |G| or |a| = |B| and the right-most nonzero entry in 
a— 8 € Z” is negative. Define the relation > gre on the set of monomials of 
Kei ycic Ga) bye” Soca z? if and only if a >gret G. Then >gret and >grel are 
called graded reverse lezicographic orders. 


(1,2,3) >1 (1, 1,4) since (1,2,3) — (1,1,4) = (0,1,-1) and 1>0. 


(1,2,3) grt (11,4) since |(1,2,3)| = 6 = |(1,1,4)| 
and (1, 2,3) >1 (1,1,4). 


(1, 2,3) >gret (1, 1,4) since |(1,2,3)] = 6 = |(1,1,4)], but 
(1,2,3) — (1,4) = (0,1,-1) and -1 <0. 


(1,2, 3) grt (1,3, 1) and (1,2,3) >gret (1,3, 1) since 
(1,2, 3)] =6>5 =|(1,3,1)|. 


We ask the reader verify the following result. 
Theorem 27.2.5 The ler ordering on W” is a monomial ordering. 


Definition 27.2.6 Let f = ,aar® € K[x1,...,2n], f # 0 and > be a 
monomial ordering. 
(i) The multidegree of f, written multideg(f), is defined to be 


max{a € W” | aa # 0}, 


where the maximum is taken with respect to >; 

(it) the leading coefficient of f, written LC(f), is defined to be a, € K, 
where pp = multideg(f); 

(iti) the leading monomial of f, written LM(f), is defined to be 


x’, where p = multideg (f); 
(iv) the leading term of f, written LT(f), is defined to be LC(f)-LM(f). 


Example 27.2.7 Let f = 2xr4z* — 3x4y?z? + 5ary3 + 5y3z? with x > y > z. 
Then, with respect to lexicographic ordering we have 

psec = (4, 2, 2) 

LOf) = 

LM(f) = aye 

LT(f) = —324y?z?. 
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The following theorem is a generalization of Theorem 14.1.4. 


Theorem 27.2.8 Let f,g € K[xr1,...,Zn] be nonzero. Then the following 
properties hold. 

(i) multideg( fg) = multideg( f)+multideg(g); 

(ii) If f+g #0, then multideg(f +g) < max{multideg( f),multideg(g)} with 
equality holding when multideg(f) #muliideg(g). Hl 


We now consider the division algorithm for polynomials of several variables. 
The idea is to divide a polynomial f in K[x,..., 2] by polynomials f,,..., fi; € 
K[z1,...,%p] to obtain quotients q1,...,q, and a remainder r € K[zx1,...,2z,| 
such that f = qifi +--- +f: + 7. We illustrate the procedure with some 
examples before we state the actual division algorithm. 


Example 27.2.9 Let f=27y?+y4+1, fi = zy +1, and fo =ytl1. We use 
ler order with x > y. Since LT(fi) > LT( fz), we list fi first in the following 
scheme: 
M1: 
q2: 
zyt+tl | zy*t+yt+l 
y+l xy? + ry. 


The leading terms, LT(fi) = cy and LT(fo) = y, both divide LT(f). Hence, 
divide f by fi first. We obtain 


q+ cy 
q2 : 
cyt 1 [ay +y41 
yt xy? +2y 
—ry+tytl. 


Both LT(f,) and LT(fo) divide —ry. Hence, we divide —ry+y+1 by LT(f;). 
This time we obtain 


gq:rzy—l 
q2 : 
zsyt+1 | z*y*+yt+l 
yt1 | 2y?+a2y 


—rytytl 
—Zxy -—1 
yt 2. 


This time LT(f,) does not divide y, but LT(fz) does. Hence, we divide y + 2 
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by LT( fz) to obtain 


qi zy—1 

gz: 
ryt 1 | vy? tytl 
ytl | 2y?+ay 


—zytytl 
—Zy —1 
y+2 
y+ 

1. 


Thus, we have that x*y* +y +1 = (ry —1)(zy +1) + 1(y+1) 41. 


In the following example, we illustrate a slight complication of this proce- 
dure. 


Example 27.2.10 Let f =a?y+zyty, fi =a? +y, and fo =y* +1. We use 
lex order with x > y. Since LT(fi) > LT( fo), we list fy first in the following 
scheme: 
q:y 
q2: 
s+y|sytsyty 
y+l | ctyty? 
ry-—y +y. 


Now neither LT(f) nor LT(f2) divides ry. Hence, we pull zy out as a remain- 
der. We thus arrive at 


q:y 
q2: 
wt+y | eytacyty 
ye t1|eyty? 
—y Ty Ti y. 


Now LT(f;) does not divide —y?, but LT(f2) does. Hence, 


q:y 
qo: —l 
ret+y zrytryty 
yr+1 | 22yt+y? 
~yo+y 
-y?-1 
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Now neither LT(f\) nor LT(fz) divides y. Hence, we pull out y+ 1 as a re- 
mainder to obtain 


go: -l 
a +y [a'ytacyty 
yeti | asyty? 
~yo ry 
-y—1 
rizgyt+yt+l. 


Hence, x?y+aryty = y(2?+y)—-1(y? +1) +eytyt1. 


Theorem 27.2.11 (Division Algorithm) Let > be a monomial ordering on 
the set of monomials of K|x1,..., tn]. Let f, fi,...,f: € K[zi,..., rn], where 


LT(fi) > LT(fe) > +++ > LT ft). 


Then there exist q,..-,@t, 7 © K[x1,...,2n] such that f=afit---+tasetr, 
where either r = 0 orr is a K-linear combination of monomials, none of which 
is divisible by any of LT(f1),..., LT (fz). Also, multideg(f) > multideg(q: f;) for 
those qf; #0. 


We ask the reader to show in Exercises 3 arid 4 that if the order of fi,..., f; 
by which we divide f is altered, then the remainder r may also be altered. 


Definition 27.2.12 An ideal I C K(z1,..., 2p] is called a monomial ideal 
if there exists A C W” such that I = ({x* | a€ A}). 


If I = ({z® | a € A}) is a monomial ideal, then every element of J is a finite 
sum of the form \yc4 Mat, where ha € K[z1,..., rn]. 


Lemma 27.2.13 Let I = ({z* | a € A}) be a monomial ideal. Then a mono- 
mial 28 € I if and only if x* | x9 for somea € A. 


Proof. If x | z?, then there exists ha € K[z1,..-,;2n] such that re = 
hat” € I. Suppose z° € I. Then 28 = eat hyx*, where hy € Fol Brvancste| 
and a(i) € A. Now hy = D7, kiy 2°), key € K for all i,j. Thus, 2° = Yj, 
(Oytis Rey zP()\e¢@ and so 28 = 72, Dye hy eC) +e) Hence, 6 = B(i7) 
+ afi), 7 =1,...,m; i = 1,...,n except for those t and j which drop out 
when like terms are combined. Now 2% | ¢9@)+e@, 5 = 1, ...,m; 51 = 1, 
...,n. Thus, 2°) | 28 ,¢ =1,...,n. 0 


The set 
a+W" ={a+7|yEew"} 


27.2. GROBNER BASES 588 
consists of the exponents of all monomials divisible by z@. If 
pes (aly gta ary) 
then the exponents of the monomials in I form the set 
((4, 2) + W”) U ((3, 4) + W”) U ((2,5) + W”). 


Lemma 27.2.14 Let I be a monomial ideal and f € K[z1,...,2n]. Then the 
following are equivalent. 


@)fel. 
(ii) Every term of f lies in I. 
(ii) f = Tip @ae® for some ag € K andz® €1,0<aK<t. 


Proof. That (iii) = (ii) => (i) is immediate. 

(i) => Gn); Since f € J, f = Oi z* for some hy € K[21,..-,2n] 
and a(i) € A, where J = ({z* | a€ A}). Now hy = S07, kay 249) 4 = 
1,...,q, ki; € K for all 2,7. Thus, 


q ™m 
fay bye (27,7) 
i=1 j=l 


Therefore, (iii) holds since 79()¢% ig a monomial in J. 


Corollary 27.2.15 Let I and J be monomial ideals. Then I = J if and only 
if I and J have the same monomials. 


Proof. Let J = ({z* |aeéA}) andJ= ({28 {fe BY). Suppose J and J 


have the same monomials. Then x? € ({z* | a € A}) and z® € ({28 |@e B}) 
Hence, 


({2® | a € A}) = ({e" | 6 € BY). 


The converse is immediate. ll 


Theorem 27.2.16 (Dickson’s Lemma) Let I = ({2* | a¢A}) C K[z, 
.., Ln] be @ monomial ideal. Then there exist a(1),...,a(s) € A such that 


I= Cae wks zm) \ : 
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Proof. If n= 1, then I = ({zf | a€A}), where a € A C W. Let G@ be 
the smallest element of A. Then 29 |x for all a € A and so I = x? : Now 


assume that n > 1 and that the theorem is true for K(z1, ...,Zp—1]. Consider 
K[z1,...,2n—1,y] so that the monomials in K[z),...,2n-1,y] can be written 
z%y™, where a = (aj,...,Qn-1) € W™! andme W. 

Suppose that J C K{z1,...,2n—1,y] is a monomial ideal. Let 


J = ({x® | x%y™ € I for some m}) 


in K[z1,...,Zn—1]. Then by the induction hypothesis, there exist 2%, ..., 2%(*) 
(ce € {2% | 2%y™ € I for some m}) such that J = ris ee) in 
K[zi,..-,2n—1]. By the definition of J, *%y™ € I for some mj > 0,i = 
1,...,8. Let m= max{m,...,ms}. Let J, = ({28 | cPy* T}) teen (fa eee 
In-1],k =0,...,m—1. By the induction hypothesis, there exist pek(h)  pan(2) 

.., o%(Sk) such that J, = (2280), ee gone) in K[z1,...,2n—1], where 2°*() 
€ {x8 | 28y* © Th. 

We now show that J is generated from the following list of monomials 


eeym oe %ls)y™ from J 

pool) | a 2%0(50) from Jo 

guy ss cusi)y from J 

recall . outeedon eer 

rT y feS th gp ce. y from Im—1- 


Let z*yP € I. If p > m, then xy? is divisible by some 2% y™ by the 
construction of J and Lemma 27.2.13. If p< m-—1, then zy? is divisible by 
some «°?()yP by the construction of Jp and Lemma 27.2.13. It follows from 
Lemma 27.2.13 that the above monomials generate an ideal having the same 
monomials as J. By Corollary 27.2.15, these ideals are the same. 

Now 2% yk € J, but we don’t know 2%@My* € {2% | a € A} C K[z, 
..+, En], where zn = y. We write J = (AY) chaser) ) , where 28) € J,i = 
1,..., s. By Lemma 27.2.13, each 29 is divisible by some 2* € A and I 
= ({xz® | a € A}). Thus, 


12 (2°),...,2°) 3 (290),.., 28) = 1 
Hence, [ = (a0), oe ae) | 


The ideal J in the following example already has a finite basis. However, it 
is merely our intention to illustrate the proof of Dickson’s lemma. 
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Example 27.2.17 Suppose that 


Then 


Clearly m = 5. Now 


Jn = ({x | oy? € T}) = (2°) 
Jag = ({a? | of y? € I}) = (2?) 
Jg = ({28 | x yt € I}) = (x?). 


Hence, 
ee (2?y', ry? cy? x°y*) ; 


Corollary 27.2.18 Let > be a relation on W” satisfying the following prop- 
erties: 

(i) > is a total ordering on W"; 

(ii) ofa > Bandy € W", thena+y>6+y7. 

Then > is a well-ordering if and only if a> 0 for alla € W”. 


Proof. Assume > is a well-ordering. Let ap be the smallest element of W”. 
Suppose that 0 > ag. Adding nap to both sides we obtain nag > (n+ 1)ao, 
where 7 is a positive integer. Hence, 


0 > a9 > 2a9 > --- > nag > (n+ 1)ag>--- 


is an infinite descending sequence, a contradiction. 

Conversely, suppose that a > 0 for all a € W". Let A C W” be nonempty. 
Since [ = ({x% | a € A}) is a monomiial ideal, we have by Dickson’s lemma 
that there exists a(1),..., a(s) € A such that J = (2?,...,2%(°)). There is 
no loss in generality in assuming a(1) < a(2) <--- < a(s). Let a € A. Then 
z* € J and so x*) divides 2° for some a(i). Thus, a = a(7) + y for some y € 
W”. Therefore, y > 0 and so by (ii), a = a(i) + y > a(t) +0 = a(Z) > a(1). 
Consequently, a(1) is the smallest element of A. 


Hence, in Definition 27.2.1, (iii) can be replaced by the simpler condition 
that a > 0 for all a € W”. 
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Definition 27.2.19 Let I be an ideal of K[z,,...,2n], I 4 (0). Let 
LT(I) = {cr® | there exists f € I with LT(f) = cr}. 


Example 27.2.20 Let y > x. Let I = (fi, fo), where f, = y® — yf(z) and 
fo = yx —af(z)+y, where f € K[z,y] ts a nonzero polynomial in x alone. 
Use the grl ordering on monomials in K[zr,y]. Then y® = y(y*x — xf (zr) + 
y) — 2(y? — yf(z)) € I. Thus, y? = LT(y?) € (LT(1)). By Lemma 27.2.13, 
y? ¢ (LT(fi), LT(fe)) since LT(fi) does not divide y? and LT( fo) does not 
divide y”, using grl ordering. Hence, (LT( fi), LT(fo)) C (LT(1)) . 


Theorem 27.2.21 Let I be an ideal of K[x1,..., 2]. Then 
(i) (LT(I)) is a monomial ideal, 
(it) there exist g1,..., 9 € I such that 


(LT(1)) = (LT(g1),-.-, LT (gt) - 


Proof. (i) Let g € I\{0}. Recall that LM(g) = 2™, where m = multideg(g) 
= max{ a € W" | a, # O}, where g = >, Gar. Recall also that LT(g) 
= a,LM(g), where a is the multidegree of g. Since LM(g) and LT(g) differ 
by a nonzero constant, ({LM(g) | g € I\{0}}) = (LT(Z)) . Thus, (LT(J)) is a 
monomial ideal. 

(ii) Since (LT(Z)) is generated by the monomials LM(g) for g € I\{0}, 
(LT(Z)) = (LM(g1),-.., LM(gz)) for finitely many gi,...,9: € I by Dickson’s 
lemma. Since LM(g,) differs from LT(g;) by a nonzero constant, it follows that 


(LT(Z)) = (LT(g1),.-., LT (g:)). 


In the following result, we have selected one particular monomial order to 
use the division algorithm and to compute leading terms. 


Theorem 27.2.22 (Hilbert Basis Theorem) Let I be an ideal of K[z,..., 
Lp]. Then there exist g1,...,9¢ € I such that I = (g1,...,9:) . That is, I has a 
finite generating set. 


Proof. If I = {0}, then J = (0). Suppose that J contains some nonzero 
polynomial. By Theorem 27.2.21, there exist g1,...,9¢ € I such that (LT(J)) = 
(LT(g1),---, LT (g¢)) . Clearly (g1,-.-,9¢) GC I. Let f € J. Divide f by 91,...,9% 
to get an expression of the form 


fsa +--+ +age+r, 
where every term in r is divisible by none of LT(g1),...,LT(g,). Now 


r=f-—(aig+---+ag:) € I. 
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If r # 0, then LT(r) € (LT(J)) = (LT(gi),...,LT(q:)) and so by Lemma 
27.2.13, LT(r) is divisible by some LT(g;). This contradicts what it means to 
be a remainder. Hence, r = 0. Thus, 


f =aig1 +--+ +4192 € (91,---59:) - 


Therefore, J C (g),..., 94) . Consequently, J = (g1,...,g:). @ 


In addition to answering the ideal description question, the basis {g),..., 92} 
used in the proof of Theorem 27.2.22 has the special property that 


(LT(I)) = (LT(g1),.--, LT (ge) - 


Definition 27.2.23 Fiza monomial ordering. A finite subset G = {gi,...,9¢} 
of an ideal I is said to be a Grébner basis (or standard basis) if 


(LT(91),---, LT(ge)) = (ETD). 


Corollary 27.2.24 Fiz a monomial order. Let I be a nonzero ideal of K |x, x2, 
, Zn]. Then I has a Grobner basis. Furthermore, any Grobner basis for I is 
a basis for I. 


Proof. Theset G = {gi,..-,9:} constructed in the proof of Theorem 27.2.22 
is a Grébner basis by definition. Note also that if 


(LT(I)) = (LT (gi), ---, LT (gt) , 


then the argument in Theorem 27.2.22 shows that J = (g1,...,g4) so that G is 
a basis for J. @ 


Example 27.2.25 Let y > x. Consider I in Example 27.2.20. {y> — yf(z), 
y’x — xf (xr) +y} is a basis for I, but not a Grébner basis since y* € (LT(I)) , 
but y* ¢ (LT(y* — yf(x)), LTy’s —af(x) +4). 


Example 27.2.26 Let z > y > z. Consider the ideal J = (x — 2*,y — 2’) 
in R[z,y,z], where i and j are fixed positive integers. To show that {z — 2’, 
y—z!} is a Grébner basis for J, it suffices to show that the leading term of every 
nonzero element in J lies in (LT(x — z*), LT(y— 2))) = (z,y). By Lemma 
27.2.13, this is equivalent to showing that the leading term of any nonzero 
element of J is divisible by either x or y. Consider any f = Ag, + Bgo € J, 
where gi(z,y,z) = x — 2? and go(z,y,z) = y— 2). Suppose that f #0 and x 
and y do not divide LT(f). Then by the definition of lex order, f must be a 
polynomial in z alone. However, f vanishes on V = V(x—z', y—z/) C R? since 
f € J. Clearly, (t',t?,t) € V for any real number t. The only polynomial in z 
alone that vanishes at all these points is the zero polynomial, a contradiction, 
since f #0. Hence, {91,92} is a Grobner basis for J. 
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Theorem 27.2.27 Let I be an ideal of K{xj,...,2n], G = {g1,.-., 91} be a 
Grobner basis for I, and f € K[z1,..., xn]. Then there exists a unique r € 
K[21,...,@n] such that 

(i) no term of r is divisible by one of LT(gi),...,£T(9+), 

(ii) there exists g € I such that f=g +r. 


Proof. The division algorithm gives f = ajg, +--- + aig; + 7, where r 
satisfies (i). g satisfies (11) by letting g = aig; +--+: + agge. 

To prove uniqueness, suppose that f = gj +71 = go +12 with (i) and (ii) 
holding. Then r2 — 11 = g1 — go € I. Thus, if re —r) #0, then LT(r2 — 71) € 
LT(Z) = (LT(gi),.-., LT (g:)) . By Lemma 27.2.13, it follows that LT (re —713) is 
divisible by some LT(g;). This is impossible since no term of 71, rg is divisible 
by one of LT(g1),...,LT(g:). Therefore, r] — ro = 0, i.e., 7: = Tr. (Every term 
of ro — r; is a term of either r; or rg, except for a constant multiple.) Hence, 
91 = go also. 


By Theorem 27.2.27, we can list the elements of G in any order when 
dividing f by G since the remainder r is unique. 


Corollary 27.2.28 Let I be an ideal of K|x,...,2n] and G = {g1,..., 94} be 
a Grébner basis for I. Let f € K[z1,...,2n|. Then f € I if and only if the 


remainder on division of f by G is zero. 


Proof. Ifr =0, then f = ajg; + ---+ arg: € I. Conversely, suppose that 
f € I. Then f = f +0 satisfies (i) and (ii) of Theorem 27.2.27. Thus, r = 0 
by the uniqueness of r. 


Definition 27.2.29 Let f* denote the remainder on division of f by the or- 
dered s-tuple F = (fi,..., fs). 


If F in Definition 27.2.29 is a Grobner basis for (f1,..., fs), then we can 
regard F as a set (without any particular order) by Theorem 27.2.27. 


Example 27.2.30 Let 
F = (2’y — ay, ety? — cy) 


and 
f(z,yy= ay’. 


Use lex ordering with x > y to obtain 


7? = ry’. 
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qi : 0 
qoia*y+a*ytayty 
cty? — vy | 2°y 
zy — xy xy? = zy? 
z y? 
ahy? — xy? 
eae 
zy? = ry? 
aye 


ay? — zy? 


eee 
ry”. 
Example 27.2.31 Let y > x. Consider the ideal I of Example 27.2.20. Then 


I = (fi, fo), where fi = ye - yf(x) and fo = yr — xf(z)+y. Use the grl 
ordering. Now y(y*x —af(x) + y) — x(y* —yf(z)) = y’. Thus, y? € I. Now 
LT(fi) fy? and LT(fa) Hy. Hence, 


LT(y) = y? € (LT(f:), LT(f2)) - 


We see that xLT(fi) — yLT( fo) = 0. That is, the leading terms in xf — yfo 
cancel, leaving only smaller terms. {f1, fo} is not a Grébner basis because 


(LT(I)) A (LT(fi), LT(f2)) . 
Note: LT(y?) € LT(I) and LT(y*) ¢ (LT(fi), LT(fo)) - 


Definition 27.2.32 Let f, g be nonzero polynomials in K[z,...,2n]- 

(i) Let multideg(f) = a, multideg(g) = 8, and y;, = max{a;, B:}, i = 
1,2,...,n. Lety = (1,---;%n). Then x7 is called the least common multiple 
of LM(f) and LM(g), written 


L=27 = LCM(LM(f), LM(g)). 
(it) The polynomial 


xy f x? 
LT(f) LT(g) 
is called the S-polynomial of f and g. 


S(f,9) = g 


Example 27.2.33 Let y > a. In Example 27.2.31, let f(z) = @ so that f, = 
y>—yz and fy = y*x—2? + y in R[z, y] with the grl order. Then multideg( f,) = 
(3,0) and multideg( fo) = (2,1). Thus, L = y°x and 


Sif.) = “Ff -42fe 
= zf,—yfe 


— —yz? + yx? - y? 
—y?. 
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The purpose of an $-polynomial $(f, g) is to produce cancellation of leading 
terms. The next lemma shows that S-polynomials are involved in every such 
cancellation. 


Lemma 27.2.34 Consider the sum Y-i_, cj g;, where c1,...,Ce are con- 
stants and 
a(i) + multideg(g;) = 6 € W” 


whenever c; #0. If 
t 
multideg(S~ exe gi) < 6, 


i=1 


then there are constants cj; such that 


t 
Sea) 9; = S% cjg’ S(9;, ge), (27.8) 
= pk 


where z7i* = LCM(LM(qg;), LM(gx)). Furthermore, each 2-7 S(g;, 9%) has 
multidegree < 6. 


In Eq. (27.8), every summand ¢;r% g; on the left has multidegree 6. Thus, 
the cancellation occurs after the summands have been added. Each summand 
on the right has multidegree < 6. Hence, the cancellation has already occurred. 
We see that the S-polynomials account for the cancellation. 


Theorem 27.2.35 Let I be an ideal in K[x1,...,2n]. Then a basis G = 
{q,...,g¢} for I is a Grdbner basis for I if and only if the remainder, S(gi, 9;)° 
on division of S(gi,gj;) by G (listed in some order) is zero for all 1,j with 


i#j.0 
Example 27.2.36 Consider the ideal 
PS (y—a?,2-2°). 


We show with the help of Theorem 27.2.35 that G = {y — x?,z— 2°} is a 
Grébner basis for lex order with y > z > x. Consider S(y — 2?,z — z°). Now 


b) 


z z 
S(y—2’?,z—25) = aC — z*\— “(2 — 2°) = —za? + ys’. 


q: x 
q2 : —z? 
Y= x? yr” — zr 
z—-2 yx? —7° 
—z2° +2 
—zx? +2° 
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Thus, 
—zn" + yr) = ci (y — 27) + (—2?)(z — 27) +0. 
Hence, 
S(y —2?,z —2°)° =0. 


Therefore, G ts a Grobner basis for I. 

Now consider G with lex order x > y > z. Then gi(x,y,z) = —2? + y and 
g(x,y, z) = —z3 +z. Now multideg(g,) = (2,0,0) and multideg(g2) = (3, 0,0). 
Thus, y = (3,0,0). Hence, 


S(-z? + y, —z3 + z) 


3 3 
ale by) = ee ee) 
zr — xy —-z+z 


—ry t+ z. 


ll 


q:0 

q2 : 0 
-zi+z | -ry+z 
—2?+y10 


—ry +z 


—ryt+z=0(-23 +z) 4+0(-2? +y) 4+ (-zy) +2 = -2yt+2z 40. 


Therefore, {—x* + y,—a? + z} is not a Grébner basis with lex order x > y > 
Z. 


Every ideal in K[z1,...,£n] has a Grobner basis, but the proof of this result 
was nonconstructive. We will now show how to construct a Grdbner basis. 


Example 27.2.37 Let y > x. Consider K(z,y| with gril order and let J = 
(fi, fo), where fi = y® — yx and fo = y?x — 2? + y. By Example 27.2.31, 
{fi, fo} is not a Grébner basis since LT(S(f1, fo)) = —y* ¢ (LT(fi), LT(fa)) . 
By Example 27.2.33, 


S(fi, fe) = —y’. 


Now 
qd: 0 
q2: 0 
y> — yx —y 
y*x — x? + y | 0 
—y 


The remainder of S(fi, f2) upon division of fi, fo is not zero. Hence, we should 
include the remainder in our generating set. Let F = {fi, fo, f3}, where fg = 
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—y*. Then S(fi, fo) = fz. Consequently, S( fi, f2)" = 0. Consider fy and fs. 
Then multideg( f,) = (3,0)and multideg( fs) = (2,0). Therefore, L = y°. Thus, 


S(fi fs) = (y*/y*)(y> — yz) - (y?/(—9))(-y”) = -ys, 


but 
S( fir fs)” = —ya #0. 


Therefore, we must add fg = —yx to our generating set. Let F = {f\, fo, fs, 
fa}. Then 


S(fi, fo)” = Sf, f3)* = 0. 


Consider fi and fx. Then multideg(fi) = (3,0) and multideg(f,) = (1,1). 
Hence, L = yx. Thus, 


S(fi, fa) = 2(y® — yx) — (—y?)(—yx) = —ya? = of 


and so S(fi, fa)” = 0. Consider fo and fz. Then multideg( fo) = (2,1) and 
multideg (f3) = (2,0). Thus, L = y?x. Hence, 


S( fo, fs) = (y?e — 2* +y) — (-2)(-y”) = 2? +y, 


but 
S(fo, fs)" =a? +y £0. 


Thus, we must also add fs = —x? + y to our generating set. Let F = 


{fi, fa, fs, fa, fs}. Then one can show that S(fi,f;)” = 0 for alll <i < 
j <5. Hence, by Theorem 27.2.35, {f1, fo, fa, fa, fs} is a Grobner basis for I. 


Lemma 27.2.38 Let I be an ideal in K[r1,...,2n]. Let G be a Grébner basis 
for I. Let g € G be a polynomial such that LT(g) € (LT(G\{g})). Then G\{g} 
is also a Grébner basis for I. 


Proof. We have that (LT(G)) = (LT(J)) . Suppose that 


LT(g) € (LT(G\{g})). 


Then (LT(G\{g})) = (LT(G)) . Consequently, (LT(G\{g})) = (LT(Z)) and so 
G\{g} is a Grobner basis for J. 


Definition 27.2.39 Let I be an ideal in K[x1,...,2n] and G be a Grobner 
basis for I. Then G is a minimal Grobner basis for I if the following con- 
ditions hold: 

(i) LC(g) =1 for allg € G and 

(ii) for all g €G, LT(g) ¢ (LT(G\{9})) 
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Example 27.2.40 Let y > x. It is possible to construct a minimal Grobner 
basis for a nonzero ideal by applying the above procedure and then using Lemma 
27.2.38 to eliminate any unneeded generators. In Example 27.2.37, using grl 
order, we constructed the Grdbner basis 


fh = yrye 

fo = yr-—art+y 
fs = -y? 

fa = yx 

fp Say, 


We multiply fz, f4, and fs by —1 to make the leading coefficients of the gen- 
erators equal to 1. Now LT(fi) = y® = —y-LT(f3). By Lemma 27.2.38, we can 
eliminate f,. Similarly, since LT(fo) = y°z = —y-LT(f4), we can eliminate 
fo. There are no more cases, where the leading term of a generator divides the 
leading term of another generator: 


y? tye, y* fe, yx Hy, yx fx”, 2? fy”, 2? tye 


Hence, 

93= 9", 94= YZ, Oo= Ty 
is a minimal Grébner basis for I. Now y? + ayz, yx, x —y is also a minimal 
Grobner basis for I, wherea € K is any nonzero constant. Thus, for K infinite, 


there exists infinitely many Grobner bases. Hence, a Grobner basis for an ideal 
is not necessarily unique. 


Definition 27.2.41 Let I be an ideal in K[xy,..., 2p]. Let G be a Grdbner ba- 
sis for I. ThenG is a reduced Grébner basis for I if the following conditions 
hold: 

(i) LC(g) = 1 for allg €G. 

(ii) For all g € G, no monomial of g lies in (LT(G\{g})) . 


In the above example, y?, yx, x? —y is a reduced Grdbner basis for I : y? ¢ 


(ya, 2”), yx € (y*, 27), 2 ¢ (y, yz), y € (ys yz) - 
For the minimal Grébner basis y* + ayz, yz, x? — y, ayx € (yz, x”) and so 
this basis is not reduced when a ¥ 0. 


Theorem 27.2.42 Let I be an ideal of K[x,,...,x2n]. Then for a given mono- 
mial ordering, I has a unique reduced Grdbner basis. Bi 


We now consider the problem of solving polynomial equations. 


Theorem 27.2.43 Let I be an ideal of K[x1, x2,..., 2p]. Let fi, fo,..-, fm €1 
be such that I = (fi,..., fm). Then VI) =V({fi,-.-,fm}). 


27.2. GROBNER BASES 599 


Example 27.2.44 Consider the polynomial equations 


o+ytz? = 0 
megs) St ae (27.9) 
CS) Bs 


Let 
I= (P+yt 2,07 +2 —y,0-2) € C[z, y, 2]. 


By Theorem 27.2.43, we can compute V(I) using any basis of I. Using lex order 
with £ > y > 2, we obtain the following Grdbner basis: 


gl = @-2z 
g. = y-22* 
93 = 224327. 


The polynomial g3 depends on z alone, and its roots are 
z=0, -3. 


Next, we can solve the equations gj = 0 and go = 0 uniquely for x and y, 
respectively, by substituting the value of z. Thus, the solutions of g, = g2 = 93 
= 0 are (0,0,0) and (—3,18, —3). Since V(I) = V(g1, 92,93), we have found 
all solutions to Eqs. (27.9). 


In the above example, the variables are eliminated successively. Also, note 
that the order of elimination corresponds to the ordering of the variables. It 
does follow that lex order gives a Grébner basis that successively eliminates 
the variables. 


27.2.1 Worked-Out Exercises 


} Exercise 1 Let I = (fi, fo), where f; = zz — y? and fo = x? — z? in 
C[z, y, z]. Use grl order with ¢ > y > z. Let f = —4x*y?z? + y® + 32°, 


(i) Show that {f1, fo} is not a Grobner basis for I. 

(ii) Find a Grodbner basis for J. 

(iii) Determine if f € I. 

(iv) Show that g = zy —5z7 +2 ¢I. 

Solution: (i) multideg(f,) = (1,0,1) and multideg(f2) = (3,0,0). Thus, 
y = (3,0, 1) and so 


ee 2 az 3 2 2,2 3 
Sif fe) = Tee -y kee ae) an ye. 
LT(S(fi, fo)) = —a?y? ELT(J) since —2?y? + 23 = x? f, — zfo EJ. But 


—7*y? ¢ (LT (fi), LT (fo)) = (aaye 
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(ii) Let fi = cz—y°, f2 ae — 2, fy = arg" ~ 23, fa = zy" — 23, and fs te 
y® —z°. Then G = {fi, fa, fa, fa, fs} is a Grobner basis for J. G is a reduced 
Grobner basis. 

(iii) Divide f by G. We obtain f = Of; + Ofo — 427 fg + Ofa + lfs +0. 
Since the remainder is zero, we have f € I. 

(iv) LT(g) = zy ¢ (LT(G)) = (2z,2°,27y?, ryt, y®). Hence, g° # 0, so 
that g ¢ I. 


27.2.2 Exercises 


1. Let f = 327y3z—5a4yz* + 32y —2z € R{z, y, z]. Use lex, graded lex, and 
reverse lex orderings for the following determinations, where x > y > z. 


(i) Find multideg(f). 
(ii) Find LC(f). 

(iii) Find LM(f). 
(iv) Find LT(f). 


2. Let f=xeyty’, fi=cy?t+aot+y’, and fo =y?—y—1€ Q{z,y]. Use 
lex order with x > y to divide f by f; and fo. 


3. Let f, fi, and fo be defined as in Exercise 2. Use lex order with « > y 
to divide f by fo and fi, i.e., reverse the role of f; and fo. Compare the 
remainder with the remainder obtained in Exercise 2. 


4. Let f = x°yz* —2ryz* and g = x2°z — ry*z +2z. Compute S(f,g) using 
the lex ordering with x > y > z. 


5. Suppose that J = (z4y?, a3 y*, x7y>) . In Dickson’s lemma, determine J, 
m, and Jo, Ji, ..-, Jm-t. 


6. In Example 27.2.37, show that 
(i) S(fi, fs)" = —ya with F = {f1, fo, fa}; 
(ii) S(fi, fo)” = S(fi, fa)? = 0 with F={fi, fo, fa, fa}s 
(iii) S(fo, fs)” = y—2? with F = {fi, fo, fa, fa}. 


7. Show that a relation > on W” satisfies (iii) of Definition 27.2.1 if and 
only if every strictly decreasing sequence in W” terminates. 


8. Prove that lex ordering on W” is a monomial ordering. 
9. Prove Theorem 27.2.8. 


10. Prove Theorem 27.2.43. 
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11. Consider the polynomial equations 


r—y = 0 
rz 


| 
= 


Find a reduced Grobner basis for the ideal I = (x? — y, rz) in R[z, y, z]. 
Compute V (J). 
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Answers and Hints to 
Selected Exercises 


Exercises 1.1.2 (page 6) (Sets) 
1. AUB = {z,y,z,w}; ANB = {y}; A\B = {z, z}; B\A = {w}; Ax B = {(2,y), (2, w), 
(y,y), (y,w), (z,y), (z,w)}s P(A) = {¢, {2}, fy}, {2}, (2, y}, 2, wh, fy, z}, A}. 
3. (i) ¢ € AUB if and only if z € Aor a € B if and only if x € B or z € A. Thus, 
AUB=BUA. Similarly, AN B= BNA. 
. |P(S)| = 4096. 4095 subsets are properly contained in S. 
. i) AA B= {a,d,e}. 
. (ii) Note that A = (A\B)U (AN B) and (A\B) N(AN B) = ¢. Now use (i). 
. (i) True (ii) False (iii) False (iv) True (v) True. 


» 


orn a 


Exercises 1.2.2 (page 19) (Integers) 

1. ged(90, 252) = 18, s = 3 andt = —1. 

2. s = 239 and ¢ = —353. 

3. s= 22 andt=—15. 

4, (ii) Let S(n) be the statement: 7% — 1 is divisible by 6 for all n € Z*. For n = 0, 
7° — 1 = 0, which is divisible by 6. Hence, 5(0) is true. Suppose S(n) is true for some n > 0. 
Consider S(n +1) : 7°! — 1 is divisible by 6. Now 777? —-1=7".-7-1=7"(64+1)-1= 
7” -6+7" —1. Now 7” -6 is divisible by 6 and by the induction hypothesis 7” — 1 is divisible 
by 6. This implies that 7" -6+ 7” — 1 is divisible by 6 and so 7"+! — 1 is divisible by 6. Thus, 
S(n+1) is true. Hence, by induction 7” — 1 is divisible by 6 for all n € Z*. 

5. (i) Suppose alb. Then b = an for some n € Z. Thus, be = a(en) for some n € Z and 
for all c € Z. Thus, albc for all ¢ € Z. 

(iii) Suppose a|b and alc. Then 6 = an and c = am for some n,m € Z. Let z,y € Z. Now 
br + cy = a(nxz + my). Since n,m,z,y € Z, nz + my © Z. Hence, al(br + cy). 

7. ab #0. Now c= at and d = bs for some s,t € Z. Hence, cd = abts. Thus, ab|cd. 

9. Suppose gcd(m,n) = c. There exist u,v € Z such that m = uc and n = vc. Thus, 
a = cdu and b = cdv and so cdlia and cd|b. Since gcd(a,b) = d, cdi|d. Thus, d = edk for some 
k € Z. This implies that 1 = ck, and since c is a positive integer, c = 1. Consequently, 
gced(m,n) = 1. 

11. There exist u,v,t,s € Z such that 1 = cu+ yu and 1 = a2t+ zs. Thus, zs = 1 -— ct. 
Now zs = zs-1 = z8s(zu+yv). Therefore, 1— zt = czus+yzvs and so 1 = z(t+ zus) + yzvs. 
Hence, by Theorem 1.2.11, gcd(z, yz) = 1. 

14. Let b= a+1. Now 1 = (a+1)-1+<a(-1). Thus, by Theorem 1.2.11, ged(a,a+1) =1. 

20. (i) True (it) True (iii) True (iv) True (v) True 


Exercises 1.3.2 (page 28) (Relations) 
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(6,6), (7,3), 
7)}. Gi) D(R) = A. (iii) ZR) = A. (iv) R71 = {1, 1), (1,5), (2, 2), (2,6), (3 ; 3), (3,7), 
4), (3,1), (8,5), (6,2), (6,8), (7,3),(7,7)}- (v) DR) =A. (wi) ZR) = 
2. (i ) R= {(1, 1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2,3), (2,4), 0.5), (2,6), 
(3,1), (3,2), (3,3), (3,4), (3,5), (3,6), (4,1), (4,2), (4,3), (4,4), (4,5), (5D), (5,2), (5,3), 
(5,4), (6,1), (6,2), (6,3)}. (ii) No (iii) Yes (iv) No. 
= (i) Yes (ii) No (iii) No (iv) No (v) Yes (vi) Yes (vii) No. 
5. [1] = (1,4, 7}, [2] = {2, ; , 8}, and [3] = {3, 6}. 
6 D(R) = A and T(R) = 
8 (1) = [6] = [11] = 23} ana [2 =. 

10. x—-y = nk and z—w = nl for somek,! € Z. Thus, (+2) —-(yt+w) = (z@-y)+(z-w) = 
nk+nl=n(k+1). Thus, 2+ 223, yt+w. Also, z — yz = nkz and yz — yw = nly. Thus, 
zz — yw = (rz — yz) + (yz — yw) = nkz 4 nly = n(kz + ly) and so zz =, yw. 

16. (i) Let (a, 6), (b,c) € R®. Then (a,b) € R” and (b,c) € R™ for some positive integers 
m and n. Let m > n. Then (a,b), (b,c) € R™. Thus, (a,c) € R™*? C R™. Hence, R™ is 
transitive. 

(ii) Let (a,b) € R®. Then (a,b) € R” for some positive integer n. Thus, there exist 


5 (i) R = {(,1), (1,5), (2, 2), (2,6), (3,3), (3, 7), (4, 4), (5, 1), (5, 5), (6, 2), 


a1,@2,...,@n—1 € A such that (a, a1), (a1, @2),..., (@n—2, @n-1), (@n-1, 6) € R. Hence, (a, a1), 
(a1, 42),-.-, (@n—-2,4n-1), (€n-1, 6) € T. Since T is transitive, it follows that (a,b) € T. Hence, 
R° CT. 


17. Let (x,y) € Roo Ri. Thus, there exists z € S such that (z,z) € Ai and (z,y) € Re. 
Since R, and Re are symmetric, (y,z) € Re and (z,z) € R,. Thus, (y,z) € RioRe C R20 R1. 
Hence, R20 R: is symmetric. Now (y,z) € R20 Ry. As before, (x,y) € Ri o Ro. Hence, 
Reo R, C Rio Re. Thus, Rio Re = Roo Ry. 

19. (i) True (ii) False (iii) False (iv) True (v) True. 


Exercises 1.4.2 (page 38) (Partially Ordered Sets) 

2. Let A= {1,2} and AR = {(1, 2)}. 

5. Yes. 

7. (i)a<aV(bVc) and bVce<aV(bVc). Thus, a,b,c <aV(bVe). Since a V b exists, 
aVb<av(bVc). Therefore, a V(bVc) is an upper bound of {a V b, c}. Let x be an upper 
bound of {a Vb, c}. Then a,b <avVb< eandec < x. Since bVc exists, bVe < x. Again a V( 
bV c) exists. Hence, a V( bVc) < x. Consequently, a V ( 6 Vc) is the least upper bound of 
{aV b, c} and so aV (bVc) = (aV 8) Ve. 

8. (i) is not a lattice. (ii) and (iii) are lattices. 

9. 4A(8V 10) =4 and (2 V (2A 8)) V 20 = 20. 

10. Gi)a <aVbanda <aVe. Thus, a is a lower bound of {(a V }), (a V c)}. Hence, 
a<(aVb)A(aVc). Now bAc<b<aVbandbAc<c<aVe. Thus, bAc is a lower bound 
of {(a2 Vb), (aVc)}. Hence, bAc < (a Vb) A(a Vc). Thus, (a Vb) A (a Vc) is an upper bound 
of {a,b Ac}. Hence, av (bAc) < (a Vb) A(aVe). 

13. (i) False (ii) False (iii) True. 


Exercises 1.5.2 (page 50) (Functions) 

1. (i) f is one-one and onto. (ii) f is one-one and onto. (iii) f is neither one-one nor 
onto. 

2. f is neither one-one nor onto. 

3. (fog)(z) = V3e+1, (go f(z) =3VE+1, and fog Fgof. 

4. (gof)(x)=24+ 4. 

5. (i) g(z) = « — 2 is a left inverse of f. (ii) Let g : Z— Z be defined by g(z) = § if z is 
even and g(x) = 1 if z is odd. Then g is a left inverse of f. (iii) f has no left inverse. 

6. (i) Let h(x) = 2+ for all c € Z. Then h is a right inverse of f. (ii) f does not have 
a right inverse. (iii) f has no right inverse. 
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7 fi :1341,2 — 2,3 — 3; fo:151,2 > 3,3 — 2; fg: 1 7 2,2 + 1,3 - 3; 
fa:1-33,2—-2,3-1; fs:1-2,2 563,351 5;f6:133,2 51,32. 

10. (i) ¢ € f(AU B) if and only if c = f(u) for some u € AU B if and only if z = f(u) 
for some u € A or u € B if and only if z € f(A) or x € f(B) if and only if 2 € f(A) U F(B). 
Hence, f(A U B) = f(A) U f(B). 

11. (ii) c € f~\(ANB) if and only if f(z) € ANB if and only if f(z) € A and f(z) € B 
if and only if z € f~'(A) and z € f~1(B) if and only if 2 € f~'(A) mM f7*(B). Hence, 
7 (ANB) = f(A) f(B). 

13. Define f : Z— E by f(n) = 2n. Then f is one-one and onto E. Hence, Z ~ E. 

15. (i) Define f : Z — 3Z by f(n) = 3n. Then f is one-one and onto 3Z. Hence, Z ~ 3Z. 

19. Yes. 

21. (i) False (ii) False. 


Exercises 1.6.2 (page 55) (Binary Operations) 
1. (i) No (ii) Yes (iii) Yes (iv) Yes (v) Yes (vi) Yes. 
2. (ii) (ii), (iv), (vy), (vi). 


3. (ii) and (iv) have identity. 


Exercises 2.1.2 (page 77) (Elementary Properties of Groups) 

1. (i) (N,*) is a semigroup but not a group. (ii) (Z, *) is not a semigroup and so not a 
group. (iii) (R,*) is a semigroup but not a group. (iv) (R,*) is a group and so a semigroup. 
(v) (R,*) is a semigroup but not a group. (vi) (Q, *) is a semigroup but not a group. (vii) 
(G, *) is a group and so a semigroup. (viii) (G,*) is a group and so a semigroup. 


2. (0,1) is the identity and (—¢%, }) is the inverse of (a, 6). 

5. n= 7. 

6. [b] = [8] and [b] € Uo. 

7 n=2. 

8. Us = {[1], [5]}; Uo = {[1], [2], [4], [5], [7], (8]}; U2 = {[1), (5), [7], [11)}s Yes = {[1], 


[5], [7], [12], [13], (17), [19], (23)}. 

9. For all 0 < a < p, ged(a,p) = 1. Thus, for all 0 < a < p, [a] € U,. Hence, 
Up = Zp\{[0]}. 

12. Note that a? = e implies that a = a”. By using a +b +a = 6’, first show that 
Petes: 

17. Suppose G is commutative. Let a,b € G. Now (a*b)7' = bol #a7' =a7' *b7?. 
Conversely, suppose (a * b)~! = a7! *b7! for all a,b € G. Let 2,6 © G. Then (a x b)7! = 
a~’*b~', which implies that ((a * 6)~*)~? = (271 *b7')“+,7 ie, ae b = bx a. Hence, G is 
commutative. 

19. Let a,b € G. Suppose (a*b)* = a? xb’, (axb)**) = a* tab}, (a nd)it? = ait? abit? 
Now a**? *b'*1 = (a «b)'*? = (a*b)(a*b)* = a *b xa’ *b*, which implies that a’ *b = bxa*. 
Also, ait? «bit? = (ax6)'*? = (a ¥b)(a¥b)'t) = axbea't! +b'+), which implies that a't!+*b = 
bxa’t?, Hence, bx att! = ait} xb = axa’ *b=ax%bxa' and this implies that bea =axb. 
Hence, G is commutative. 

21. z is unique. 

22. Use induction on 7. 

23. Consider the set {a” | €N} CG. {a” | n € N} has finitely many elements. 

24. Use induction on n. 

26. Suppose |G| =n. Note that {e,a,a”,...,a"} C G and G has n elements. 

28. (ii) Suppose that a*b = b°"73 «a?"t], where n > 1 is an integer. Then o(b+a7!) = 
o(pen+8 ant) = 0(b?rt} * at" tt). 

29. Use Theorem 2.1.28. 

81. 2. 

32. (ii) Use induction and part (i). 
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33. Use induction and Worked Out Exercise 4 (page 74). 

34. First note that (1,0) is the identity element of G and (4,—4) is the inverse of 
(a,b) € G. Now proceed as in Worked Out Exercise 2 (page 72). 

36. Let 6 € S. Now {b, b?, ...} C S. Since S is finite, there exist integers m and n, 
m > n such that 6” = b”. Let k = m-—n. Then 6"** = 6”. Now B'7t* = orprt® = bb" = 
b?”. By induction, b"*+* = b"§ for all positive integers s. Also, b™St?* = prsthpk — Bsr p® — 
ors+® — 5"*, Hence, by induction b”*+*" = 5° for all positive integers s and r. Thus, 6?”* = 
prktnk — pr Tet a= b"*, Then a? =a. 

41. Use induction. 

42. (i) False (ii) False (iii) True (iv) True (v) False (vi) False. 


Exercises 3.1.2 (page 96) (Permutation Group) 
1.(i) (13 4) 0 (2 5 6) = (1 4) 0 (1 3) 0 (2 6)0(2 5). (ii) (1. 3) 0 (4 5). 
. (546). 
(2.4 8)0(3 5 6). 
. (2167). 
. (39 7)0(5 41 2). 
. (1 2) 0 (5 6) 0 (7 8). 
. Let a; = (1 6), a2 = (1 5), a3 = (1 4), ag = (1 3), a5 = (1 2). Let B= a1 020030 
a4 0a. Show that G(i) = a(z) for all i. 

8. 6. 

13. Aq = fe, (1 2 3), (13 2), (23 4), (243), 1 3 4), (14 3), (1 2 4), (14 2), (1 2) 0(3 
4), (1 4) 0 (3 2), (1 3) 0(2 4)}. 

15. Let H be the set of all odd permutations in S,. Then S, = A,UH and A,NH = ¢. 
Hence, |Sn| = |An| +|H|. First show that there exists a one-one function from An onto H. 
Therefore, |A,| = |H|. Now use the fact that |S,| =n! and |S,| = |An|+|A|. 


ans wn 


~ 


Exercises 4.1.2 (page 107) (Subgroups) 
-1 
ee 1 0 a b en a 7 
2. @)since| § | [esse etet| § ee S fe snow | 2 ‘a = 


| ass | - Thus 
9 


—u 
a b g h oa _|{a ob vo sh | av—bu —-ah+bg 
e d “uiov ~ le d }?) -u g a cu—du —ch+dg |’ 


-1 
Since (au — bu)(—ch + dg) — (—ah + bg)(cu — du) = 1, 2 : | | : i € S. Hence, 


S is a subgroup. 


(iv) Since ; Pes seo tet| § ae 5 | € 8 Then ad # 0 and 


cf #0. Now 


d 0 f 
4. Note that (0,1) is the identity element and (—¢, 4) is the inverse of (a,b) € G. 


-1 
Now ae = ise # 0. Hence, ; t | oo | and so S is a subgroup. 
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(ii) Since (0,1) € K, K # ¢. Let (a,b), (c,d) € K. Thus, 6 > 0 and d > 0, which implies 
that 4 > 0. Hence, (a, b)(c,d)~* = (a, b)(—$,4) = (a — %, 8) € K. Thus, K is a subgroup. 


d?d 
(iv) Elements of order 2 are of the form, (a,—1), where a E R. 
5. No. ; 
6. (4,6) = (2). 
7. (4,5) = Z. 
: 12 3 4 12 3 4 
8. (i) Leta = ( 43 4 ) and b= ( 2 143 ) «then (a, b) = fe, a, b, ab}. 


(ii) (h, v) = {r360, h, Uv, 180 }. 

9. (i) o(a) = 4 and o(b) = 2. (iii) H = {e, a, a”, a%, b, ba, ba”, ba}. (iv) |H| = 8. 

10. (ii) (a?b)? = a?ba7b = a(aba)ab = abab = (ab)? =e. 

13. Note that o(bab~') = o(a) for all bE G. 

15. ea = a = ae. Thus, e € C(a) and hence C(a) # ¢. Let b,c € C(a). Now ab = ba 
implies that ab~' = ba~* and so b”* € C(a). Also, a(bc) = (ab)c = (ba)c = b(ac) = b(ca) = 
(bc)a. Thus, be € C(a). Hence, C(a) is a subgroup. Let x € Z(G). Then az = za for alla € G. 
Thus, x € C(a) for all a € G and so Z(G) C NeecC(a). Conversely, let t € NaecC(a). Then 
z € C(a) for alla € G. Thus, ta = az for all a € G, which implies that z € Z(G). Hence, 
Z(G) = NeegC(a). 

18. (H) =M{K | K is a subgroup of G such that H C K} = H. 

21. (i) Note that (123---n)o(éi+1)o(123-+-n)7! = (é+1 i+2) for all? =1,...,n—2. 

22. Suppose Q a ae eae om >, where gced(pi,q:) = 1 for all ¢. Let g = lem(qi, ga, 

.-,; Qn). Then q = qiri for some 7; € Z, 1 <i <n. Now a = ae = Pires € Gye Hence, 
Q= (2) . Now oe € Q. There exists & € Z such that oF = kt, which implies that 3 =keZ, 
a contradiction. Hence, (Q, +) is not finitely generated. 

23. Note that, if |G] =n, then |P(G)| = 2”. 

24. No. 

25. (i) True (ii) True (iii) False (iv) False (v) False (vi) False (vii) True. 


Exercises 4.2.2 (page 114) (Cyclic Groups) 

1. (i) (a°) = {e, a®, a, a5, 2°, a2}, (ii) (a?) = {e, a, a, a®, a®, 22°, a), al, até, 
a}®, g2, g2?2 gq? g2 428}. 

2. Two elements of order 6 and four elements of order 5. 

3. Use Worked Out Exercise 3 (page 114). 

4. (i) (Q,+) is a subgroup of (R,+). Every subgroup of a cyclic group is cyclic. Thus, 
since (Q, +) is not cyclic, (R, +) is not cyclic. 

7. Consider Zp x Zo. 

11. Let G be the set of all 2 x 2 nonsingular matrices over R. Let H be the cyclic 
-1 0 
0 -l 
13. (i) True (ii) False (iii) True (iv) False (v) False. 


a 


subgroup generated by | 


Exercises 4.3.2 (page 125) (Lagrange’s Theorem) 

1. (i) The right cosets of H are H, H(1 2), and H(1 3). (ii) {e, (1 2)}. 

2. Let H =6Z. The right cosets of H are H+0, 4+1,H+2,4+3, H+4,and H+5. 

: 12 3 4 123 4 12 3 4 

3. Write a= (5 > ag 5} (5 41 p )rande= (j 3 2 ay 
Since e € H, H # ¢. Now zx? =e for all z € H. Thus, 2! =a € H for all cz € H. Also, 
ab=ba=ce€ H,ac=ca=beE FH and be =ch=a € H. Hence, H is a subgroup of G. 

4. H, rooH, risoH, re70H are the left cosets and H, Hroo, Hriso, Hrezo are the right 
cosets. 
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6. ((1 23 4)) = fe, (1 23 4), (1 3)0(2 4), (143 2)}; (11324) ={e, 11324, 
2)0(34),(1423)}; ((134 2)) = {e,(1 3 4 2), (1 4) 0 (2 3), (1243)}; fe, (1 2), (3 4), 
(1 2)0(34)}; fe, (14), 8 2), (14)0(3 2)}; fe, (1.3), (24), (13) 0(2 4)}; fe, 1 2) 08 
4),(1 4) 0(3 2), (13) 0(2 4)}. 

ve 

| d a be 
d/|/d a bee 
ala cd b 
b)}b ad cia 
cle b a a 


11. Let G be the group of symmetries of the square and, H denote the subgroup {r3¢0, h}. 

14. Consider H = {a € S, | a(1) = 1}. 

15. Consider |HK|. 

16. Suppose that H and K are two subgroups of order p. Use previous exercise to 
conclude that H = K. 

19. 175 

20. Find |AB|. 

23. (i) False (ii) False (iii) False (iv) True (v) True (vi) True. 


Exercises 4.4.2 (page 136) (Normal Subgroup) 

1. H is a normal subgroup. 

2. H is not normal. 

5. For allh € H, Hh = H, and for all g ¢ H, Hz = Ha. Thus, AH is of index 2 in G. 
Hence, H is a normal subgroup. 

7. Replace Z(G) by H in Worked-Out Exercise 4.4.1 (page 136). 

9. G) {E,1+E}. (ii) Q/Z={F + Z| 1<a< d}. 

12. Show that hkh7'k7+ € HOK for allh€ H andke K. 

14, Let G = {+1, +1, +j, tk}, where ? = 7? =k? = -1, ij =k = —ji, jk =i = —ki, 
ki =j = —ik. 

17. Note that |aHa-*| =|H| for allaeG. 

19. Let H be a subgroup of order 6. Since A, has eight 3-cycles and |H| = 6, there exists 
a 3-cycle, a say, such that a ¢ H. Then a? =a? ¢ H. Let K = {e, a, a”}. Then K is a 
subgroup of Aq such that |K| = 3 and HNK = {e}. Thus, |HK| = {get = 6-3 = 18 > |Aul. 
a contradiction. Hence, Aa has no subgroup of order 6. 

20. {e}, {e, (1 2) o (3 4)}, fe, (1 4) 0 (3 2)}, {e, (1 3) 0 (2 4)}, (1 2 3)), (3. 4)). 
((1 2 4)), (2 3 4)), {e,(1 2) 0 (3 4), (1 4) 0 (8 2), (1 3) 0 (2 4}, and Ag. 

25. (i) True (ii) True (iii) False (iv) False (v) True. 


Exercises 5.1.2 (page 151) (Homomorphism) 

1. () f is a homomorphism. Ker f = {1}. (ii) f is a homomorphism. Ker f = {0}. 
(iii) f is a homomorphism. Ker f = {1, —1}. (iv) f is not a homomorphism. (v) f is a 
homomorphism. Ker f = {O}. 

2. There are two homomorphisms from Z onto Z. One is the identity homomorphism 
and the other maps 1 to —1. 

3. There are two homomorphisms from Z onto Ze. 

4. There are four homomorphisms from Zg to Zio and there are 10 homomorphisms 
from Zao to Zio. 

6. Suppose that (Q,+) ~ (R, +) and let f : Q — R be an isomorphism. Then f(0) = 0. 
let 042 €Q. Then f(2)=fE +o +2) =F) + iG) t+ fay erd): Now 
f(1) = f(2) = pf (5). Hence, f(5) = 5 f(1). Thus, f(4) = 2 f(1). Now 1 € A. Since f is onte 
there exists @ € Q such that 1 = f(@). If m = 0, then 1 = f(2) = f(0) = 0, which is « 


n 


contradiction. Hence, m # 0. This implies that 1 = f(=) = =f(1) and so f(1)= 2 €Q. 


611 


Hence, f (*) € Q for all . € Q. Thus, irrational numbers have no preimage. Consequently, 
(Q,+) 4 (R,+4). 

10. Consider the function f(a) = log + for alla EG. 

11. (i) Ker f = {e,a*}. (ii) Ker f = fe, a?, a4, a®}. 

15. Ker f = {e} x H. 

19. Define y: A — B by (a) = f(a). Show that w is one-one and onto B. 

21. (i) True (ii) True (iii) False (iv) False (v) False (vi) True (vii) False. 


Exercises 5.2.2 (page 164) (Isomorphism and Correspondence Theorems) 

1. Define f : R* — Rt by f(z) = 2? for all « € R*. Show that f is an epimorphism 
and Ker f = {1,—-1}. 

3. Define f : 8Z— Z7 by f(t) = [t] for all t € 8Z. Show that f is an epimorphism and 
Ker f = 56Z. 

4. Let G = (Z,+); A= 2Z and B= 4Z. 

7. The correspondence is given by Z(G) — {e}, {rse0,r180, h, v} — {e, 6}, {r60, 790, 
Tigo, T270) — {e,a}, {r3eo, Tiec, di, do} — {e,c}, and G 4G}. 

12. The subcollections of isomorphic groups are {Z,, S2}, {Ze}, {Se}, {((Z, +), (17Z, +), 
(3Z, +), (< 7 > hs {(Q,+)}, {(R, +),(Rt,-)}, {(Q*,-)}; (C5 )}; and {(R*, -)}. 

13. Use Worked-Out Exercise 7 (page 163). 

14. |Aut(Zg)| = 2. One automorphism is the identity mapping and other mapping [1] 
onto [5]. 

16. Now Z(S3) = fe}. Since S3/Z(Sa) ~ Inn(S3), Inn(S3) ~ S3. Hence, 6 = |53| = 
|Inn($3)| < |Aut(S3)|. Now S3 = (a,8), where a = (1 2) and @ = (1 2 3). Let f € Aut(S3). 
Then f is determined if f(a) and f(@) are determined. Now o(f(a)) = o(a) = 2 and 
o(f(G)) = 0(8) = 3. Since S3 has three elements of order 2 and two elements of order 3, f(a) 
has three choices and f(@) has two choices. This shows that Aut(S3) has at most six elements. 
Since 6 < |Aut(S3)|, 6 = |Aut(S3)|. Hence, Inn(S3) = Aut(S3) and so Inn(S3) ~ S3 ~ 
Aut(S3). 

17. Inn(S4) oe S4 ~Aut(Sa). 

20. (ii) Consider G = Ze x Zo and H = {((0], [0]), ((1], [0])}. 

22. (i) True (ii) False (iii) True (iv) False (v) True (vi) True (vii) False 


Exercises 5.3.2 (page 171) (The Groups D.z and Qs) 
1. Let H = {e, b, a”, ba} and K = {e, b}. 
3. The homomorphic images are D4, Zo, Z2, and K4. 


Exercises 5.4.2 (page 178) (Group Actions) 
1. Gi = fe, (2 3)}, Go = fe, (1 3)}, Gs = {e, (1 2)}. 
8. Use Worked-Out Exercise 5 (page 177). 
9. Use Worked-Out Exercise 5 (page 177). 
- 11. Use Worked-Out Exercise 4 (page 177). 
12. Use Corollary 5.4.10. 


Exercises 6.1.2 (page 187) (Direct Product of Groups) 

3. Let z € G. Then there exists unique h; € H;, 1 <i< n, such that 7 = hiha---hn. 
Define f :G— a x eB K++ xX a by f(z) = (hi Ai, hoKo, ..., hn Ky). It is easy to verify 
that f is an epimorphism and Ker f = K. 

5. Define f : G — H as follows: Let x € G. Then there exists unique h € H and 
k € K such that 2 = hk. Define f(z) = h. Clearly f is an epimorphism and Kerf = K. Thus, 
g ~ H. Similarly, & ~ K. . 

7. Use Worked-Out Exercise 6 (page 187). 
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8. Show that the mapping f : G > 4% x ¥ defined by f(a) = (Nh, Nk), where a = hk, 
is an epimorphism with kernel N. 

11. Note that if C, is a cyclic group of order 4 and C% is a cyclic group of order 2, then 
C4 has an element of order 4 while Co x Co has no element of order 4. 

13. Yes. 

15. Suppose H and K are proper subgroups of Da such that D4 = H x K. Then H 
and K are normal subgroups of D4 and either |H| = 4 and |K| = 2 or |H| = 2 and |K| = 4. 
Suppose |H| = 4 and |K| = 2. Then H and K are commutative. Also, hk = kh for allh € H 
and k € K. Now it follows that D4 is commutative, a contradiction. 

16. No. 

17. Suppose Z is an internal direct product of its nontrivial subgroups H and K. If 
H = (n) and K = (m), then show that mn € HONK. 


Exercises 7.1.2 (page 195) (Conjugacy Classes) 

5. H is normal in K if and only if sH2~' = H for all x € K if and only if x € Ne(H) 
for all z € K if and only if K C Ne(H). 

7. Let a be a 5-cycle, 6 be a 4-cycle, y be a 3-cycle, o be a 2-cycle, 6 be a product of 
a 3-cycle and a 2-cycle and yz be a product of two 2-cycles. The conjugate classes are Cl(e), 
Cli{a), Cl(B), Cl(y), Clo), Cl(6), and Cl(u). Also,|Cl(e)| = 1, |Cl(a)| = 24, |CIC(B)| = 30, 
|Cl(y)| = 20, |Cl(o)| = 10, |Cl(6)| = 20, and |Cl(y)| = 15. Now [Ss : C(a)] = |Cl(a)| for all 
a € Ss. Hence, 


[Ss] 


I] 


[Ss : C(e)] + [Ss : C(@)] + [Ss : C(B)) + [Ss : CKy)]+ 

+[8s : C(a)] + [Ss : C(O) + [Ss : C(u)] 

ICl(e)| + |Cl(a)| + |CLB)| + |Cl(y)| + 1Clo)I + |C1(8)| + |Cl(y)| 
14+244+ 30+ 20+ 104+ 20415 

120. 
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Exercises 7.2.2 (page 200) (Cauchy’s Theorem and p-groups) 

2. 6. 

4. Use induction on n. 

5. The 2-subgroups of Zio are {[0], [6]} and {[0], [3], [6], [9]}. {[0], [4], (8]} is the only 
3-subgroup of Zio. 

6. ((1 2) 0 (3 4)), ((1 3) 0 (2 4)), ((14) © (23)), and {e, (1 2)0(3 4), (1 3)0(2 4), (1 4)0(2 
3)}. 

8. Use Cauchy’s theorem and Worked-Out Exercise 5 (page 177) 

12. Use Worked-Out Exercise 5 (page 199). 

13. (i) By Cauchy’s theorem, G has a subgroup of order 11, say H. Suppose K is any 
other subgroup of G of order 11. Suppose H # K. It follows that |HMK| = 1. Hence, 
JHK| = tae = ee = 121 > |G|, a contradiction. Hence, H = K and so H is unique. 
Since H is the only subgroup of order 11, H is a normal subgroup of G. 

(ii) Since |H] is prime, H is cyclic. Let H = (a) for some a € H. Let g € G. Then 
gag”! € H. Thus, gag™} = a! for some i, 0 <7 < 11. Clearly i 4 0. We claim that i = 1. Now 
g’ag™* = g(gag™*)g~* = ga‘g™* = (gag™*)* = (a*) =av 
Now G contains an element of order 8, say b. Then a = b°ab~? = a* . Hence, a ae 
Since o(a) = 11, # =11 1. By Fermat’s theorem, i'° =11 1. Thus, i =11 1. Since 1 <i < 10, 
we must have i = 1, Thus, gag’ = a, ie., ga = ag. Hence, H C Z(G). 


sear By induction, g’ag~” 


Exercises 7.3.2 (page 209) (Sylow Theorems) 
2. Use induction on n. 
4. First show that if |G/Z(G)| = 91, then G/Z(G) is cyclic. 
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8. Let z € G. Then zPz' C tHx~' = H. Hence, rPx™! is a Sylow p-subgroup of H. 
There exists h € H such that hx Pa ~'h~* = P. This implies that hz € Nc(P). Thus, ha = y 
for some y € Ne(P), which implies that z = h~*g € HNe(P). Hence, G = HNe(P). 

10. Since K is a psubgroup there exists a Sylow p-subgroup P of G such that K C P. 
Let Q be a Sylow p-subgroup of G. Then Q = zPa™! for some x € G. Since K is a normal 
subgroup, K = zKz2_'. Hence, K =2Ka7' CzPx =@. 

12. Let K be a maximal normal subgroup of G such that K C H, (possibly K = {e}). 
Then |K| =p" such that r < m. Now |< | =p™"" =p", n> 0. Then Z() is a nontrivial 
subgroup of g. Since Z(Z) is a normal subgroup of G, Z(g) = 2, where £ is a normal 
subgroup of G such that K C L. Since |Z(<)| > 1, K #L. Since K is a maximal normal 
subgroup of G such that K C H, L # H. Let a € L be such that a ¢ H. We now show that 
aHa~ = H. Let b € aHa™’. Then b = aha~* for some h € H. Since Ka € L/K = Z(@), 
KaKh = KhKa. Thus, cha~'h7! = (ah)(ah)~' € K CH. Hence, aha~'! = aha"h-"h € H. 
Thus, aHa~! C H. Since |aHa~"| =|A|,aHa' =H. 


Exercises 7.4.2 (page 219) (Some Applications of Sylow Theorems) 

1. For order 20, show that the group has a unique Sylow 5-subgroup. For order 28, show 
that the group has a unique Sylow 7-subgroup. For order 36, show that the group either has 
a unique Sylow 3-subgroup or a normal subgroup of order 3. 

2. Use Sylow’s first theorem and Worked-Out Exercise 5 (page 199). 

6. As in Worked-Out Exercise 2 (page 217), show that either G has a normal subgroup 
of order 32 or a normal subgroup of order 16. 

7. Use Corollary 7.4.12. 

9. The number of Sylow 5-subgroups is 1+ 5k such that 14 54/7-19. Thus, k = 0 
and hence, G has a unique Sylow 5-subgroup, H say. Thus, H is normal. Similarly, G has 
a unique Sylow 7-subgroup, K say, and a unique Sylow 19-subgroup, £ say. Thus, K and DL 
are normal subgroups. Clearly H, K and EL are cyclic groups, HN K = {e}, KNL = {e}, 
and LM H = {fe}. Let H = (h), K = (k) and L = (1). Since hk = kh, hl = Ih and kil = Ik, 
o(hkl) = o(h) o (k) o (1) =5-7-19 = |G]. Thus, G = (hkl). 

15. (i) The number of Sylow 7-subgroups of G is 1+7k such that 1+ 7k|24. Thus, k =0 
or 1. If k = 0, then G has a unique Sylow 7-subgroup, which must be normal. This is a 
contradiction since G is simple. Thus, k = 1. Then G has eight Sylow 7-subgroups. 

(iii) Let K be a subgroup of order 14 in G. Now |K| = 14 = 2.7. The number of Sylow 
7-subgroups of K is 1+ 7k such that 1+ 7k]2. Thus, k = 0. Hence, K has a unique Sylow 
7-subgroup, say, P, which is normal in K. Now P is also a Sylow 7-subgroup of G. Since for 
alla € K, aPa~' = P, K © Ne(P). This implies that 14]|NG(P)| = 21, a contradiction. 
Hence, G has no subgroup of order 14. 

18. Let G be a group of order 70. Let H be a Sylow 7-subgroup of G and K be a Sylow 
5-subgroup of G. Then H and K are unique and hence normal. Also, H, K, and HK are 
cyclic subgroups, HK is a normal subgroup of G, |H| = 7, |K| = 5, and |HK| = 35. Let 
HK = (a). Then o(a) = 35. Let b € G and 0(b) = 2. Now b-'ab © HK. Thus, b”*ab = a” 
for some 7, 1 <r < 34. Now G = HK UbHEK. From this, it follows that every element of 
G is of the form b*a”, where s = 0 or 1 and 0 < r < 34. Now b-1ab = a” implies that 
o(a”) = o(a) = 35. Thus, ged(r,35) = 1. Now a = 6(b"'ab)b-* = en Therefore, 35|(r? — 1). 
Hence, 5|(r? — 1) and 7|(r? —1), 1 <r < 34. Now it follows that the only possible choices of 
r satisfying the above conditions are r = 1, 6, 29, 34. Thus, there are four groups of order 70. 

Case 1: r= 1. Then 6-1ab =a, ie., ab = ba. In this case, G is commutative and it is 
easy to verify that G ~ Zo. 

Case 2: r = 34. Then b-'ab = a*4 = a7’, ie., ab = ba +. Thus, G = (a,6) such that 
a> =e = b* and ab = ba~?. Hence, in this case G > Ds. 

Case 3: r = 6. Then b-!ab = a®. Thus, ab = ba®. Clearly o(a*) # 2 for all k, O< k < 34. 
Let ba* be an element of order 2. Then (ba*)? = e implies that a”* = e. Hence, 35|7k, which 
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implies that 5|k, 0 < k < 34. Thus, k = 0, 5, 10, 15, 20, 25, 30. Hence, elements of order 2 
in G are b, ba°, ba’, bal®, ba”, ba?®, ba®?. Let u = a® and $ = (u,b). Then u’ =e = b? 
b-lub = ba®b = a9 = u® = u!. From this, it follows that S ~ D7. Now 


a®bamtan* = ba®*aSt-* = baht) cg 


and 
ba*ba®*(ba*)~* = bba®*a®*—*b = ba (**4 € 8, 


Also, a*a®*a-* = a®* € S and ba*a**(ba*)—* = ba*a®*—*b = a?” © S. Hence, § is a normal 
subgroup of G. Let v = a” and T = (v). Then T is a subgroup of G and T ~ Zs. Now T 
is a normal subgroup of G (since T' is a Sylow 5-subgroup of G). Clearly SMT = {e} and 
|G| = |ST|. Thus, S and T are normal subgroups of G, SNT = {e}, and |G| = |ST|. Hence, 
G=SxTrD7x Zs. 

Case 4. r = 29. As in Case 3, we can show that G ~ Ds x Zr. 

21. Let G be a group of order 14. Then G is cyclic or G y D7. 

23. If nis odd, then Z(D,) = {e}, and if n is even, then Z(D,) = {e, r? }. 

24. The conjugacy classes in Dan41 are 


{e}, {6,ba,ba”,...,ba?"}, {a", a7}, l<r<n. 
The conjugacy classes in Do, are 


{e}, {b,ba”, ..., ba}, {ba,ba*, ..., ba}, 
{a’, a}, 1 < T < nm 1, {a"}. 


25. (ii) Suppose np = q’. Then pk+1 = q? for some k > 0. This implies p|(q? — 1). Thus, 
either p|(q +1) or pi(g— 1). Since p > q, p f (q — 1). Hence, p|(q+ 1). Thus, gq+1>p>q. 
This implies that p = 3 and q = 2. 

29. (i) False (ii) True (iii) True (iv) False. 


Exercises 8.1.2 (page 237) (Solvable Groups) 

1. Let Ay = {rigo,raeo,h, v}, He = {rs¢o, h}, 3 = {riso, 7360, di, do} and A = 
{rseo, di}. Note that |G/Hi| = 2 = |H1/He| = |G/Hs| = |Hs/Ha|. 

2. Let H = (66). The composition series is 


Z/H > 2Z/H > 6Z/H > 66Z/H = {H}, 
Z/H > 2Z/H > 22Z/H > 66Z/H = {H}, 
Z/H > 3Z/H > 6Z/H > 66Z/H = {H}, 
Z/H > 3Z/H > 33Z/H > 66Z/H = {H}, 
Z/H > 11Z/H > 222/H > 66Z/H = {H}, 
Z/H > 11Z/H > 33Z/H > 662/H = {H}. 


4. (i) S3 >) A3 >) {e}. 
(ii) Let K = {e, (1 2)0(3 4), (1 3)0(2 4), (1 4) 0(2 3)}, Mi = fe, (1 2)0(3 4)}, He = fe, 
(1 3) o (2 4)} and Hs = {e, (1 4) (2 3)}. The composition series of Aq is 


As > KD HD {e}, 
Ag > K D Hp D fe}, 
Aq > K D HD fe}. 


(iii) Let K, Hi, H2 and H3 be as in (ii). The composition series of Sq is 


Ss > Ag DK D Hy D fe}, 
Sa D> As D K D He D {e}, 
Sa > Ag D K D Hz D {e}. 
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(iv) The composition series of Zz x Ze is 


Z2 x Zz D Ze x {[0]} > {({0], (0))}, 
Zz x Ze D {[0]} x Za > {([0], (0))}, 
Zo x Zo D {([0}, (0), ({4.{1))} > {C10}, (0})}. 


5. Let G be a finite group. Since G is finite, there exists a maximal normal subgroup Gi 
of G. Thus, G/Gi is simple. If Gi 4 {e}, then since Gi is finite, there exists a maximal normal 
subgroup G2 of Gy. Then Gi/Gz2 is simple. If G2 # {e}, then continuing as before, we obtain 
the following series G = Go D G1 D--- D Gn D «++ Such that G;/Gi+1 is simple for all ¢. Since 
G is finite, there exists n > 0 such that G, = {e}. Thus, G= Gp D G1 D-:- D Ga = {e} is 
a composition series. 

12. If p =q, then G is a p-group and so solvable. Suppose p # gq. Show that G has a 
unique Sylow p-subgroup or a unique Sylow q-subgroup. Let H be a Sylow p-subgroup and K 
be a Sylow g-subgroup. Then |H| = p? and |K| = q. Clearly both H and K are commutative 
and hence solvable. Suppose H is normal. Then |$] =q. This implies that g is a cyclic 
group and hence solvable. Since H and g are solvable, G is solvable. Now suppose K is 
normal. Then Z| = p. This implies that g is a commutative group and hence solvable. 
Since K and = are solvable, G is solvable. 

14. A solvable series for S3 x S3 is S3 x S3 > S3 x A3 D A3 x A3 D Az x {e} D fe} x {e}. 

15. If G = {e}, then the result is trivially true. Suppose G # |e}. Suppose G is not 
commutative. Then G’ # {e}. Since G’ is a normal subgroup of G and G is simple, G = G’. 
Thus, G = G # {e} for all positive integers n. However, since G is solvable, there must 
exist a positive integer n such that G™ = {e}, a contradiction. Hence, G is commutative. 

18. Suppose G is solvable and H # {e} is a subgroup of G. Then 4 is solvable and hence 
H’ # H by Worked-Out Exercise 2 (page 234). Conversely, suppose that H’ # H for any 
subgroup H # te} of G. Then G # G’. Thus, G > G’. If G™ # {e}, then G™ 4 GOT, 
ie., G™ > Gt) Hence, we have the following strictly descending chain of subgroups: 


GoGo. ,GMIa Gry d.... 


Since G is finite and H’ # H for any subgroup H + {e} of G, there must exist a positive 
integer n such that G = {e}. Hence, G is solvable. 

21. Note that 42 ~ aes. 

22. (i) False (ii) False (iii) True (iv) False (v) False (vi) False (vii) False. 


Exercises 8.2.2 (page 244) (Nilpotent Groups) 

3. Dn = (a,b), where o(a) = n, o(b) = 2, and ab = ba}. Suppose Dz is nilpotent. 
Also, suppose n = 2k, where k is an odd integer. Let u = a?” . Then o(u) = k. Now 
ub = a?" b = ba?” = bu}. Let H = (u,b). Then H ~ Dy. Now |H| = 2k and H is 
nilpotent. Let K = {e,b}. Then K is a Sylow 2-subgroup of H. Since H is nilpotent, K is 
normal. But then ubu-' = bu? € K, a contradiction. Hence, n = 2” for some positive 
integer m. 

5. No. 


Exercises 9.1.2 (page 257) (Finite Abelian Groups) 

2. Order 9 : Zo and Z3 @ Z3. 

Order 16: Zis, Ze ® Ze, Zs @ Zs, Za @ Zo @ Ze, and Zo @ Zo @ Ze @ Za. 

Order 27 : Zo7, Zo @ Zs, and Z3 @ Z3 © Z3. 

Order 32 : Z32, Zig ® Zo, Zs @ Za, Ze @ Ze PB Zo, Zs B Za @ Zo, Zs B Ze @ Zo © Zo, and 
Zo @ Zo © Zo @ Zo @ Ze. 

3. Order 15: Zis. 

4. Order 60: Za @ Z3 © Zs and Zs @ Z2 @ Za @ Zs. 
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Order 80 : Zig @Zs, Za@LZ2OZs, ZsaOLaGZs, ZaPZ2OLZoOZs, and Z2@Z2PLZ2@Z2OZs. 

Order 240 : Zi @Z3 @ Zs, Za O Zo @ Z3 @ Zs, Zi @ Z4 OZ3 O Zs, Za O Ze OB Z2 @Z3 O|Ss, 
and Zo @ Zo ® Zo @ Zo G Za PB Zs. 

Order 540 : Z4 @ Zo7 G Zs, Lo @ Zo @ Zo7 Zs, Za PB Lo BZ3 O Zs, Z2 PL2 G Zo O Z3 OZs, 
Za ® Z3 © Z3 © Z3 © Zs, and Zz © Zo @ Z3 © Z3 © Z3 © Zs. 

6. (i) 27,23, 2%, 3,37. (ii) 2,2, 2°, 3,3,5,5,5. 

10. Z,3 @Z,2, Zp2 @ Zp © Z,2, Zp @ Lp OB Zp BW Zy2, Zp3 BLq D Zq, Zp2 BD Lp OL, OL, 
and Zp @® Zp ® Lp @ Za © Zq. 

11. Z4@ Zo @ Zo and Za O Zo O Z3 © Zs. 

15. Only two elements of order 3. 

17. Ze, and Zo7 © Z3. 

18. (i) True (ii) False (iii) True. 


Exercises 9.2.2 (page 267) (Finitely Generated Abelian Groups) 
3. |T(G)| = 252. 

4, The torsion coefficients are 30 and 60 and the betti number is 2. 

5. The elementary divisors are 2, 24,3,3,5,11; d) = 6 and dz = 2640. 

7. (i) No (ii) No. 

13. (i) False (ii) False (iii) False. 


Exercises 10.1.2 (page 282) (Elementary Properties) 

1. (i) [1], [3], [5], and [7] are the units of Zg. [1] and [5] are the units of Zs. (ii) [2], [4], 
and [6} are the nilpotent elements of Zs. Zs has no nonzero nilpotent elements. (iii) The zero 
divisors in Zg are [2], [4], and [6]. The zero divisors in Ze are [2], [3], and [4]. 

3. i) a+ (-l)e = 1-a+(-1)a = (14+ (-1))a = 0-a = 0. Hence, (—a) + (a+ (—1)a) = 
0+(—a) = —a. This implies that ((—a) + a) + (-l)a = —a, ie., 0+ (—l)a = —a. Hence, 
(—l)a = —a. Similarly, a(-1) = —a. Now (—1)(—1) = —(—1) = 1 since 1 and —1 are additive 
inverses of each other. 

5. Suppose R is commutative. Let a,b € R. Then (a+ b)(a — 6) = a(a ~ b) + b(a — Bb} = 
aa ~ ab + ba ~ bb = a® ~ ab +ab—&* (since ab = ba) = a? — b*. Conversely, suppose that 
a? — b? = (a +b)(a — b) for all a,b € R. Let a,b € R. Now (a+ b)(a— 6) = a? ~ ab+ab—b?. 
Hence, a? — ab+ ba — b® = a” —~ b? and this implies that ~ab + ba = 0 and so ba = ab. 

7. Use induction on n. 

8. Use induction. 

9. Use Exercise 7 (page 282) and the fact that (?)z = 0 for all c € FA and for all 
1<r<p-1 since the characteristic of FR is p. 

11. Suppose a is nilpotent. There exists a positive integer n such that a” = 0. Now 
(l—a)\(it+a+---+a"~!) = 1+a+---+a%-1—a- a? —-.-—a™"1-a” = 1-a" =1-0=1. 


16. Since gcd(m,n) = 1, there exist integers r and s such that 1 = mr + ns. Thus, 
mr+ns 


a=a = a™ qrs = (a™)" (a)? = (b™)"(b”)° = b™7 p7> = pmrtns = b. 

20. Note that : : is the identity of M2(R) and for any positive integer n,n-1=0 
: : 1 0 0 0 re 
if and only if n ocr | = lao? Hence, R and M@2(R) have the same characteristic. 


22. (i) False (ii) False (iii) False (iv) True (v) False (vi) True (vii) False (viii) False (ix) 
False (x) False. 


Exercises 10.2.3 (page 287) (Some Important Rings) 

3. Every nonzero nonunit is a zero divisor. 

5. Let R be a regular ring with 1. Let a € R and a ¥$ 0. Suppose a is not a zero divisor. 
There exists 6 € RF such that aba = a. This implies that a(ba — 1) = 0. Since a is not a zero 
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divisor, ba — 1 = 0 and so ba = 1. Similarly, ab = 1. Hence, a is a unit. 


Exercises 11.1.2 (page 293) (Subrings and Subfields) 
1. (i) Clearly T, # ¢. Let | eae ar | a € T,. Now 


0 of 
a b de a-d b-e 
a S|-[8 :|-| 0 25 [ex 
a de|_ - ae+bf : ; 
aoe be 0 Of af | € T,. Hence, T; is a subring. 
2. (i) Ser (ii) No (iii) Yes. 
4, Clearly T # ¢. Let nl,ml1 € T. Then nl —- ml = (n—™m)1 € T and (nl)(ml1) = 


nm1 € T. Hence, T is a Subring. 

7. To show that Z[V2] is not a subfield of R. Assume (/2)73 € Z[V2] and obtain a 
contradiction. 

11. Since 0? = 0,0 €T andso T # ¢. Let a,b € T. Since F is commutative, (a — b)? = 
aP —paP—'b+...4+(-1)! gu \aP- ‘bhp... 4 (—1)P7 \pabP— 14(—1)?b?. Also, since p|(? , @ ja =0 
for all  € F and for all 1 <i < p—1. Hence, (a — 6)? = a? + (—1)?b? = a— 6 since if p= 2, 
then 1 = —1, and if p is odd, then (—1)? = —1. Hence, a— 6b € T. Suppose b # 0. Then 
(ab-")? = a? (bP)~ = ab“! and so ab" € T. Since 0,1 € T, T has at least two elements. 
Hence, T is a subfield of F. 

14. Since 20 = 0 = 0a for all a € R, 0 € C(R) and so C(R) # ¢. Let a,b € C(R). 
Then az = xb and bz = 26 for all c € R. Now z(a — b) = za — cb = az — ba = (a — b)z and 
z(ab) = (za)b = (ax)b = a(xb) = a(bz) = (ab)x. Hence, a — b,ab € C(R). Thus, C(R) is a 
subring. 


16. The elements in the center of M2(R) are of the form ; . | , where a € R. 
23. (i) False (ii) False (iii) False (iv) True (v) True (vi) True. 


Exercises 11.2.2 (page 306) (Ideals and Quotient Rings) 
; 0 »b 0d au 0 6b 
1. (i) Clearly J ¢ ¢. Let 0 lel fJes/ 5 Y | me. then |p :|- 


fe e}-[3 e}en[e S][s e]- [8 Me] eran 


0 ve 


0 
0 
aul _| 0 wb ex 
0 vit |0 e 
. ; au a 0 0 u _|a 0 
Hence, / is an ideal. Now 0 v +=] § 5 |e 0 e+ [6 a+? 
a 0 
Thus, T2(Z)/I = 0 0 +Il|aeZw 


2. Zoa/I = {I, [1] +7, (2) + J, [3] +2, [4] +7, (5) 4 J, [6] + J, [7] + 7}. 

3. Since 0 =0+0/—-5 € 1,1 ¢ ¢. Let a+ b/—5, e+ d/—5 € I. Thena—bandc—d 
are even and so (a—c) — (b—d) = (2—b) — (c—d) is even. Thus, (a+ b/—5) — (ec +dV—5) = 
(a—c)+(b-—d)V/-5 EJ. Let e+ yV/—5 € Z[ V5]. Then (a + b\/—5)(2 + yV—5) = (az - 
5by) + (ay + bz). /—5. Now (ax — 5by) — (ay + bz) = (a — b)x — (a — b)y — 6by, which is even. 
Thus, ives (2+y/—5) € I. Since Z[/—5] is commutative, (r+ y/—5)(a+ bY—5) € I. 
Hence, I is an ideal. 

5. Since 0 = 00 € AB, AB F ¢. Let z,y € AB andr € R. Then z = DO”, aids 
and y = a 4s; where a;,c; € A and bi,d; € B for all i and j. Clearly x -—y = 
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yo abs — DO cdj € AB. Also, rz = r(D07_, aibi) = Oj, (rai)bi € AB since ra; € A 
for all i, and ar = (S77, aibi)r = D0", ai(bir) € AB since bir € B for all i. Hence, AB is 
an ideal. 

7. Use Theorem 11.2.11 and Exercise 6 (page 306). 

11. (ii) Since mlq and ng, g € (m) and g € (n). Hence, (g) C (m) 
(m) O(n). Then ma and nla. Since g is the lcm of m and n, gla and soa é€ 
(m) M (n) € (q). Consequently, (m) M (nm) = (9). 

12. {0} x {0}, Fi x {0}, {0} x Fo, and F, x Fy are the only ideals of Fy x Fh. 

13. (ii) Yes. 

16. Z has no zero divisor; (6) is a nonzero ideal of Z. Since (2+ (6))(3+ (6)) = 6+ (6) = 
(6) , 2+ (6) 4 (6), and 3+ (6) # (6), it follows that Z/ (6) has zero divisors. 

18. ann! = {[0], [10]}. 

19. anni = {0}. 

21. Let J be an ideal of a regular ring R. Let a € J. There exists 6 € R such that @ = aba. 
Since J is an ideal, = bab € J. Now ara = a(bab)a = (aba)ba = aba = a. Hence, J is regular. 

27. (i) False (ii) True (iii) False. 


M(n). Leta € 
(q) . Therefore, 


Exercises 11.3.2 (page 315) (Homomorphisms and Isomorphisms) 

2. Let a,b,c,d € Z. Suppose that a = c and b= d. Thena+b-—1=c+d-—1and 
a+b—ab=c+d-—cd since + and - are well defined on Z. Thus, ® and © are well defined 
on Z. Define f : Z— Z by f(a) =1—a for all a € Z. Clearly f is a one-one function of Z 
onto Z. Now f(a+6)=1-(a+5) = (1l—a)+(1—5) -1=(1-a) @(1-5)= f(a) f(b). 
Also, f(ab) = 1- ab = (1—a)+(1 —6) -(1—a)(1— 6) = (1-2) O (1-8) = f(a) © F(d). 
Thus, f preserves addition and multiplication of (Z,+,-) onto (Z,@, ©). Hence, it follows that 
(Z,@, ©) is a ring isomorphic to the ring (Z,+,-). 

3. (ii) If there exists an isomorphism f of R onto C, then there exists r € R. such that 
f(r) =i. In this case f(r?) = 7? = —1. But f(—1) = —1 since f(1) = 1 and so r? = -1. 
However, no such real number r exists. (iii) Yes. 


4. (ii) Yes (iii) No (iv) ke f= {| : : jheeat. 


c 

5. No. 

7. Suppose that there exists an isomorphism f of 2Z onto 3Z. Then 2Z and 3Z are 
isomorphic as additive groups under f. Thus, f maps a generator of the cyclic group 2Z onto 
a generator of the cyclic group 3Z. Hence, f(2) = 3 or f(2) = —3. Suppose f(2) = 3. Then 
f(4) = f(2+ 2) = f(2) + f(2) =3+3 = 6. Since f also preserves multiplication, f(4) = 
f(2-2) = f(2)f(2) = 3-3 = 9. However, this is impossible. 

10. No. 

12. S = {0,1,...,n— 1} is a subring of R isomorphic to Z,. The isomorphism is given 
by f(é) = [i] for allie S. 

13. Let f be a homomorphism of R into R. Since R is a field, either Ker f = {0} or Ker 
f =R. If Ker f =R, then f(x) = 0 for all x € R. Suppose Ker f = {0}. Then f is one-one. 
The desired result now follows as in Worked-Out Exercise 2 (page 313). 

16. (i) True (ii) True (iii) False (iv) False (v) True (vi) False. 


Exercises 12.1.2 (page 323) (Ring Embeddings) 

3. Define f* : F = F’ by f*(ab™+) = f(a)f(b)~?! for all ab-+ © F. Then ab“! = cd=? 
if and only if ad = bc if and only if f(ad) = f(bc) if and only if f(a)f(d) = f(b) fc) if 
and only if f(a)f(b)~! = f(c)f(d)~* if and only if f*(ab-1) = f*(cd71). Thus, f* is a 
one-one mapping. Let a’b’"' € F’. Since f maps R onto R’, there exist a,b € R, b #0 
such that f(a) = a’ and f(b) = b’. Thus, f*(ab-*) = f(a)f(b)—' = a’b’). Hence, f* maps 
F onto F’. Let ab-',ed~' € F. Then f*(ab-! + cd7!) = f*((ad + be)(bd)~!) = f(ad + 
be) f(bd)~* = (F(a) F(d) + F(O)F(c)) FCO)" F(A)? = Fla) f(b)? + Fe) F(a)-* = fr (ab) + 
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f*(cd~"). Also, f*(ab~* - cd~") = f*(ac(bd)~*) = f(ac)f(bd)~" = fla) fle) f(b)" f(a)" = 
f(a) f(b) 1 fle) f(d)"* = f*(ab~1)- f*(cd—'). Suppose g* is an isomorphism of F onto F’ such 
that g* = f on R. Then g*(ab™*) = g*(a)g"(b*) = g*(a)g"(6)* = F(a) f(0)* = f*(ab™). 
Thus, f* = g*. Hence, f* is unique. 

6. The field of quotients of Z[z] = {sth | a,b,c,d€ Z,c+di #0} = {p+ qi | p,q € Q}. 


The field of quotients of Z[V/2] = (ase | a,b,c,d € Zc+dy2 £ 0} = {p+qv2 | 
B,q € Qh. 


Exercises 13.1.2 (page 334) (Direct Sum of Rings) 

2. We have A = RA=(Ri @-:--@OR,)A = RAO-:-@OR,A. Let A; = RA for 
@=1,2,...,n. Then A; is an ideal of R; since R:Ai = Ri(RiA) = RiA = A;. Let g be the 
natural homomorphism of R onto R/A. Then R/A ~ 9(Ri)@---@g( Rx) and g(Ri) = Ri/Ai 
fori=1,2,...,n 

4. Zmn is a cyclic group of order mn with generator (1]. Since gcd(m,n) = 1, Zm ® Zn 
is a cyclic group of order mn with generator ((1], [1]). Define g : Zmn —~ Zm©® Zn by g(2[1]) = 
2((1], [1]), where 2 € Z. Then g is a (additive) group isomorphism of Zmn onto Zm @ Zn. Now 


o(f}U)) = 9 [to []) = oat) = 9 TY, [)) = 201), (15 (1), A) = ott eGlt)) = 9(fd)o(L3))- 


Exercises 14.1.2 (page 343) (Polynomial Rings) 

1. Let ae asx’, eae bia’ € I(x], where a;,b; € I. Either m > norn > m, say,m > n. 
If m>n, let bh =0 fori =n+1,...,m. Then Ons aya’ — ys bz") = parC -6)2ré€ 
I[z]. Let we rjx) € Riz]. Then (Sor ae i an) = peek 7 7iaj—s)x? € Iz]. 
Similarly, (77, gies, jt?) € I[z]. 

3. (x) is the set of all polynomials over R with constant term 0. 

4. (i) ¢((z) = 2? +2—-1, r(x) = 243. (ii) q(z) = 2? +24 [4], r(z) = 2 t+ [3}. 

5. g(x) = 2, r(x) = [4]z° + [3]2? + 2 + [3]. 

8. ((1] + [2]x)((1] — [2]x + [4]z*) = [1] + [8]z* = (1). 

11. The units of Z[z] are 1 and —1. 

12. The units of Ze[z] are [1] and [5]. 

14. (iii) Use Exercise 9. 

15. (i) The proof is by induction on n. Suppose n = 1. Suppose that ye oft (m1)' = 0. 
Then r; = 0 fori =0,1,...,m by the definition of a polynomial. Suppose the result is true 
for n—1> 1. Let Blair ee, wala) a Tig cin EY 2m © R[x1,22,...,£n]. Suppose 


that p(21,Z2,...,2n) = 0. Now p(21,22,...,2n) = AS one tty TH int? ae azin-})gin. 


Hence, ix ey as ee ao} = 0 for all tn. Thus, by induction ri,..i, = 0 for all 
21, -6+;tn-1 vand for each in. 

Gb ) Since sae Tiina) ba. gin ees Bs Siq..i, Dy... Dp if and only if riya, = 
Siz..iy for allt1,...,2n, a is well defined. By Defintion 14.1.13, a maps Ri[z1, Z2,..- Zn] onto 
Rlci,ce,...,¢n]. Since for any two polynomials f(z1,22,...,%n),9(%1,T2,.-.,2n) € R[z], 
k(x1,22,...,2n) = f (v1, 2%2,...,2n)+9(£1, 22,...,2n) implies k(c1,c2,...,¢n) = f(ei,c2,.-.; 
Cn) t+g(e1,¢2,---,;Cn) and h(z1,20,...,2n) = f(v1,22,...,%n)g(z1,Z2,---, Zn) implies h(ci, ca, 

-) Cn) = f(c1,C2,...,Cn)g(ci,C2,--..,Cn), it follows that a preserves + and - 


16. K[z]/ (f(z) = {k(z) + (f(z) | h(x) € K[a]}. Let k(z)+(f(z)) € K(e)/ (f (z)). Then 
there exist g(x), r(x) € K [2] such that k(z) = g(x) f(x)+r(z), where r(z) = 0 or degr(z) <n. 
Thus, k(x) + (f(x)) = (q(z) f(z) + r(x) + (F(z) = (ae) F(@) + F(2))) + (r@) + F(2)) = 
(0+ (f(a))) + (r(x) + (f(@))) = r(@) + (F(@)) . 

17. (i) True (ii) False (iii) True. 


Exercises 15.1.2 (page 352) (Euclidean Domains) 


2. (go +aV3) =1, ro +n1V3 = 8 - 2V3. 
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3. g tmti=34+02, r9+771=04 12. 

6. Let f : Z— Z, be defined by f(a) = [a] for all a € Z. Then f is an epimorphism. 
Use Exercise 5. 

7. (i) True (ii) False (iii) False. 


Exercises 15.2.2 (page 359) (Greatest Common Divisors) 

1. (i) The associates of 3— 22 are 3 — 21, -3 + 21, 2+ 3%, —2 — 3:. (ii) The associates of 
1+iV5 are 1+ iV5, —1—iV5. (iii) The associates of [6] in Zio are [2], [4], [6], and [8]. (iv) 
[1], [2], [3], [4] are the associates of [4] in Zs. (v) The associates of [2] + z are [2] + [x] and 
[1] + [2]z. 

2. +1. 

3. The units of Z[z] are 1 and —1. The associates of 2+ 2 — 3x” are 2+ — 32” and 
—2—2+3r°. 

5. Units of Z7[z] are the nonzero elements of Z7. The associates of 2? [2] are gn? + {2], 
[2]x? + [4], [3]a? + [6], [4]? + [1], [5)x? + [3], (6]ax? + [5]. 

7. Since a and b are associates, a = bu and b = aw for some units u and w. Now 
v(a) = v(bu) > v(b) and v(b) = v(aw) > v(a). Hence, v(a) = v(d). 

13. gced(2 — 72,2 + 111) = 1; c= —(2+4 47) and y = —3:. 

16. Let a+ b/2 be a unit such that 1 <a+ b/2 <1+V2. Then a? — 2b? = +1. That 
is, (a + bV/2)(a — 6/2) = +1. Hence, a — bV/2 = eee This implies that -1 <a—b/2 <1. 
From 1 <a+bV2<1+VW2and -l<a-bVQ< 1, it follows that 0 < 2a < 2+, Le., 
O<a<l+ 2. Thus, since a is an integer, a = 1. This implies that 1 << 1+b6V2<1+ V2, 
a contradiction. Hence, there is no unit between 1 and 1+ J/2. 


Exercises 15.3.2 (page 365) (Prime and Irreducible Elements) 

1. In Z[i/5], the only units are +1 since z+ yiV5 € Z[iV5] is a unit if and only if 
x? +5y? =1. Let 24175 = (a+ biv/5)(c4+ div/5) for some atbiVf5,c+div5 € Z[e/5]. Then 
2—iV5 = (a— biv/5)(c— div/5). Hence, 9 = (2+4V75)((2 —iv/5) = (a? + 5b?) (c? + 5d?). Now 
proceeding as in Example 15.3.11, it follows that either a? + 5b? = 1 or c? + 5d? = 1. Thus, 
either a + biV/5 is a unit or c+ diV5 is a unit. Hence, 2 + iV/5 is irreducible. We now show 
that 2+2/5 is not prime. Since (2+1V/5)(2—iV5) = 9 = 3-3, (2+iV/5)|3-3. Suppose 2+1V5 
is prime. Then (2 + i75)|3 and so 3 = (24+ iV/5)(a + biV5) for some a + bi/5 € Ziv]. 
Then 9(a? + 5b”) = 9. Thus, a? + 56? = 1 and so a + biv/5 is a unit. Hence, a + biv/5 = +1. 
Suppose a + biV5 = 1. This implies that 3 = 2+ 1/5. Thus, 3 = 2 and V5 = 0, which is 
absurd. If a+ bi/5 = —1, then we would get 3 = —2 and V5 = 0, which is again absurd. 
Hence, 2 +iv5 is not prime. 

2. Suppose 1+2 = (a+ bi)(c + di) for some a,b,c,d € Z. Thus, 1 —i = (a — bi)(c — di) 
and so 17 +1? = (a? + b?)\(c? +d’), ie., 2 = (a? + b?)(c? +d’). Hence, (a? + b? = 2 and 
ce? +d? = 1) or (a? +b? = 1 and c” +d? = 2). Suppose a? + b? = 2 and c? +d? = 1. Now 
ce’ + d® = 1 implies that (ce = 0, d+1orc= +1, d=0). Thus, c+di is a unit. Ifa? +b? =1 
and c? + d* = 2, then a+ bi is a unit. Hence, 1 +3 is irreducible. 

3. Since 3](2 +iV5)(2—iV5), 3 f (2+iV5), and 3 4 (2—i¥75), 3 is not prime in Z[iV5. 

5. No. 

9. [3] and [6] are the prime elements. [3] and [6] are also irreducible. 

12. (i) False (ii) False (iii) False (iv) True (v) True. 


Exercise 16.1.2 (page 374) (Unique Factorization Domains) 

1. Since Z is a PID, the result follows by Lemma 16.1.6. 

4. Define N : Z[iV6] — N by N(at+ ib/6) = |a? + 6b?| . As in Example 16.1.4, show 
that Z[iV6] is an FD. Now 10 = (2+ iV6)(2 — i/6) = 5- 2. Show that 5 is an irreducible 
element, but not a prime element, and use Theorem 16.1.10. 
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6. (i) False (ii) False. 


Exercises 16.2.2 (page 380) (Factorization of Polynomials over a UFD) 

2. Suppose f(z) is not irreducible in Q[z], but f(x) is irreducible in Z[z]. By Exer- 
cise 1 (page 380), f(x) is primitive. Then by Lemma 16.2.8, f(z) is irreducible in Q[z], a 
contradiction. Hence, f(x) is not irreducible in Z[z]. 

3. Show that the ideal J = (x,y) is not a principal ideal in Q[z, y}. 


Exercises 16.3.2 (page 386) (Irreducibility of Polynomials) 

3. In Zo[z}, 2? +([2]z + [6] = 2? = x-z. Hence, the polynomial z? + [2]z + [6] is reducible 
in Zo[z]. Now 2? + 22 + 6 has no roots in Q and so it is irreducible in Q. Thus, 2? + 22 +6 
is irreducible in Z. 4. For z* +22 +6 € Z[z]. Let p=2. 

6. As in Example 16.3.6, show that f(z) has no roots in Q. 

8. First show that g(z) = 152? + 52 — 6 is irreducible in Q[z]. 

9. Consider f(z — 1) and use Eisenstein’s criterion. 

11. Use Eisenstein’s criterion. 

12. 274 [1], 2? 4+ [1+ [2], 2 + [2]a+ [2], [2]a? + [2], (2]z? +24 [1], and [2]z? + [2]z+ [1]. 

15. (ii) 4p(p — 1). 


Exercises 17.1.2 (page 399) (Maximal, Prime, and Primary Ideals) 

1. Maximal ideals: {{0], (5}}, {[0], [2], (4), (6], (8]}. Prime ideals: {[0], [5]}, {(0], [2], [4], 
(6], [8]}, and Zio. 

3. Only one maximal ideal: {[0], (pl, [2p], ..., [(p — 1)p]}. 

4. I is a maximal ideal. 

7. Let I be a nonzero proper ideal of R such that J is prime. Let J be an ideal of R 
such that J Cc J. There exists a € J such that a ¢ I. Now a(1—a) =0€ J anda ¢ I. Hence, 
l—-aeélIcuJ. Also, a € J and sol € J. Thus, J = R and so I is a maximal ideal. The 
converse follows by Theorem 17.1.7, since every Boolean ring is commutative. 

13. Let f(z), 9(z) € Kz]. Then ¢o(f(z) + 9(z)) = f(a) + 9a) = da(f(2)) + $a(9(z)) 
and ¢a(f(x)g(z)) = f(a)g(a) = dc(f(z))d.(g(z)). Therefore, ¢. is a homomorphism. Let 
b & K. Now f(z) = b—axr+x? € K[z] and ¢a(f(z)) = b— a? +a? = b. Thus, dq is an 
epimorphism. Hence, K[z]/Ker ¢2 ~ K. Since K is a field, K[z]/Ker ¢a is a field and so Ker 
da is a maximal ideal. 

15. Clearly Malo is an ideal. Let ab € Nala. If either a € Iq for all a or 6 € Ig for all 
a, then either a € Nala or 6 € Nala. Suppose a,b ¢ Nala. Then there exist a and § such 
that a ¢ Ig and 6 ¢ Ig. Since {Z.} is a chain, either J, C Ig or Ig C Ig. To be specific, let 
Ia C Ig. This implies that b ¢ Ia. Since ab € In, and Ia is prime we must have either a € Ix 
or b € I,, a contradiction. Therefore, either a € Nala or b € Nala. Consequently, Nala is a 
prime ideal. 

19. (ii) (c+ 2)(x+3) € (x, 6) , but neither (z+ 2)” € (z,6) nor (x +3)” € (2,6) for any 
positive integer n. Hence, (z, 6) is not primary. 

24. (i) Ze has only one maximal ideal, namely, {(0], [2], [4], [6]} and so Zs is a local ring. 

30. (i) True (ii) True (iii) True (iv) False (v) True (vi) False (vii) False (viii) True. 


Exercises 17.2.2 (page 405) (Jacobson Semisimple Ring) 

1. Suppose the ring Z,, n > 1, is J-semisimple. There exist prime integers p1,p2,...,Dk 
such that n = pip2---pe. We claim that p1,po,..., px are all distinct. Suppose there exist 
1<i<j<k such that p; = pj = p (say). The mapping 2: Z — Zp defined by G(m) = [m] 
is an epimorphism of rings and Ker 8 = nZ. Now Ker 8 C tZ, where t > 1 and ¢ divides n. 
Hence, the ideals of Z, are of the form I; = {(0], [¢], [2t],...}, where t > 1 and ¢ divides n. 
Note that I;, C Ii, if and only if tg divides t;. Hence, the maximal ideals are given by Ip, 
fori = 1,2,...,k. Now if t = ppipo---pi-ipisi--- pr, then t is divisible by each p; and ¢|n. 
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Therefore, I, C I, for alli = 1,2,...,k. Thus, J; C MJp, = radZ, and so radZ, # {0}, a 
contradiction. Hence, n is square free. If n is square free, then from the above argument we 
can prove that Z, is J-semisimple 

2. Yes. 

3. Let R be a PID together with the given properties. Each maximal ideal of a PID is 
generated by a prime element and each prime element of R generates a maximal ideal. Hence, 
radR = Mpis a prime elment of R (p). Let a € radR. Then a € (p) for all prime elements p of 
R. Hence, a has an infinite number of nontrivial divisors. Since R is also a UFD, it follows 
that a = 0 or a is a unit. But rad does not contain any units. Hence, a = Q and so FR is 
J-semisimple. 


6. (i) True (i) True (iii) False (iv) True. 


Exercises 18.1.2 (page 419) (Noetherian and Artinian Rings) 

2. Consider the field Q of rational numbers. The polynomial ring Q[z] is Noetherian. 
Let R = {f(xr) € Q[z] | the constant term of f(x) is an integer}. Then R is a subring of 
Q[z]. We show that R is not Noetherian. For this, let I, = (2"z) for r =0,—1,-2,.... Then 
Io C I-1 C I-2 C --> is an infinite strictly ascending chain of ideals of R. Hence, FA is not 
Noetherian. 

3. Z(p™). 

10. (i) Since I € Fi, Fi F @. Since A is right Artinian, 7; has a minimal element, say 
Ip. Now If C Ip. Since Jo is minimal, either 73 = {0} or Jf = Ip. If 1? = {O}, then Jp is 
a nilpotent right ideal, a contradiction. Hence If = Ip. (ii) Since If = Io, we find that 
Io € F and so F # ¢. Now Ai is right Artinian. So F contains a minimal element, say fh. 
Then IiJo # {0}. This implies that there exists a nonzero element u € Ii such that wlp is 
a nonzero right ideal of R and ulp C11 C Ip. Also, (ulo)Io = ul? = ulo # {0} shows that 
ulp € F. Since J; is minimal in F, it now follows that ulop = 1h. (iii) up = J, implies that 
ua = u for some a € Ip. Since u # 0, we find that a £0. Also, u = ua = ua? = ua? = --. 
shows that a” #4 0 for all n > 1. Thus, J contains nonnilpotent elements. Hence, J is not 
a nil right ideal. (iv) Let T = {r € Ip | ur = O}. Then T is a right ideal of R such 
that T C Ip. Since ulo = Li # {0}, it follows that T C Ip. Since Jo is a minimal] element 
in Fi, it follows that T is a nilpotent right ideal. Also, u(a? — a) = 0 (a € Jb, see (iii)) 
implies that a? — a € T. Hence, a” — a is nilpotent. Thus, there exists a positive integer n 
such that (a? — a)” = 0. This implies that a” = a"*" f(a) for some polynomial f(z) in Z[z]. 
Thus, a” = a(a"f(a)) = a”*? f(a)*. Proceeding in this way, we obtain a” = a?” f(a)”. Let 
e = a" f(a)". Now e € J and e* = a" f(a)?" = (a?" f(a)") f(a)” = a" f(a)” = e. Clearly 
e # 0, otherwise, e = 0 implies a” = 0. Hence, J contains a nonzero idempotent. 

13. (i) True (ii) False (iii) True. 


Exercises 19.1.2 (page 431) (Modules and Vector Spaces) 

1. (i) Yes (ii) Yes (iii) Yes (iv) No. 

6. (ii) Let c € (A+ B)NC. Thenze€ C and z =a+6 for some a € A and b€ B. Now 
b=z-a€C+A=C. This implies that be BNC. Hence, zt =a+b€ A+(BNC). Thus, 
(A+ B)NC C A+(BNC). On the other hand, let sr € A+ (BNC). Then « = a+ 6 for 
somea € Aandbe€ BNC. Thena+b¢€A+Banda+b¢A+C =C. This implies that 
x € (A+ B)NC. Thus, A+ (BNC) C (A+ B)NC. Consequently, A+ (BNC) = (A+B)NC. 

8. Suppose M is a simple module and let 0 4 m € M. Then Rm # {0} and Rm 
is a submodule of M. Hence, M = Rm and so M is generated by m. Conversely, assume 
that Rm = M for all nonzero elements m € M. Let T be a nonzero submodule of M. Let 
04a€T. Then Ra ¥ {0} and Ra CT. Thus, M = Ra CT C M and so T = M. Hence, M 
is simple. 

16. Let W be a subspace of V. Let dim V = n. Then dim W =m < n. Let {wi,we,..., wm} 
be a basis of W. Now {w1, w2,..., Wm} is a linearly independent set in V and hence can be 
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extended to a basis of V, say {w1,w2,...,Wm,Wm+1,-..,Wn}. Let U be the subspace of V 
generated by {wm4i,...,Wn}. Now W+U CV. Letz €V. Then =aiwit---+amwmt 
Om41Wm4+1+°+:: +dnwn for some ai € F, 1 < 7t < n. Since aiwi +-:-+amwum € W 
and Qm4iWm41 +-::+Gntn € V, cs € W+Uz. Hence, V = W+U. Letc e WU. 
Then 2 = bhwi +:+++bnwm and & = bn4iwmii +-:: + baw, for some 6; € F. Thus, 
bywi te-> + bmntm = bm4i1Wm41 + +++ + ban, which implies that b1w; +---+ dbnwm + 
(—bm41)Wmtit-:::+(—bn)wn =0. This implies that 6; =0,1<i<n. Thus, cz = 0. Hence, 
WnU = {0}. Consequently, W is a direct summand of V. 


Exercises 20.1.2 (page 437) (Full Matrix Rings) 
1. {0} and M,(R). 


Exercises 20.2.2 (page 444) (Rings of Triangular Matrix) 

2. Since R is of infinite dimension over Q, R is not an Artinian right Q-module. Hence, 
| = ‘ and so | Be és | is not right Artinian by Theorem 20.2.3. 

Exercises 21.1.2 (page 457) (Algebraic Extensions) 

3 (i). Suppose that a? is algebraic over Q. Then [Q(x”) : Q] < 00. Now (Q(z) : 
Q(x?)] = 2 and so [Q(x) : Q] < oo. Thus, 7 is algebraic over Q, a contradiction. Hence, 1? 
is transcendental over Q. 

5. Suppose that 7 is algebraic over Q(/2). Then [Q(/2) (2) : Q(./2)] < 00 and since 
(Q(V2) : Q] < 00, [Q(V2)(71) : Q] < oo. Hence, every element of Q(V/2)(m) is algebraic over 
Q. However, this is impossible since 7 is transcendental over Q. 

8. (Q(95) :Q] = 3. 

9. (Q(v3, V5) : Q] =4. 

10. Suppose that «” — 5 is not irreducible over Q(V2). Then there exist polynomials 
z—a,z—b€ Q(V2) such that 2? —5 = (x —a)(x —b) = x? — (a + b)z +a. Hence, a+b =0 
and ab = —5. Thus, a? = 5. Hence, V5 € Q(/2). Thus, there exists p,q € Q such that 
V5=qt pV2. Hence, 5 = q? + 2pgV2 + 2p” and so /2 € Q, a contradiction. 

ll. 2t—42?-1. 

13. [(Q(V2, V5) : Q] = 4. {1, V2, V5, V10} is a basis of Q(v2, V5)/ Q. 

14. By Theorem 21.1.18, every element of K(c)/K is algebraic over K. Now f(c) € K(c). 
Thus, f(c) is algebraic over K. 

23. (i) True (ii) False (iii) False. 


Exercises 21.2.2 (page 467) (Splitting Fields) : 

4. §= Q(Y3,iv3), [S : Q] = 6, and {1, 73, 79,iV3,iV3 Y3,iV3 99} is a basis of 3 
over Q. 

5. (S : Zs] = 2 and {1,,} is a basis of S/Zs, where 4 is a root of 2? +24 []]. 

6. S = Zo, and {[1]} is a basis of S/Ze. 

7. $=Q(v2, V5), [S : Q] =4 and {1, V2, V5, V10} is a basis for $/Q. 

8. (Q(-2 + 44) : Q] =2. 

12. The proof is by induction on n. Suppose that n = 1. Then f(a) = az + b for some 
a,b € K,a #0. Hence, § = K(—*) and [S : K] = 1 < 1! Assume the result is true for 
all polynomials of degree < n — 1. Suppose deg f(r) = n. Let X be a root of f(z). Then 
[K(A) : K] < nand f(z) = (e—A)g(z) over K(A) and deg g(z) = n—1. Let S be the splitting 
field of g(x) over K(A). Then [S : K(A)}] < (n — 1)! by the induction hypothesis. Now S is 
the splitting field of f(z) over K and (S: K] =[S: K(A)|[K(\): K] < (n-])!-n=a! 

15. (i) False (ii) True. 


Exercises 22.1.2 (page 489) (Multiplicity of Roots) 
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5. (i) separable (ii) separable. 

6. (i) e =3 and no = 2. (ii) e = O and no = 128. (iii) e = 3, no = 1. 

8. Consider p(x) in Example 22.1.16. p(z) is irreducible over K(t) by Eisenstein’s 
criterion. D.z(p(xz)) = 0 and so p(z) is inseparable over K(t). Now e = 1 and no = 2. Thus, a 
root of p(x) is inseparable, but not purely inseparable over K (é). 

Let p(z) = x*? + vz? + u in Example 22.1.39. By Worked-Out Exercise 6 (page 456), 
p(z) is irreducible over K. Now Dz(p(z)) = 0 and so p(z) is inseparable over K. Also, e = 1 
and no = 2. Thus, any root of p(x) is inseparable, but not purely inseparable over K. 

10. Since [F : K] < 00, F/K is algebraic. Let a € F. Let p(x) be the minimal polynomial 
of a over K. Then [K(a) : K] divides [F : K]. Hence, p does not divide [K(a) : K]. Thus, the 
exponent of inseparability of p(x) is 0. Hence, a is separable over K. Thus, F'/K is separable. 

13. Z, is the smallest subfield of K. Now for all z € Zp\{0}, z?~' = 1 and so 2? = a. 
Hence, (Zp)? = Z, and so Zp is perfect. 

15. (i) False (ii) True (iii) True. 


Exercises 23.1.2 (page 497) (Finite Fields) 

2. In order to construct a field with 9 (= 3”) elements, we find an irreducible polynomial 
of degree 2 over Za. For this, consider the polynomial z? + [1] over Zs. Since [0]? + [1] + [0], 
(1)? + [1] ¥ [0], [2]? + [1] ¥ [0], Zs contains no roots of x? + [1]. Hence, z? + {1] is an 
irreducible polynomial of degree 2 over Z3. This implies that F = Z3/ (2? + [1]) is a field. 
Since [F' : Z3] = 2, F' has nine elements by Theorem 23.1.1. 

6. Let [F : Z,] =m. Then |F'| = p™ by Theorem 23.1.1. Hence, n = m. 

7. Let F be the splitting field of a? — x over Z3. Then |F| = 3? and [F : Z3] = 2. Since 
every element of F is a root of z® — x by Theorem 23.1.2 and since [F : Z3] = 2, F = Zp(c) 
for any root c of g(x), where g(r) € Zs[z] is such that  —2= a(x — [1])(x — [2])g(x). 

9. By Theorem 23.1.1, F ~ GF(p™) for some m and clearly m < n. Now n= [GF(p”) : 
Zp| = [GF(p") : F)[F : Zp] = |GF(p") : F]m. Thus, mn. 


Exercises 24.1.2 (page 502) (Normal Extensions) 
1. (ii) R is not a normal extension of Q. 


2. (ii) No. Consider L = Q( 4/2) over Q. 


Exercises 24.2.2 (page 518) (Galois Theory) 

1. G(C/R) consists of the identity automorphism and the automorphism a of C/R such 
that a(z) = —2. 

2. (i) [F : Q] =6, [N : Q] = 12, and G(N/Q) ~ Ze x Ss. (ii) [F : Q] =6, [N : Q] = 12, 
and G(N/Q) ~ Ze x Pa: 

5. G(S/Q) ~ S3. 2? —x—1 has one real root, say r1, and two complex roots, say r2 and 
73. The following table defines G(S/Q). 


r3 Pe bebs treba Ln 


The proper subgroups of G(S/Q) are Hi = f{e,a}, Ho = f{e,8}, Hs = {e,aGa}, He = 
i af,af}, and the corresponding intermediate fields of S/Q are Li = Q(ri), Lz = Q(rs), 
moe La = Q(d). 
6. (i) Z2 x Ss. (ii) Ze. 
10. The intermediate fields of Q(i, 7)/Q are Q, Q(i, V7), Q(i), Q(V7), and Q(iV7). 
12. |G(F/Q)| = 8. 
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13. The Galois group G of F over Q is isomorphic to Z2 x Ze. All the intermediate fields 
of Q(V3, V11)/Q are normal extensions of Q in Q(V/3, /11). 


Exercises 24.3.2 (page 527) (Roots of Unity and Cyclotomic Polynomials) 
1. Zz. 
2. Both are isomorphic to Zo. 


4, Show that @2n(z) = @,(-z) = =. 


5. Let V(z) = aes If w is a primitive pnth root of unity, then w? is a primitive nth 
root of unity. Therefore, w is a root of ®,(x”). Hence, ee is a monic polynomial in Q[z] 
of degree ¢(n). Thus, so is V(z). If 6 is a primitive nth root of unity, then so is 6? since 
p and n are relatively prime. Therefore, 6 is a root of ®,(z?). Thus, 6 is a root of U(z). 
Consequently, U(r) = ®,(z). 


6. z+. 


10. By Exercise 7 (527), F contains a primitive nth root of unity, say w. Now w” isa 
primitive nth root of unity if and only if w” generates (w) if and only if r and n are relatively 
prime. 


Exercises 24.4.2 (page 535) (Solvability of Polynomials by Radicals) 


1. Consider 2? + $2 +3. Then 6 = 0,¢ = 2, d = 3. Now p = 8,¢=3,58= 


/-$4+ /2#4+2 = iss 8,andt= 4 —3-3,/8. The roots of 227 + 92 + 6 


are s+t,ws+w*t, and ws + wt, where w is a cube root of 1,w #1. 


4. (i) ef + a3+ 23 = (a1 + co+ ag)? — 2(x122+ 21"3 + 22 Zs). (ii) (e1 — v2)*(z1 — 
a3)?(a2—a3)? = (a1 +e2+ 23)?(e1ze+ 2123 +42 x3)?— 4(aizet 2143442 3)?— 4(a1+a2+ 
z3)3(r1n0r3)— 27(a1 2243)? + 18(21 + vo+ 23)(21229+ 2123 4 Lo T3)(L1 T2079). 


6. A3. 


7. Show that the Galois group of f(z) is isomorphic to Ss. The equation f(z) = 0 is not 
solvable by radicals. 


Exercises 25.1.2 (page 548) (Geometric Constructions) 


4. Prove that 2cos on is a root of the polynomial 2?+-2? —22—1 and that this polynomial 
is irreducible over Q. 


5. Use Example 25.1.21 and Worked-Out Exercises 2 (page 547) and 5 (page 548). 


6. In the proof of Theorem 25.1.19, we see that an angle of 6° can be trisected if and 
only if the polynomial 423 — 3x — cos @ is reducible over Q(cos @). Since cos 90° = 0, we have 
that an angle of 90° can be trisected. 


Exercises 26.1.2 (page 557) (Binary Codes) 


4. 0€CandsoC # ¢. Leta, € C. Then (1 -@)K = GK —@K = 0- 0= 0. 
Hence, @1 — ¢2 € C. Hence, C is a subgroup of B”. 


0000 M 
0001 M 
001014 
0011M 
0100M 
0101M 
0110M 
0111M 
1000.4 
1001 M 
1010M 
1011M 
1100.14 
1101M 
1110M 
1111M 


0000000 
0001011 
0010101 
0011110 
0100110 
0101101 
0110011 
0111000 
1000111 
1001100 
1010010 
1011001 
1100001 
1101010 
1110100 
1111111 
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7. (i) The code can detect one error. The code cannot correct every single error. 


8. 


C: 
100000+C : 
010000+ C': 
001000+ C: 
000100+C: 
000010+C: 
000001+C: 
1000014+C: 


000000 
100000 
010000 
001000 
000100 
000010 
000001 
100001 


001011 
101011 
011011 
000011 
001111 
001001 
001010 
101010 


010101 
110101 
000101 
011101 
010001 
010111 
010100 
110100 


011110 
111110 
001110 
010110 
011010 
011100 
011111 
111111 


100110 
000110 
110110 
101110 
100010 
100000 
100111 
000111 


101101 
001101 
111101 
100101 
101001 
101111 
101100 
001100 


110011 
010011 
100011 
111011 
110111 
110001 
110010 
010010 


111000 
011000 
101000 
110000 
111100 
111010 
111001 
011001. 


001111 is decoded as 001011; 101010 is decoded as 001011; 111110 is decoded as 011110. 
12. s=4. K is (24-1) x4 orl5x 4. 


Exercises 26.2.1 (page 570) (Polynomial and Cyclic Codes) 


0001 
0010 
0011 
0100 
0101 
0110 
0111 
1000 
1001 
1010 
1011 
1100 
1101 
1110 


1111 
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1101 

0001 

11 11#21 £0 (0 Li ely db. if 
2,G=|;0 111110 3. k=] 1 0 0 0 
001111421 0 1 0 0 

0 0 1 0 

000 1 


5. Suppose (f(Z)) C (h(Z)). Then there exists g(Z) such that h(Z)q(Z) = f(z). Hence, 
h(z)q(z) = f(z) + 2” — 1. Now A(z)|(2” — 1) and so there exists m(x) € Ze[z] such that 
h(z)m(ac) = z” — 1. Thus, h(z)¢q(z) = f(z) + h(z)m(z) and so h(z)(q(x) — m(z)) = f(z). 
Hence, A(z)|f(z). 

7. The proof follows from the proof of Theorem 26.2.6 since every element of C is of the 
form Z*g(Z) and C is closed under addition. 


Exercises 26.3.1 (page 573) (Bose-Chauduri-Hocquenghem Codes) 
2.1=0+0+40and14+1+1* +0. Hence, if i1+2+4 27 factors nontrivially over Zo, it 
must be a product of two quadratics. Suppose 


l+a+c? =(a+br+ca’)(d+er+ fz’), 


where a, b,c,d,e, f € Zz. Then 1 = ab, 1 = ae+ bd, O= af +be+cd,0 = bf +ce,l=cf. 
Thus,@=d=c=f=1,l=e+b,0=1+b6e+1,0=b+¢e. This is impossible. Hence, 
1+2+27% is irreducible over Zo. 


Exercises 27.1.2 (page 582) (Affine Varieties) 
2. Show that (x,y?) Cc I(V(z",y’)). 
4. 2+1. 


Exercises 27.2.2 (page 600) (Grobner Bases) 

1. (i) multideg(f) = (4,1,2). (ii) LCO(f) = —5. Gii) LM(f) = x*yz?. Gv) LT(f) = 
—5atyz*. 

2. ay =a’y—ayt+y, a2 = —-yandr= ~ary? +a2%y — cy —y. 

3. a, =2°yte°4-1, a2 =Oandr=22*y+ 2% +yH+1. 

4, S(f,g) = —2ay2? + 2?y3z? — x*y2?. 

B. T= (27), Jo = {0}, = {0}, b= @*), Js = (2), = G). 

11. {2* —y, yz} is a reduced Grobner basis for 1. V(I) = {(z, 27,0) | z € R}U{(0,0, z) 
| ze R}. 
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submodule, 423 

generated by, 423 
subring, 289 
subspace, 424 

trivial, 425 
Sylow theorem, 201, 204-205 
Sylow, Peter Ludvig Mejdell, 222 
symmetric group, S,, 87 
symmetric rational functions, 533 


T 

torsion coefficients, 266 

torsion group, 69 

torsion-free group, 69 
transcendental element, 447 
transcendental field extension, 453 
transposition, 88 

trivial factor, 223 

type of a group, 254 


U 
unique factorization domain, 369 
upper bound, 33 

least, 33 


Vv 

vector, 424 

vector space, 424 
dimension of, 428 
finite dimensional, 427 
left, 424 
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Wedderburn theorem, 525 
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Zassenhaus lemma, 227 


